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Motivated and inspired by Korpelevich’s and Noor’s extragradient methods, we suggest an

extragradient method by using the sunny nonexpansive retraction which has strong convergence
for solving the generalized variational inequalities in Banach spaces.

1. Introduction

In the present paper, we focus on the following generalized variational inequality:

Find x* € C such that (Ax*, J(x—x")) >0, VxeC, (1.1)

where C is a nonempty closed convex subset of a real Banach space E, A : C — Eisa
nonlinear mapping, and J : E — 2F" is the normalized duality mapping defined by

Jeo) = {f € E: (x, ) = IxI,

£l =1xl}, vxeE. (1.2)

We use S(C, A) to denote the solution set of (1.1). It is clear that (1.1) is reduced to the
following variational inequality in Hilbert spaces:

Find x* € C such that (Ax*,x—x*) >0, VxeC, (1.3)
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which was introduced and studied by Stampacchia [1]. Variational inequalities are
being used as mathematical programming tools and models to study a wide class of
unrelated problems arising in mathematical, physical, regional, engineering, and nonlinear
optimization sciences. See, for instance, [2-23]. In order to solve (1.3), especially, Korpelevich
[24] introduced the following well-known extragradient method:

Yn = PC(I - )‘A)xnr

14
Xni1 = Po(xy — MAy,), n>0, (14)

where Pc is the metric projection from R" onto its subset C, A € (0,1/k) and A: C — R"is
a monotone operator. He showed that the sequence {x,} converges to some solution of the
above variational inequality (1.3). Noor [10] further suggested and analyzed the following
new iterative methods:

Xns1 = Pc (yn - /\A]/n)/

15
Yn = Pc[x, — AAx,], n >0, (1.5)

which is known as the modified Noor’s extragradient method. We would like to point out
that this algorithm (1.5) is quite different from the method of Koperlevich. However, these
two algorithms fail, in general, to converge strongly in the setting of infinite-dimensional
Hilbert spaces.

The generalized variational inequality (1.1) was introduced by Aoyama et al. [25]
which is connected with the fixed point problem for nonlinear mapping. For solving the
aforementioned generalized variational inequality (1.1), Aoyama et al. [25] introduced an
iterative algorithm:

Xpa1 = ApXy + (1 — ) Qc[xy — AnAx,], n>0, (1.6)

where Qc is a sunny nonexpansive retraction from E onto C, and {a,} C (0,1) and {A,} C
(0, 00) are two real number sequences. Aoyama et al. [25] obtained on the aforementioned
method (1.6) for solving variational inequality (1.1). Motivated by (1.6), Yao and Maruster
[26] presented a modification of (1.5):

X1 = Pnxn + (1= n)Qc[(1 - an) (xn — VAxy)], n>0. (1.7)

Yao and Maruster [26] proved that (1.7) converges strongly to the solution of the generalized
variational inequality (1.1). Yao et al. [27] further considered the following extended
extragradient method for solving (1.1):

Yn = Qc [xn - /\nAxn]/ (1 8)
Xn+1 = U + Puxy + 1 Qc [yn - )tAyn]r n>0. .

In this paper, motivated and inspired by Korpelevich’s and Noor’s extragradient me-
thods, (1.7) and (1.8), we suggest a modified Noor’s extragradient method via the sunny
nonexpansive retraction for solving the variational inequalities (1.1) in Banach spaces.
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2. Preliminaries

Let C be a nonempty closed convex subset of a real Banach space E. Recall that a mapping A
of C into E is said to be accretive if there exists j(x — y) € J(x — y) such that

(Ax- Ay, j(x-y)) >0, (2.1)
for all x, y € C. A mapping A of C into E is said to be a-strongly accretive if, for a > 0,

2 (2.2)

(Ax - Ay, j(x-y)) 2 allx -y
for all x, y € C. A mapping A of C into E is said to be a-inverse-strongly accretive if, for a > 0,

(Ax - Ay, j(x - y)) > a||Ax - Ay|*, (2.3)

forall x,y € C.

Let U = {x € E : ||x|| = 1}. A Banach space E is said to uniformly convex if, for each
€ € (0,2], there exists 6 > 0 such that for any x,y € U,

|x-vy| >e implies <1-6. (2.4)

It is known that a uniformly convex Banach space is reflexive and strictly convex. A Banach
space E is said to be smooth if the limit

tan 12 201 =l (25)
t—0 t

exists for all x,y € U. It is also said to be uniformly smooth if the limit (2.5) is attained

uniformly for x,y € U. The norm of E is said to be Fréchet differentiable if, for each x € U,

the limit (2.5) is attained uniformly for y € U. And we define a function p : [0, 0) — [0, 00)

called the modulus of smoothness of E as follows:

1
o) =sup{ 3oyl + Jx -yl -1 xy e X, Ixl=1, Iyl =7} o)

It is known that E is uniformly smooth if and only if lim, _o(p(7)/7) = 0. Let g be a fixed real
number with 1 < g < 2. Then a Banach space E is said to be g-uniformly smooth if there exists
a constant ¢ > 0 such that p(7) < ¢t for all 7 > 0.

We need the following lemmas for proof of our main results.

Lemma 2.1 (see [28]). Let q be a given real number with 1 < q < 2 and let E be a g-uniformly
smooth Banach space. Then

|l + y||” < 11xl19 + g{y, Jo(x)) + 2|| Ky ||’ (2.7)
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forall x,y € E, where K is the g-uniformly smoothness constant of E and ], is the generalized duality
mapping from E into 2F" defined by

Jox) = {f € B+ (x, f) = IIxIl%, | f]| = <}, vxeE. (2.8)

Let D be a subset of C and let Q be a mapping of C into D. Then Q is said to be sunny if

Q(Qx +t(x - Qx)) = Qx, (2.9)

whenever Qx + t(x — Qx) € C for x € C and t > 0. A mapping Q of C into itself is called
a retraction if Q% = Q. If a mapping Q of C into itself is a retraction, then Qz = z for every
z € R(Q), where R(Q) is the range of Q. A subset D of C is called a sunny nonexpansive retract
of C if there exists a sunny nonexpansive retraction from C onto D. One knows the following
lemma concerning sunny nonexpansive retraction.

Lemma 2.2 (see [29]). Let C be a closed convex subset of a smooth Banach space E, let D be a
nonempty subset of C, and let Q be a retraction from C onto D. Then Q is sunny and nonexpansive if
and only if

(u-Quj(y-Qu)) <0 (210)

forallue Candy € D.

Remark 2.3. (1) It is well known that if E is a Hilbert space, then a sunny nonexpansive
retraction Qc is coincident with the metric projection from E onto C.

(2) Let C be a nonempty closed convex subset of a uniformly convex and uniformly
smooth Banach space E and let T be a nonexpansive mapping of C into itself with F(T) #0.
Then the set F(T) is a sunny nonexpansive retract of C.

The following lemma characterized the set of solution of (1.1) by using sunny non-
expansive retractions.

Lemma 2.4 (see [25]). Let C be a nonempty closed convex subset of a smooth Banach space X. Let
Qc be a sunny nonexpansive retraction from X onto C and let A be an accretive operator of C into X.
Then for all A >0,

5(C,A) = F(Qc(I - 14)), (2.11)

where S(C,A) = {x* € C: (Ax*, J(x —x*)) >0, Vx € C}.

Lemma 2.5 (see [30]). Let C be a nonempty bounded closed convex subset of a uniformly convex
Banach space E and let T be nonexpansive mapping of C into itself. If {x,} is a sequence of C such
that x, — x weakly and x,, — Tx, — 0 strongly, then x is a fixed point of T.

Lemma 2.6 (see [31]). Assume that {a,} is a sequence of nonnegative real numbers such that

ans1 < (1 - Yn)an + 0y, n>0, (212)
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where {y,} is a sequence in (0,1) and {5, } is a sequence in R such that

(@) X0 Yn = o0
(b) limsup,, ,  (6,/Yx ) <00r 3724 |6n] < 0.

Then lim,, _, xa, = 0.

3. Main Results
In this section, we will state and prove our main result.

Theorem 3.1. Let E be a uniformly convex and 2-uniformly smooth Banach space and let C be a
nonempty closed convex subset of E. Let Q¢ be a sunny nonexpansive retraction from E onto C and
let A: C — E bean a-strongly accretive and L-Lipschitz continuous mapping with S(C, A) # 0. For
given xg € C, let the sequence {x,} be generated iteratively by

Yn = QC [-xn - )tAxn]/

(3.1)
Xn1 = Qc [(1 - an)(yn - )LAyn)]/ n>0,

where {a,} and {p,} are two sequences in (0,1) and A is a constant in [a,b] for some a,b with
0<a<b<a/K2L? Assume that the following conditions hold:

(a) imy , oty = 0and 377, oty = 00;
(b) li1'nn—>o<>(‘xn+1/an) =1

Then {x,} defined by (3.1) converges strongly to Q'(0), where Q' is a sunny nonexpansive
retraction of E onto S(C, A).

Proof. First, we note that A must be a/L?-inverse-strongly accretive mapping. Take p €
S5(C, A). By using Lemmas 2.1 and 2.4, we easily obtain the following facts.

(1) p=Qcl[p — AAp] for all A > 0; in particular,
p=Qc[p-A1-an)Ap] = Qclanwp + (1 —a,)(p—LAp)], n>0. (3.2)
(2) If X € (0, &/ K?L?], then I — LA is nonexpansive and for all x,y € C

(24
I -240x- 0= 24| < flx -yl + 20 (K- 55 Y lax—ayl’. 63

Indeed, from Lemma 2.1, we have

1= 1) = (1= 1Ay = [|(x - y) - A(Ax - ap) |
< [lx = y||* - 20(Ax - Ay, j(x - y)) + 2K20?|| Ax - Ay]|?
a
< [lx = yl* - 2055 | Ax - Ay||* + 2K20? || Ax — Ay (34)
[24
~llx -yl 2 (K2 - 5 ) v - Ay
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From (3.1), we have

lyn =PIl = [|Qc (2w — LAx4) = Qc(p - LAP) ||
< || (xn = XAx,) = (p — LAP) || (3.5)

< [l =pll-

By (3.1) and (3.5), we have

llxni1 = pll = 1Qc[(1 - an) (yu = LAyn)] = Qc[anp + (1 - an) (p — AAp)] |
<A = an) (yn = LAyn)] = [awp + (1 = an) (p = LAP)] ||
<au|lpll + (1 - an) || (vn = AAya) - (p - AAP) |
<an|lpll + (1 - an)[|ly. - pl
<au||p|| + (1 - an)[|xn - p|
< max{||p||, [xo - p||}-

(3.6)

7

Therefore, {x,} is bounded. We observe that

”]/n — Yn-1 ” = ”QC [xn - -}len] -Qc [xn—l - -)LAxn—l] ”
< (xn = LAxy) = (Xn-1 = LAX,1) || (3.7)

< lxn = xnal,

and hence

Ixnsr = xull = [|Qc [(1 = @n) (yn = AAya)] = Qe [(1 = @n-1) (yn1 = AAywa)] |
< 1A = an) (yn = 2Ayn)] = [ = &n1) (1 = AAyn-)] |
= [|(1 = an) [(¥n = LAYn) = (Yn-1 = LAYw1)] + (@01 = @) (Yno1 = AAy-) ||
< (=) | (yn = AAyn) = (Yn1 = AAyn1) || + lan = @nal||yn1 = AAyn ||
< (=) ||yn = Yo || + lan = ||| yn1 = LAY ||

<A =ap)llxn — xp1l + |y — lxn—l”lyn—l - -)LAyn—1”~
(3.8)

By Lemma 2.6, we obtain

Hm [l = 2| = 0. (3.9)
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From (3.1), we also have

s =PI = |Qclxn — AAx,] - Qc[p - AAP] ||
< || (xn = AAxy) = (p - AAp) || (3.10)

24
< flxu = pIP + 2 (K2 15 ) 1 Ax, - 4p])
By (3.1) and (3.10), we obtain

1 = PI1* < law(=p) + (1= ) [(yn = MAyn) = (p = 1Ap)] ||
<an||p|* + (1= )| (yn = AAya) - (p - AAP)|1°

a
<l + (1= lyn =l + 20 (K2 - 55 YA - 49|
[24
<anllpl + (=) [l - pIP < 22 (K2 - ) Ama- apl] 1y
2 a 2
+2(1 —an))L<I< A= E)”Ayn —Ap|
[24
< aullplP + llxa - I+ 200 - )1 (K22 = 5 ) - ap]

a 2
+2(1- an))L<K2)L - ﬁ) | Ay, — Ap||”.
Therefore, we have

a a
0<-2(1- anm(m - §> || Ax,, - Ap||® - 2(1 - an)/\<K2)L - §> | Ay, — Ap||*

2 2 2
<an|lp|” + %0 = 2" = |01 = pl| (3.12)
an|lpl) + (%0 = Il + %1 = pI1) (lxa = Pl = |01 = )
anlp|l® + (lJn = pIl + X0t = pIDlIxn = Xnia -

IN

Since liminf, . »,2(1 — a,)A(K?A —a/L? ) >0, a, — 0and |x, — x,41]| — 0, we obtain
lim || Ax, — Ap]| = lim || Ay, — Ap]| = 0. (3.13)
It follows that

Jim [| Ay, — Axa|| = 0. (3.14)

Since A is a-strongly accretive, we deduce

| Ay, — Axp|| > a|ym — xa]|, (3.15)
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which implies that

111220”]/" - x| =0, (3.16)
that is,
I [|Qc (xn = LAX,) = 24| = 0. (3.17)
Next, we show that
lim sup(Q'(0), j (xu = Q'(0))) 2 0. (3.18)

To show (3.18), since {x,} is bounded, we can choose that a sequence {x,,} of {x,} converges
weakly to z such that

tim sup(Q'(0), j (xx ~ Q'(0))) = limsup(Q'(0), j (xn, - Q'(0)))- (3.19)

n— oo i— oo

We first prove z € S(C, A). It follows that

Hm [[Qc (I = LA)xy, — x,[| = 0. (3.20)

By Lemma 2.5 and (3.20), we have z € F(Qc(I — LA)); it follows from Lemma 2.4 that z €
S(C,A).
Now, from (3.19) and Lemma 2.2, we have

lim sup(Q'(0), j (x» — Q'(0))) = lim sup(Q'(0), j (xs, — Q'(0)))

n—oo 1—

=(Q0),j(z-Q(0))) (3.21)
0.

v

Since xp11 = Qc[(1 — an) (yn — LAy,)] and x* = Qclan,x* + (1 — a,) (x* — LAx*)] foralln > 0,
we can deduce from Lemma 2.2 that

<QC [(1 —ay) (yn - /lnAynﬂ - [(1 - ‘Xn)(yn - )LnAyn)]' j(xn+1 - x*)> <0,
([anx* + (1 = ap) (x* = 1, Ax*)] = Qclanx* + (1 — ay) (x* = L, Ax*)], j(xn1 — x*)) <O0.
(3.22)
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Therefore, we have

Insn = x°I% = (Qc [(1 = @) (Yn = AnAyn)] = Qelanx” + (1 - @) (x" = L, AX")], j(xna1 - X))
=(Qc[( = an) (yn = AnAyn)] = [(1 = an) (Yn = AnAyn)], j(ni1 = x7))
+ ([(1 = ) (Yn = MnAyn)] = [anx™ + (1 = @) (x" = 1, AX)], j(Xpi1 = X7))
+([anx+ (1 = a) (X" =1, Ax*) | =Qc [anx™ + (1 = &) (X" = L, Ax)], j(%ns1 = X7))
< (1= ) (Yn = MnAyn) = (1= ) (x* = 1, AX") — a0, x”, j(Xns1 — X7))
< (1= an)||yn = 2[00 = X" = @n(x*, j(2xne1 — x*))
< (1= an)llxn = X [lxns1 = 2| = (X", j(2ni1 = x¥))

1-a .
< = (Il = 1P+l = x°1) = (", (et = x7)),

(3.23)

which implies that
%1 = 2)* € (1= an) |20 = 2|* + 200 {~2, j (Xns1 — 2))- (3.24)

Finally, by Lemma 2.6 and (3.24), we conclude that x, converges strongly to Q'(0).
This completes the proof. O

4. Conclusion

Variational inequality theory provides a simple, natural, and unified framework for a general
treatment of unrelated problems. These activities have motivated to generalize and extend
the variational inequalities and related optimization problems in several directions using new
and novel techniques. A well-known method to solve the VI is the following gradient method:

Xpi1 = Po(x, —a,A(xy)), n>0, (4.1)

This method requires some monotonicity properties of A. However, we remark that there
is no chance of relaxing the assumption on A to plain monotonicity. To overcome this
weakness of the method, Korpelevich proposed a so-called Korpelevich’s method which
has been extensively extended and studied. Noor [10] especially, suggested another method
referred as Noor’s method which is different from Korpelevich’s method. However, these
two algorithms fail, in general, to converge strongly in the setting of infinite-dimensional
Hilbert spaces. In the present paper, we suggested a modified Noor’s method which has
strong convergence in Banach spaces. We hope that the ideas and technique of this paper
may stimulate further research in this field.
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