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We give some initial properties of a subset of modular metric spaces and introduce some fixed-
point theorems for multivalued mappings under the setting of contraction type. An appropriate
example is as well provided. The stability of fixed points in our main theorems is also studied.

1. Introduction and Preliminaries

The field of metric fixed-point theory has been widely investigated since 1922, when Banach
[1] had proved his contraction principle. We are going to recall this well-known theorem
before we continue over on.

A self-mapping f on a metric space (X, d) is called a contraction if there exists 0 < k <1
such that

d(fx, fy) <kd(x,y) (11)

for all x, y € X. The contraction principle simply stated that, if (X, d) is complete, such a map-
ping has a unique fixed point.

One of the most influenced generalizations of Banach'’s theorem is traced to Nadler [2].
In 1969, via Hausdorff’s concept of a distance between two arbitrary sets, Nadler proved the
contraction principle for multivalued mappings in complete metric spaces. Also, some
authors extended Nadler’s principle and established fixed-point theorems for multivalued
mappings in metric spaces and other spaces (see [3-9]). One of the most interesting studies
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are the extensions of such principle in modular spaces and modular function spaces (see
[10-12] and references therein).

Lately, in 2010, Chistyakov [13] introduced the notion of a modular metric space which
is a new generalization of a metric space. We will give a short revisit to modular and modular
metric spaces as follows.

Definition 1.1. Let X be a linear space over R with 6 € X as its zero element. A functional p :
X — [0,+0o0] is said to be a modular on X if for any x,y € X, the following conditions hold:
(i) p(x) =0ifand only if x = 6,
(i) p(x) = p(=x),
(iii) p(ax + Py) < p(x) + p(y) whenever a,f > 0and a + f = 1.

The linear subspace X, := {x € X : lim, _.op(Ax) = 0} is called a modular space.

Definition 1.2 (see [13]). Let X be a nonempty set. A function w : (0, +o0) x X x X — [0, +o0]
is said to be a metric modular on X if satisfying, for all x,y,z € X, the following conditions
hold:

(i) wi(x,y) =0forall A >0ifand only if x = y,
(ii) wi(x,y) = wy(y,x) forall A > 0,

(iii) wiu(x,y) < wi(x, z) + wy(z,y) forall A, u > 0.

Suppose x, € X, the set X,,(x,) = {x € X : lim) _,,owi(x, x,) = 0} is called a modular metric
space generated by x, and induced by w. If its generator x, does not play any role in the
situation, we will write X,, instead of X, (x,).

Observe that a metric modular w on X is nonincreasing with respect to A > 0. We can
simply show this assertion by using the condition (iii) itself. For any x,y € X and 0 < p < |,
we have

wy(x,y) S wi—pu(x,x) + wu(x,y) = wu(x,y). (1.2)

For each x,y € X and A > 0, we set w)+(x, y) := limgpwise (x, ) and wy-(x, y) := limejowy—_¢
(x,y). Consequently, from (1.2), we have wy- (x,y) < wi(x,y) < wy-(x,y).

If, for any x, y € X, a metric modular w on X possesses a finite value and w),(x,y) =
wy(x,y) forall A, u > 0, then d(x, y) := w,(x,y) is a metric on X.

Recently, Mongkolkeha et al. [14] have introduced some notions and established some
fixed-point results in modular metric spaces. We now state some notions and results in [14]
in the following.

Definition 1.3 (see [14]). Let X,, be a modular metric space.
(i) The sequence {x,},cy In X, is said to be convergent if there exists x € X, such that
w) (x,,x) — 0,asn — oo forall A > 0.

(ii) The sequence {x;,},cy in X, is said to be a Cauchy sequence if w) (xm, x,) — 0, as
m,n — oo forall A > 0.

(iii) X,, is said to be complete if every Cauchy sequence in X,, converges.
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(iv) A subset C of X,, is said to be closed if the limit of a convergent sequence of C always
belongs to C.

(v) A subset C of X, is said to be bounded if, for all A > 0, ¢, (C) = sup{wi(x,y) : x,y €
C} < +oo.

Along this paper, we will use the following alternative notions of convergence and Cauchy-
ness, which are equivalent to the notions given above.
Let X, be a modular metric space and {x,},y be a sequence in X,,,.

(i) A point x € X,, is called a limit of {x,},y if for each A, € > 0, there exists ny € N such
that w) (x,, x) < € for every n € N with n > ng. A sequence that has a limit is said
to be convergent (or converges to x) and will be written as limy, _, ;. x, = x.

(ii) A sequence {x,},cy in X, is said to be a Cauchy sequence if, for each A, e > 0, there
exists ng € N such that w) (x,,, x,,) < € for every m,n € N with m, n > ny.

Moreover, we observe that the limit of any sequence in X,, is unique.

Definition 1.4 (see [14]). Let X, be a modular metric space. A self-mapping f on X, is said to
be a contraction if there exists 0 < k < 1 such that

w1 (fx, fy) < kwi(x,y) (13)

forall x,y € X, and A > 0.

Theorem 1.5 (see [14]). Let X,, be a complete modular metric space and f a contraction on X,,.
Then, the sequence { f"x},  converges to the unique fixed point of f in X,, for any initial x € X,.

The purpose of this paper is to study some properties of a subset of modular metric
spaces, establish and extend some fixed-point theorems of Mongkolkeha et al. [14] to multi-
valued mappings in modular metric spaces.

2. Some Properties of a Subset of Modular Metric Spaces

In this section, we study some properties of a subset of modular metric spaces, some of which
will take advantages in the proof of our main theorems. Throughout this paper, let CB(X.,)
denotes the set of all nonempty closed bounded subsets of X, and C(X) denotes the set of all
nonempty closed subsets of X.

Let A be a non-empty subset of a modular metric space X,,. For x € X,,, we denotes
w)L(x/ A) = infyGAw)L(x/ ]/)

For A,B € CB(X,), define 6,(A,B) = sup, ,wi(x,B) and the Hausdorff metric
modular Q) (A, B) := max{6,(A, B),6,(B, A)}. Notice that §, is not symmetric.

Proposition 2.1. Let X,, be a modular metric space and A,B,C € CB(Xy). Then, the following
properties hold.

(i) 51(A,B) =0forall A >0 < A CB.
(ii) BC C = 6,(A,C) < 61(A,B) forall A > 0.
(iii) 5,(A U B, C) = max{8,(A,C),6,(B,C)} forall A > 0.
(iv) 61:4(A, B) < 81(A,C) +6,(C,B) for all A, ju > 0.
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Proof. (i) By the definition of 6,, we have, for all A > 0, that

61(A,B) =0 & sup wy(x,B) =0
XEA (2.1)
= w)(x,B) =0, VxeA.

Since B is closed in X,,, we get wy(x,B) =0 forall A > 0 & x € B. Thatis, 6,(A, B) = 0 for all
A>0s ACB.

(ii) It is obvious that w) (x, C) < w,(x, B) for all x € X, and A > 0. Hence, 6,(A,C) <
6.(A, B).

(iii) Observe that, if B C C, then

6,(AUB,C) = sup wy(x,C) = max{sup wy(x,C), sup wi(x,C)}. (2.2)

x€AUB xeA x€B
(iv) Letae A,b e B,and c € C. Then,
wyu(a,b) <w,(a,c) +wyu(c,b), (2.3)
which implies that

wyu(a,B) <w,(a,c) +wy,(c, B)

(2.4)
S w,\(a, C) + 6#(C/ B)
Since ¢ € C is arbitrary, we have
wyu(a,B) < wy(a,C) +6,(C,B). (2.5)
Similarly, since a € A is arbitrary, we can deduce that
61+u(A,B) <06)(A,C) +6,(C, B). (2.6)
O
Proposition 2.2. Let X, be a modular metric space. Then,
Qi (AUB,CUD) <max{Q)(A,C),Q\(B,D)} (2.7)

forall A,B,C,D € CB(X,,).
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Proof. Suppose A > 0 is arbitrary. For a € A and b € B, we have w,(a,CUD) < w)(a,C) and
wy(b,CUD) <w,(b,D). Hence, we get

6,(AUB,CUD) =max{6,(A,CUD),6,(B,CuD)}
< max({6,(A, C),61(B, D)) (2.8)
< maX{Q/\(A/ C)/ Q)L(B/ D)}

Similarly, we have

6.(CUD, AU B) < max{Qi(A,C),Q.(B,D)). (2.9)

Hence, we have

Q,(AUB,CUD) = max{6,(AUB,CUD),5,(CUD, AUB))}
(2.10)

<max{Q,(A,C),Q(B,D)}.
0

Proposition 2.3. Let X,, be a modular metric space generated by x,. Then, CB(X,,) is a modular
metric space generated by {x,} and is induced by Q.

Proof. For {x,}, A € CB(X,), we have

QA {x}) = max{sup wy(x, {x,}), sup wA(x,A)}

x€A x€{x,}
= max{sup w)y (x,x,),inf w)t(xl,x)} (211)
X€A x€A

= sup wy(x,x,).
x€eA

Since x € A C X, and lim, _, ;. w) (x, x,) = 0, we have lim, _, . ,Q, (A, {x,}) = 0.

By the definition of Q and Proposition 2.1, it is clear that Q,(A, B) = Q,(B, A) > 0 for
all A > 0 and Q, (A, B) = 0 for all A > 0 if and only if A = B.

Again, by Proposition 2.1, we have

Q)u(A, B) = max{61.,(A, B), 61:,(B, A)}
< max{6y(A, C) +6,(C, B),5,(B,C) +6,(C, A)}
< max{6,(A,C),8,(C, A)} +max{6,(B,C),5,(C,B)}
= Q1(A,C) +Q,(C, B)

(2.12)

forall A, u > 0. Therefore, CB3(X,,) is a modular metric space generated by {x,} and is induced
by Q. O
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Remark 2.4. Note that the metric modular Q depends on w, so the completeness of X,, implies
the completeness of CB(X,,).

Now, we are arriving at the most important lemma used in our proof of main theorems.

Lemma 2.5. Let A, B € CB(X,) and a € A. Then, for € > 0, there exists a point b, € B such that
w)L(a/ be) < Q)l(A/ B) t+e.

Proof. Leta € A, €, 1 > 0be arbitrary. Since w) (a, B) = inf,cpw) (a, b), we claim that w) (a, B)+€
is not a lower bound of the set {w)(a,b) : b € B}. Therefore, there exists b, € B for which
wy(a,b.) < wy(a,B) + e and hence w, (a, b.) < Q) (A, B) +e. O

3. Fixed-Point Theorems for Multivalued Mappings

In this section, we extend the result by Mongkolkeha et al. [14] under the multivalued setting
and hereby obtain some corollaries. Beforehand, we will give the notion of a multivalued
w-contraction in modular metric spaces.

Definition 3.1. Let X, be a modular metric space. A multivalued mapping F : X, — CB(X,,)
is said to be a multivalued w-contraction if there exists 0 < k < 1 such that

Q) (Fx, Fy) < kwy(x,y) (3.1)

for all x,y € X, and A > 0. In this case, the least number k which satisfies the inequality (3.1)
is said to be the contraction constant.

Remark 3.2. For a sequence {x, },cy in Xy, itis obvious that, if lim, _, ;. X, = x and F is a multi-
valued w-contraction on X,,, then lim,, _, ,Fx, = Fx.

Theorem 3.3. Let X,, be a complete modular metric space and F a multivalued w-contraction on X,,
with contraction constant k. Then, F has a fixed point in X,,.

Proof. Let xy € X,, be arbitrary and x; € Fxg. By Lemma 2.5, there exists x, € Fx; such that

wy(x1,x2) < Qy(Fxo, Fx1) + k. (3.2)

Similarly, by this procedure, we define a sequence {x,},y in X, such that x, € Fx,_ and

wy (X5, Xn41) < Qy(Fxy_1, Fxp) + K" (3.3)

for all n € N. Hence, by the multivalued w-contractivity, we have

wy (Xn, Xps1) < Qu(Fxpq, Fxp) + K"

< kwy (xp-1,xn) + K"

3.4
<k kw/\(xn—Z/ xn—l) + kn_l] +k" ( )

< Kwy (-, Xp1) + 2K"
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Thus, by induction, we deduce that

w) (x4, Xp41) < kK'w) (x9, x1) + nk™. (3.5)

Notice that k™ < +oo and nk™ < +oo0. Now, since
neN neN

> wa (xn, Xne1) < wa(x0,x1) D K"+ D nk" < +oo, (3.6)

neN neN neN

for all A > 0. Without loss of generality, suppose m,n € N and m > n. Observe that, for arbit-
rary € >0,

Wi (X, Xm) < WL/ m-n) (Xn, Xna1) + WA/ m-n) (Xns1M, Xp42) + =+ + WA/ m=n) (Xm-1, Xm)

< W)L/m(xm Xp+1) + Wi/m(xn+1n/ Xps2) + oo+ wi/m(xm—lr Xm)

+o0 (3.7)
< Z (»U)L/m(xn/ Xnt1)

n=n,

<e€

for all m > n > n, for some n, € N, and hence {x,},y is a Cauchy sequence. Then, the com-
pleteness of X, implies that lim,_, ., x, = x for some x € X,,. Consequently, the sequence
{Fxy,} ,en converges to Fx, that is, limy, _, 1,y (Fx,, Fx) = 0 for all A > 0. Since x,, € Fx,,_1, we
have

0 < wi(xus1, Fx) < 60 (Fxy, Fx) <€) (Fxy, Fx) (3.8)

which implies that w) (x, Fx) = 0. Since Fx is closed, it follows that x € Fx. O

Example 3.4. LetX = [0,1], w : (0,+00)xXxX — [0, +oo] defined by wy (x, y) := (1/(1+1))|x-
y|. Clearly, X,, = [0,1] for any generator x, € X. Now, we define a multivalued mapping
F: X, — CB(Xw) given by

Fx = {O, xTH} (3.9)

We have Q) (Fx, Fy) = (1/2(1 + 1) )|x — y| £ (1/2)w,(x,y). Therefore, F is a multivalued
w-contraction with contraction constant k = 1/2, and we have that 0 and 1 are fixed points of
F.

Remark 3.5. Note that our result does not assure the uniqueness of a fixed point, as illustrated
in the above example.

We next present the local version of Theorem 3.3.
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Theorem 3.6. Let X,, be a complete modular metric space,
B (x0,7) = {x € Xu : wi(x,x0) <y, VA >0}, (3.10)
and F : By,(x0,y) — CB(Xy). Suppose there exists 0 < k < 1 for which
Q. (Fx, Fy) < kw,(x,y) (3.11)
forall x,y € By(xo,y), A > 0and
Qi (Fxo, {x0}) < 1 -k)y (3.12)

forall A > 0. Then, F has a fixed point in B, (xo, y)-

Proof. To prove this theorem, we only need to show that B, (xp,y) is complete and Fx C
By (x0, 7). To show that B,,(xo,y) is complete, suppose that {x,},cy is a Cauchy sequence in
B (x0,Y)- Since X, is complete, lim,, _, .o, w) (x5, x) = 0 for some x € X,, forall A > 0. Since, for
eachn € N, x,, € By, (x0, ), we get

wy (X0, x) < wyy2(X0, Xn) + Wi y2(Xp, X)
/ n /2\Xn (3.13)
< Y+wx/2(xn,x).

Asn — +oo, we have w) (xo, x) < y. Therefore, B,,(xp, y) is complete.
Now, we prove the latter. For any x € B, (xo,7), let y € Fx. Observe that, for all A > 0,

wi(y,x0) = 6x({y}, {x0})
< 61/3({y}, Fx) + 61/3(Fx, Fxo) + 61/3(Fxo, {x0})

< Q) /3(Fx, Fxg) + Q) /3(Fxo, {XO}) (3.14)
< kwy(x,x0) + (1-k)y
<y.

This implies that Fx C B,,(xo,y) for all x € B, (xo, y). Applying Theorem 3.3 to complete the
proof. O

In the following theorem, we prove the existence of fixed points for a mapping intro-
duced in 1969 by Kannan [15] in view of multivalued mappings in modular metric spaces.

Theorem 3.7. Let X,, be a complete modular metric space and F : X,, — CB(Xy) a multivalued
mapping such that there exists 0 < k < 1/2 such that

Q. (Fx, Fy) < k[way(x, Fx) + wo (y, Fy)] (3.15)

forall x,y € X, and A > 0. Then, F has a fixed point in X,,,.
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Proof. Let the sequence {x,},cy be constructed as in the proof of Theorem 3.3, so we get, for
allA >0,

wl(xn/ xn+l) < Q)L(Fxn—lr Fxn) + k" (316)

for all n € N. Observe that

W) (Xn, Xns1) < Qu(Fxp1, Fx,) + K"

< k[WZA(xn—ll Fxn—l) + wZ)L(xn/ Fxn)] +k"

(3.17)
< k[w)t(xn—lr Fxn—l) + w)t(xn/ Fxn)] +k"
< k[w (xn-1, Fxp-1) + wx(xn, Xne1)] + K.
Further, set ¢ := k/(1 — k) <1, we obtain
w1 (X, Xne1) < g0 (Xn-1, Xn) + 37—
k" k"
< 22
= § w)x(xn—2/xn—l) + (1 _ k)2 + (1 _ k)
k" (3.18)

< Ew) (Xn-2, Xpo1) +2

(1-k)?

< "wy(x0,x1) +ng".

As in the proof of Theorem 3.3, we conclude that {x,},y is a Cauchy sequence. The com-
pleteness of X,, implies that lim,, _, .., x,, = x for some x € X,,.
Now, we show that x is a fixed point of F. Observe that

wy(x,Fx) =6, ({x}, Fx)
<6y2({x}, Fxy) + 6y /2(Fxy, Fx)
= wy/2(x, Fxy) + 61 /2(Fxp, Fx) (3.19)
< wyy2(x, xp1) + Qu/2(Fxy, Fx)

S wy2(x, Xp1) + k[wa (xy, Fxp) + wy(x, Fx)].

Again, we have that

k
wy(x, Fx) < w/2(X, Xni1) + mwx(xn,Fxn). (3.20)

1-k

Asn — +oo, we have w,(x, Fx) = 0. Since Fx is closed, we have x € Fx. Therefore, x is a
fixed point of F in X,,. O
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4. Stability of Fixed Points

In this section, we discuss some stability of fixed points in Theorems 3.3 and 3.7. In this con-
text, Fix(F) will denote the set of all fixed points of a self-mapping F on X,,.

Theorem 4.1. Let X,, be a complete modular metric space, and let F,G : X, — CB(X,,) be two
multivalued w-contractions having the same contraction constant k. If, for any A,B € CB(Xy),
lil’n)lel\(A, B) = é(A,B) < +oo, then Q) (Fix(F), Fix(G)) < (1 - k)ilsupxeXWG(Fx,Gx%

Proof. Suppose A > 0, by Theorem 3.3, we can conclude that Fix(F) # @ # Fix(G). Let € > 0 be
arbitrary, and let y > 0 be such that y >,y nk™ < 1. For xy € Fix(F), choose x; € Gxp such
that

w (X0, x1) < Q) (Fxo, Gxo) + €. (4.1)

By the multivalued w-contractivity, it is possible to choose x; € Gx; such that

ek
w) (x1,x2) < kw) (xo, x1) + ff_—k (4.2)
Now, define a sequence {x,},cy inductively by x, € Gx,,1 and

n

w/\(xn/ xn+l) < kw)t(xn—l/ xn) + 1-k (43)
Set 71 := ye/(1 - k), it follows that
< n
WA (Xn, Xns1) < k) (Xp-1,Xn) + 11K (4.4)
< K2w) (X1, Xpo1) + 2nk™.
Inductively, we have that
W) (X, Xni1) < K wy(xo, x1) + nygk™. (4.5)
Notice that Y}, k" < +oo and 3}, k™ < +0o0. Now, since
> wa (xn, Xni1) < wa(xo,x1) D K"+ > k" < +oo, (4.6)

neN neN neN

we can say that {x,},y is a Cauchy sequence. The completeness of X, implies that
lim, ., xx, = x for some x € X,,. Since lim,_, Q) (Gx,,Gx) = 0 and x, € Gx,_1, we get
x € Fix(G). Now, observe that

wi(x0,x) < Wy2n (X0, X1) + Wayon (X1, X2) + - + Wy /20 (Xn-1, Xp) + Wi y2(Xn, X)

< Z W20 (Xm-1, Xm) + Wi /2(Xp, X)
meN

< wajan(x0,x1) P KM 41 D (m = DK + w2 (%, %) (4.7)

meN meN
< (1 k) wsan(x0, x1) + €] + waa (2, x)

< (1= k) [Qu/2n (Fxo, Gxo) + 2€] + wy 2 (%, X).
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Since w) (xg, x) > wy (xp, Fix(G)) and together with (4.18), we have, as n — +oo, that

6, (Fix(F), Fix(G)) < (1 - k)_1|: SUp {(Fx,Gx) + 26]

x€Fix(F)
(4.8)
<(1-k" I:Supg(Fx,Gx) + 26]-
x€Xep
Similarly, we have
6, (Fix(G), Fix(F)) < (1 - k) ! [supg(Fx,Gx) + 26]. (4.9)
x€X
Since € > 0 is arbitrary, this completes the proof. O

Corollary 4.2. Let X,, be a complete modular metric space and F,, : X, — CB(Xy), for n € N,
multivalued w-contractions having the same contraction constant k, and for any A,B € CB(Xy),
limy0Q,y(A,B) = {ap < +oo. If lim, . 0l(Fxrx = 0 uniformly for x € X,, then
limy, —, 400 Q) (Fix(F,), Fix(F)) = 0.

Proof. Let € > 0 be arbitrary. Since lim, _, 1o {(F,x,rx) = 0 uniformly for x € X,, and A > 0, there

exists ny € N such that

SUPG(F,xFx) < (1 —k)e (4.10)

x€Xp
for all n € N with n > ny. By Theorem 4.1, we have
Q) (Fix(F,), Fix(F)) <e€ (4.11)

foralln € Nwithn > ngand A > 0. O
Likewise, we can deduce a stability theorem for fixed points in Theorem 3.7.
Theorem 4.3. Let X,, be a complete modular metric space, and let F,G : X, — CB(X,,) be two

multivalued mappings such that there exists 0 < k < 1 such that

Q) (Fx, Fy) < k[wa(x, Fx) + wn(y, Fy)], (@12)
Q) (Gx, Gy) < k[wa(x,Gx) + wa (v, Gy)], |

forall x,y € X, and A > 0. If, for any A,B € CB(Xy), limyj0Q,(A, B) = {ap < +oo, then
Q) (Fix(F), Fix(G)) < (1= k) 'sup, .y {(Fxcx)-
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Proof. Suppose A > 0, by Theorem 3.7, we can conclude that Fix(F) # @ # Fix(G). Let ¢ > 0 be
arbitrary, and let y > 0 be such that y >,y nk™ < 1. For xy € Fix(F), choose x; € Gxp such
that

w) (x0,x1) < Q) (Fxo, Gxg) + 1Y_€k. (4.13)
It is possible to choose x; € Gx; such that
ye
w) (x1,x7) < Qy(Gxg, Gxy) + - kk. (4.14)
By induction, we can construct a sequence {x,},cy such that
W (Xn, Xpe1) < Q1 (Gxyoq, Gxy) + 1Y—Ek k" (4.15)
Observe that
Ye n
w)t(xnrxnﬂ) < QA(Fxn—llFxn) + 1- kk
Y€
< kf[way (xn-1, Fxp-1) + wor (xn, Fxn)] + 1= kk
< k[w)u(xn—lr Fxn—l) + wl(xn/ Fxn)] + IY_Ekkn
< k[w)L(xn—lr Fxn—l) + wl(xnr xn+1)] + 1Y_€k k" (416)
Further, set ¢ :=k/(1-k) <1and 7 :=ye/(1 - k) , we obtain
€
W (X, Xn11) < W (Xn-1, %) + (1i—k)2kn
2 ye n
< g w)»(xn—len—l) + 2(1 _ k)3k
(4.17)

< &"wy(xo, x1) +nné".

Similar to the proof of Theorem 4.1, we conclude that {x, },y is a Cauchy sequence. The com-
pleteness of X,, implies that {x,},cy converges to some limit x € X,,. We can further see that
x € Fix(G). Now, observe that

w) (x0, x) < wryan(X0, X1) + Wi/20 (X1, X2) + - -+ + Wi 20 (X1, Xp) + Wy /2(Xp, X)

< Z W20 (Xm-1, Xm) + Wy /2(Xp, X)
meN

< wWijan(xo,x1) P KM 41 D (m = DK™ + w2 (%, X) (4.18)

meN meN
< (1= k) ey 2n (X0, %1) + €] + Wy /2 (%, X)

< (1= k) Q)20 (Fxo, Gxo) + 2€] + wy (X, X).
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Since w) (xg, x) > wy (xp, Fix(G)) and together with (4.18), we have, as n — +oo, that

01 (Fix(F), Fix(G)) < (1-k) 1[ SUP G(FxGx) + Ze]

x€eFix(F)

(4.19)
<(-k7 [supg<Fx,Gx) + 26].
x€Xp
Similarly, we have
6, (Fix(G), Fix(F)) < (1-k)™! [supg(px,cx) + 26]. (4.20)
x€X
Since € > 0 is arbitrary, this completes the proof. O

Corollary 4.4. Let X,, be a complete modular metric space, and let F,, : X, — CB(X,), forn € N, be
multivalued mappings such that there exists 0 < k < 1 such that

Q)L (an/ Fny) < k[(UZA (x, an) + Wz (y/ Fn]/)] (421)

forall x,y € X, and A > 0. Suppose for any A, B € CB(Xy), limy0Q1(A, B) = {ap) < +oo. If
limy, . 400§ (F,x Fx) = 0 uniformly for x € X,,, then lim,, _, ;. Q) (Fix(F,), Fix(F)) = 0.

Proof. Let € > 0 be arbitrary. Since lim,, —, +,§(r,x,Fx) = 0 uniformly for x € X,, and A > 0, there
exists ny € N such that

SUp{(r,x,Fx) < (1 —k)e (4.22)

x€X
for all n € N with n > ny. By Theorem 4.3, we have
Q, (Fix(F,),Fix(F)) < e (4.23)

for all n € Nwithn > ngand A > 0. O
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