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By adopting some new ideas, we obtain the estimates of an absolute convergence for the functions
of the bounded variation in two variables. Our results generalize the related results of Humphreys

and Bojanic (1999) and Wang and Yu (2003) from one dimension to two dimensions and can be
applied to several summability methods.

1. Introduction

Let f be 2sr-periodic functions integrable on [-ur, or]. Denote its Fourier series by

S(f,x) ~ % +Z(ak cos kx + by sin kx), (1.1)
k=1

where the Fourier coefficients a, and by are defined as follows:
1 (™ 1 (" .
ag == — f f(t) cosktdt, by = — J f(t) sinkt dt. (1.2)
x)_, a ) .
Denoted by S, (f, x) the nth partial sums of the Fourier series (1.1), that is,

Sa(f,x) = % +z:(a;< cos kx + by sin kx). (1.3)
k=1
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When f is of bounded variation, Bojani¢ [1] obtained the following result on the rate
of the convergence of approximation by S, (f, x).

Theorem A. If a periodic function f is of bounded variation on the interval [-or,or], then the
following estimate holds for every x and n=1,2,...:

|Sn(f,x) = f(x)] < %ZV&TM(%), (1.4)
k=1

where @ (t) == f(x+1t) + f(x—t) — f(x+0) — f(x—0) and V(¢x, [0,t]) is the total variation of ¢
on [0,t].

There are a lot of interesting generalizations that have been achieved by many authors
(see [1-9]). Among them, Jenei [4] and Moéricz [5] generalized Theorem A to the double
Fourier series of functions of bounded variation; Humphreys and Bojanic [3], Wang and Yu
[7] investigated the absolute convergence of Cesaro means of Fourier series.

Let C, := (cy;,) be the Cesaro matrix of order a, that is,

AlX*l
o=k =0,1,...,n, (1.5)
nk AZ
where
.. In+a+1)

n.:m, Tl:O,].,.... (16)

Then, the so-called Cesaro means of order « of (1.1) is defined by (denote by o, (f, x)):

n

1
0n (f,%) = = DALk (f, ). (17)
" k=0

Humphreys and Bojanic [3] investigated the rate of the absolute convergence of Cesaro
means of the series (1.1). Their result can be read as follows.

Theorem B. Let x € [0, ] and f be 2ar-periodic functions of bounded variation on [—ur, or]. Then
for a > 0and n > 2, one has

4 n
RE(f,%) < -2 SV (p), 18
k=1
where
Ri(fx) = 3 [01(F0) ~oa (0], (19

px(t) = f(x+8) + f(x—1) - f(x+0) - f(x-0)

and varl(f) be the total variation of f on [a,b).
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However, Wang and Yu [7] showed that Theorem A is not correct when 0 < & < 1. In
fact, they proved the following.

Theorem C. Suppose 0 < a <1, x € [0,r] and f are 2or-periodic functions of bounded variation on
[=or, or]. Then for n > 2, one has

100 &
SEVT (g2, (1.10)

k=1

Ri(f,x) <

and there exists a 2ar-periodic function f* of bounded variation on [-or,or] and a point x € [0, ]
such that

a [ g 1 B a-1yyr/k
S > > 8).
R %) > S5000am k:lk ) (n28) (1.11)

Motivated by Theorems B and C, and the results of Jenei [4] and Moéricz [5] on the
double Fourier series, we will investigate the absolute convergence of a kind of very general
summability of the double Fourier series. Our new results not only generalize Theorems
B and C to the double case, but also can be applied to many other classical summability
methods. We will present our main results on Section 2. Proofs will be given in Section 3. In
Section 4, we will apply our results to some classical summability methods.

2. The Main Results

Let f(x,y) be a function periodic in each variable with period 2;r and integrable on the two-
dimensional torus T? = T x T in Lebesgue’s sense, in symbol, f € L(T?). The double Fourier
series of a complex-valued function f € L(T?) is defined by

fxy) ~ > > fl, e, 2.1)

keZ IeZ

where the f (k,1) are the Fourier coefficients of f:

1
472

f(k,1) = sz f(u,v)e M gy do,  (k,1) € 72. (2.2)

Let R := [a;1,b1] x [a2, by] be a bounded and closed rectangle on the plane. A function
f(x,y) defined on R is said to be of bounded variation over R in the sense of Hardy-Krause,
in symbol, f(x,y) € BVy(R), if

(i) the total variation V(f, R) of f(x,y) over Ris finite, that is,

V(f,R) = supi i|f(xj,yk) — f(xjc,yk) = f(xj, k1) + f(xj,yx) | < oo, (2.3)

=1 k=1
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where the supremum is extended for all finite partitions

a1 =x9<x1 < <Xy =by, a2:y0<y1<--~<yn:b2 (24)

of the intervals [a1,b1] and [ay, by];

(ii) the marginal functions f(-,a;) and f(aj,-) are of bounded variation over the
intervals [ay, bi] and [ay, by ], respectively.

For any f(x,y) € BVy(T), define

FGoy) = (f(x+0,y+0) + f(x=0,y+0) + f(x+0,y~0) + f(x~0,y ~0)),

Pxy(u,v) = f(x+u,y+0) + f(x—u,y+0) + f(x+u,y—v) + f(x —u,y - v) —4f(x,y).

(2.5)
For convenience, write
t .
Voo (9xy) = V (¢, [0,5] x [0,]). (2.6)
00 \Pxy y
For any double sequence {a,, }, define
A1 Gmn = An — An-1n — Amn-1 t Am-1,n-1,
A10Gmn = Amn — Am-1n, (27)
Ao1Gmn = Amn — Amn-1-
For any fourfold sequence {aunjk }, write
A11@mnjk = Amnjk = Amn,js1k = Amnjk+l + A j+1k+1s 28)
2.8

AOlamnjk ‘= Amnjk — Amn,jk+1, A10‘1mnjk = Amnjk — Amn,j+lk-

A doubly infinite matrix T := (k) is said to be doubly triangular if ¢,,,jx = 0 for
j > mor k > n. The mnth term of the T-transform of the double Fourier series (2.1) is defined
by

m n
Trnn (X, y) = Z Ztmnfws‘uv (x/ y)/ (29)
pn=0v=0

where Sy, (x,y) is the pvth partial sum of (2.1), that is,

ooy . B
S (x,y) = >, D kD™ = 3N Ay (x,y). (2.10)

|k[=01|=0 |k[=01|=0
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Write
_ m n
tmnjk = Z Ztmnjk/ 0< ] <m,0<k<mn,
u=j v=k
- 2.11
tmmjk =0, if j>mork>n, ( )
f,gnllgc tmm'j - zm—l,n,i,]’ - Em,n—l,i,j + Em—l,n—l,i,j-
Set
A1), . R TR
R (fix,y) = D D |AnTi(x,y)|- (2.12)

j=m+1 k=n+1

Our main results are the following Theorems 2.1 and 2.2.

Theorem 2.1. Let f(x,y) be a periodic function and f(x,y) € BVy(T?). Assume that T is a lower
doubly triangular matrix satisfying

T

_ 200 _ ~

tﬂka - tmnOl - 0’ k'l = 0/ 1/ ceey (213)
KA A(l 1)

D2 2 Fu| = O, (2.14)

>
]
—

=1

and there exist constants a, p (0 < a, p < 1) such that

O(I""PxyF), (x,y) € 0 —] %,.71'],
m n 00
> m"kl sinkxsinly| = ¢ O(k™™*x™y), (x,y) € z,yr] x [O z (2.15)
k=1 1=1 m n
Sl-af1-py-ay z x
kO(k I PxayF), (x,y) € -m,yr] x [n,yr]

Then for n > 2, (x,y) € T?, one has

m n

ROV (fix,y) < (2.16)

k=1 1=1
Theorem 2.2. Let f(x,y) and T satisfy all the conditions of Theorem 2.1, except (2.15) is replaced

by
?(1,1)
Ao mnkl
kI \ otk ol

>

11=1

Mz

= o<mT<k*>nT<’*>), (2.17)

=~
I
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where k*,1* =00r 1, k* +I* >1,7(0) = 6(0) =0, 7(1) = 6(1) + 1 = 2. Then for n > 2, (x,y) € T?,
one has

1 m n - -
Ro (f3%,9) < Co 35 3 0Vor 7 (). (2.18)
k=1 I=1

3. Proofs of Results
Lemma 3.1 (see [10]). If g(x, y) is continuous on a rectangle R := [ay,b1] x [az, bp] and f(x,y) €
BV (R), then

(i) g(x,y) is integrable with respect to f(x,y) over R in the sense of Riemann-Stieltjes
integral;

(ii) f(x,y) is integrable with respect to g(x,y) over R in the sense of Riemann-Stieltjes
integral and

[ Femddgtey) = [ stxv)ddsy)

by by
+ fx,b2)dyg(x,by) - f(x,a2)d g(x, az)

a a

by by (3.1)
[ gy - [ fandgay)

az

= f(b1,b2)g (b1, ba) + f(a1,b2)g(ar, b2)
+ f(az,b1)g(az, 1) - f(a1, a2)g(ar, a2).

Lemma 3.2 (see [10]). If f(x,y) € BVy(R) and g(x,y) is absolutely continuous on R, that is,
Xy
g(x,y) = f h(u,v)dudv+C, (x,y)€R, (3.2)
ay ay
for some function h(x,y) € L(R) and constant C, then

[ Feomddug(ey) = [ 5GonhGy)drdy. 63

Proof of Theorem 2.1. By the definition of Ty, (x, v) (see (2.9)), we have

ii i

Ta(oy) = 3 Shian 3, 3 Aw(xy)

i1=01,=0 |ﬂ|:0 [v|=0
(3.4)

ik ~
= > D Aw (X Y) ikl

|u=0 IV1=0
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Therefore,
ok _ -1k ~
AnTjk(x,y) = Z ZA‘uv(x/y)tjlevl - Z ZAyv(x/y)tj—l,k,|/4\,|v|
|u|=01vI=0 |u|=0 [vI=0
j j-1 k-1
- Z ZAuv(x Wbkl + D) D Aw (X Y) b1k
|1|=0 vI=0 |u|=0vI=0
ik )
- Z ZAﬂV(x’y)t kl ||v‘ (by (211))
|u|=0 vI=0
ik
= Z Z(Aw(x, Y)+ Ay (x,y) + Au(x,y) + A, SOyt
u=1r=1
Noting that

A (X, y) + A (X, y) + Apr (2, y) + Acpv (%, )

= F(uw)e ) 1 F(ot v)e ) 4 F ()0 1 f (-, )l

1
i) ITZ f(s,t) cos p(s — x) cos v(t — y)dsadt,

we have

1 j k
AnTi(x,y) = 4—2121 %EVJ‘ f(s,t) cos p(s — x) cos v(t — y)ds dt

where in the last equality, Lemma 3.2 is applied.
By (3.7) and Lemma 3.1, we have

1 © © j k by T ) )
RO (fix,y) = =2 > 3> IIO Pxy (s, t)dsdy sin ps sin vt
j=m+1 k=

n+l|p=1v=1 Ky

(by (2.13)).

(3.5)

(3.6)

(3.7)
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P>

Z <f7t/] J<7r/k fﬂ/]J- J J<7r/k j I >
.71'2] =m+1 k=n+1 x/k x/j x/jlr/k

i ok fAD

Z Z— sin us sin vt

p=1v=1

. <11>

Z I sin ps sin vt|dod,V, o0 (¥xy)
=}

X

dsdiVigy (‘/’xy)

=1Il+12+13+14.
(3.8)

By (2.14), we have (Denote by y(a, by)x(asb») (X, ¥) and x(a, p,)(x) the characteristic functions of
(a1, b1) x (az,by) and (ay, by), respectively.)

a/j ek
= 4”22 J‘ J

j=m+1 k=n+1

]kA

> 3

p=1v=1

1 © 0 x/j pr/k j ok
w2 2] S fe]sadiien)
]

j=m+1 k=n+1" 0 p=1v=1

w/j ek
f f stdsdi Vg (¢xy)

J<7r/(m+l) Iyr/(rﬁ—l) ) ) (3.9)

sin ps sin vt|dsdi Vg (¢xy )

IN

| /\

j= m+1k n+1

IA
0O

> st/ ik (5, )dsdi Vi (Pry)

0 0 j=m+1 k=n+1

a/(m+1) por/(n+1)
sc[ T deaviden)
0 0

< CVO(SI'/(m+1))(JT/("+1)) ((ny)

m n
~17.6- /i) /k
o 22 2T ).
=1 k=1

For I, by the first inequality of (2.15),

Z i sin ps sin vt

v dsd, oo(‘ny)
p=1lv=1

pes S S

j=m+1 k=n+1

[ee]

SCZ 1ﬂf j/ stPdgd, 00(‘ny)

j=m+1 k=n+1
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0 0 r/j e/ (n+l) aw/j e
<C> S k" ﬂ(f [+ >stﬂdsdtv;5<wxy>
j=m+1 k=n+1 0 /(n+1)

a/(m+l) por/(n+l) oo ' ) pp o
<C Z SX/j)(S) Z k="t dsdtvoo(‘l’xy)

0 0 j=m+1 k>(or/t)
o/ (m+1) e ©
+CI f S st0mrp(s) 3 kPP, d Vi (puy)
0 7/ (n+1) j=m+1 k=n+1

a/(m+1) por/(n+1) a/(m+l) ax
scf T daviem) et [ eadv ()
0 0 0 a/(n+l)

ar/k

n o/ (m+1)
< OV @) () B f f P,y Vit ()
k=170 a/(k+1)

n
(o / (m+1)) (o / (n+1)) - 1y, (o /(m+1)) (o /k)
<CVy (¢pxy) +Cn "Zk” Voo (¢xy)
k=1

N a1 1 /) /K)
ZZ kP~ Voo ! (¢xy)-
1 k=1

m“n

(3.10)

Similarly, we also have

C OOty iy r/ i)k
= manﬂz 2RV T () (3.11)

=1 k=1

By (2.15), we deduce that

ILL<C Z Lr/] Lr/k kT P P ddi Vi ()

j=m+1 k=n+1

a/(m+1) por/(n+1) T ar/ (n+1) o /(m+1) e T T
s S0 L )
j=m+1 k=n+1 x/j r/k a/(m+1) J o /k a/j o/ (n+1) o/ (m+1) J o/ (n+1)

% j_l—uk—l—ﬂs_at_ﬂdsdtvosé((ny)

a/(m+1) o/ (n+1) o s
sc[ ] S ) (D KR ) Vi (o)
0 0 j>(r/s) k>(or/t)
a/(m+1) por 0
e[ < s J’“"“><Zk1ﬂt )it (o)
0 x/(n+1) \ j>(or/s) k=n+1
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aT o/ (n+1) o 59

+cf f > s > KTPEP ) dodi Vi (pxy)
/(m+1) /0 j=m+1 k>(r/t)
o/ o/ [e’e]

+C J‘ Z]_la - <Zklﬂt ﬂ>d di Vi ()
x/(m+1) S/ (n+1) \ j=m+1 k=n+1

n
< Cvo(gr/(mﬂ))(ﬂ/(nﬂ)) (‘ny) 4 Cn—ﬁzkﬁ—lv()(gr/(m+1))(7r/k) ((ny)
k=1

n Cm_“Z]“ 1V(Jf/])(7f/(n+1)) ((ny)

C O N alypoty /i) /k)
e 2 2K Vg T ()
=1 k=1

—.

C X a1 oty o/ (me) o/ (1)
< Cmanﬁz Z]a 1kﬂ 1V0((-)71' (m+ (-71' (Tl+ ) ((ny)
=1 k=1
(3.12)
We get (2.16) by combining (3.8)-(3.12). O
Proof of Theorem 2.2. Set
= Lo _cos(1/2)t—cos(i+ (1/2))t .
Dl(t)—];smlt— 2sin(1/2)t , 1=1,2,.... (3.13)
By Abel’s transformation, we have
m n A(l 1) m n A(ll
Z Z mnkl sinkssin It = ZSH;CkSZAm mnkl 1 Dl(t)
k=1 1=1 k=1 1=1
noGin i 7@
= Z > Ao ’"""l kL By (5) (3.14)
1=1 k=1
m n 7@
_ mnkl
= 3 S Ay K By (5) Dy 8).

k=

—_

=1

Therefore, by the following well-known inequalities: ID;(#)] = O@t™), |sint| < ||, and
condition (2.17), we see that (2.15) holds with a = = 1, and thus we get Theorem 2.2 from
Theorem 2.1. O
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4. Applications

4.1. Cesaro’s Means

Let T = (C,y,06) = Cy x Cs be the double Cesaro matrix of order (y, 6) with y,6 > -1, that is,

T has entries

AY’l A5—1
m—j* “n-k

6
tymic = CT x CO, =
] m nk Y Ab
] ALAS

(4.1)

Thenfor0<j<m-1,0<k<n-1,

711 n
Eynic = B11tm-1n-1,jk

Y Y
(A A <Aflk B A‘Zu) (4.2)
An A AL AL

-1 _
]kAYm—jAﬁ—}c
mnA),Ad
(1,1) 1
tmnmn tmnmn ﬂ .
A A
In particular,
~(11) _ 711 _ o
tmnOk - tmnjO =0, I k=0,1,.... (43)

In other words, T satisfies condition (2.13) of Theorem 2.1.
By the well-known inequality (e.g., see [11])

¥ 1
I(y+1) " n (4.4)
we deduce that

-1 -
S| - (A, 1 <ikm+i>
=1 k=1 SmAL, A, ) \3 nA, A}

= <O<m"2>mz/:2j+0(m‘7) i Arr:_l]. + L>

Y
j=1 j=m/2 Am
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(0@ Zko(n) 3 At o)

k=n/2

=0(1), y,6>0,

which means condition (2.14) of Theorem 2.1.
For 0 <y <1, we have

n AY7}< 1 n y 1 & 1nx n-1 - 1 ”
n— : _ - IKX —l X

kgl Y sinkx = Im Y E A, € i E Ap

= n

n k=1 Ani2o
= Im(J1 + 2),
where
einx y einx 0 -1 ‘
T = (1 e‘”‘) = Al gikx
nA), ’ nALkZ:,; ¢

By (4.4), we observe that
Al = O(n %),

. -1 .
Since A£ decreases monotonically to 0, > converges for 0 < x < o, and

|J2| = O<I:££ —e _1> = O(n‘zx‘1> = O(n‘l‘Yx‘Y>

fort € [(or/n), o).
By (4.4)-(4.9), we obtain that

-1
Yksmkx O( 1= Yx‘Y>, x € [%,.71‘], 0<y<1.
n

On the other hand, we have
-

n r-1 n k 1 T
kz: Yksmkx=O(x)ZTYk =0(x), x¢€ [0, E]' y>0.

n k=1n n

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)
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For y > 1, we have that

Ay_l 1 n-1 1
n-k - =1 4yl _ -2
A < ] > ‘ = AT (A -A )+ T o(n?). (4.12)

5o LRI B e SRR e
=1 k=1 jk -1m k=1
O(k™0xy0), (x,y) € 0%] x [%’f] (4.13)
= J0(j 1 rxry), (x,y) € _%,JT] x [0, %],
LO(]'—1—Yk‘1“5x‘Yy“‘5), (x,y) € _%,JT] X [%,.71']

forO<y, 6 <1.
Wheny >1,0<6 <1, by (4.10) and (4.11) again,

2 T 1)

Z 1’1
Z sin jx sinky| <
=1 k=1 jk

A 5-1

i An—k
k=1 ”A;Sz

smjx

St

sin ky‘ = O<k‘1_6xy‘5>, (4.14)

for (x,y) € [0, (r/m)] x [(or/n), 7r]. By (4.10)—(4.12), we have

m n ?1’1)k m Y n -1
mnj m k
sin jx sin ky| < Dj(x) sinky
ST S (it o
- L x (4.15)
| ou ), (xy) € [mﬁr x[o,n],
O(j 2k 0x 1y ™), (x,y) € [%,Jl‘ x %,yz‘ .
Similarly, we have
o), e o]« [T,
m n FOD )
> ik sinjxsinky| = 4 O(j 1 77x7y), (x,y) € E,yr] x [O —] (4.16)
=ia ik m
oG k), (wy) e [Ta| < [T,a],
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for6>1,0<y <1, and

2591 0 7] « [~
o O(kxy™), (x,y) € LO,m] x [nar]
ZZ mrj smjxsinky =120 2xly), (x,y) € E,yr] x [0,z , (4.17)
=1 k=1 jk LT n
22 -1 -1 [ &
O(?k2x7'y™), (x,y)€ Lm’”] x [n'ﬂ-]'
fory,6 > 1.
Setting
<1 ~ <1
?:: ?1// 0<Y— ’ 6:: 6/ 0<6_ ’ (418)
, Y>1, 1, 6>1,
then we have
1-E - [ o a
O<k oxy 1), (x,y) € 0, —] x [;,Jz‘],
m S
> W;c]k sinjxsinky| = 2 O(j " Txy), (x,y) € z,ar] x [0, f] (4.19)
==/ m n
1§ 1-1-6 4-1,,-1 i %
O<] kox 1y ), (x,y) € m,:/r] X [n,ﬂ'],

by (4.13)-(4.17).
From (4.19), we have the following corollary of Theorem 2.1, which generalizes
Theorem B from one dimension to two dimensions.

Theorem 4.1. Let f(x,vy) be a periodic function and f(x,y) € BVy(T?) and T = (C,y, ) be the
double Cesaro matrix of order (y,6) withy,6 > 0. Then forn >2, (x,y) € T2, one has

m
a/k) (/1
ZZ Ay (Y. (4.20)

n
11
G (fix,y )<CmYn
k=1 I=1

4.2. Bernstein-Rogosinski’s Means

The so-called Bernstein-Rogosinski means of Fourier series (1.1) are defined by

B,(f,x) = %<Sn<f,x+ 2n1+17r> <f x-S 1+1 >> (4.21)
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Now, we introduce the following Bernstein-Rogosinski means of double Fourier series (2.1):

1 ar ar ar Jr
Bun (f, %) := Z(Sm”<f’x+2m+1’y+2n+1> +Sm”<f'x+2m+1’y_2n+1>

a a % T
+5mn<f,x— 2m+1’er 2n+1> +Smn<f,x— 2m+1'y_ 2n+1>>'

(4.22)
Direct calculations yield that
m n :
B jor kar '
By (f, x) = 2. kz:(:) CO8 5 — COS o —— A11Sik(x,y)
m-1n-1 : i+1 k k+1
= Z(COS | g —cos 1T 71') (COS T = cos Lﬂ')Sk(x Y)
g ] 2m +1 2m +1 2n+1 2n+1 TR
m-1 : H
I —cos It LS
+ 2. <cos 517 T8 5 — 1.71') cos 5 — 1S]n(x,y)
+n1<cos K T — cos kvl yr) cos —~ S (x,v)
A\ 2n 11 2n+1 2m+ 1"
mar nar
+ cos P 1Smn(x,y),
(4.23)

Thus, B, (f, x) can be regarded as a T-transformation of Fourier series (1.1) with T of entries
defined as

tnik = | cos ] JT — COS j+1m‘ Ccos k Jr — COS k+1yr 0<j<m, 0<k<n
mnjk = m+1 2m+1 il melr) SIS USRS

tymin = | cos ] Jr—cosj+17r cos nr 0<j<m
mnjn = m+1 n+1 el o™
t =( cos Jr — COS k+1yr cos mx 0<k<n
mmmk = 2n+1 2n+1 2m+1’ ’

; mair nor
= cos cos )
it 2m+1 2n+1

(4.24)

By direct calculations, we have

~ ] j k k
tr(nlé.;c = (cos zm]_lyr—cos 2m]+1”> (cos 271_1.71'—cos 2n+1ﬂ>’ 0<j<m, 0<k<n,

(4.25)
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(1,1 _ ] ] nir .
tmn].n = <cos P 17[ - cos P 17[) cos a1 0<j<m, (4.26)
a1 _ mix
t = <COS P 1]1' — Cos P 171‘) cos a1 0<k<mn, (4.27)
~ mar nir
t,(,,l,’llr,)m = Cos pP— cos Tl (4.28)

Therefore, (4.26) and (4.27) imply (2.13), while from (4.25)-(4.28), we get

ZZt(’.L < cos JT — COS ar||cos JT — COS ar
el £ | 1m] — & 2m -1 2m+1 2n—-1 2n+1
j=1 k=1 j=1 k=1
m-1 nir
+ cos JT — COS ar| cos
p) 2m -1 2m+1 } 2n+1
+ 5 cos K I — COS K ar| cos T+ cos il cos il
pct 2n -1 2n+1 2m+1 2m+1 2n+1
g 4'"-1 o 2mj . j . 2nk ) k
sin Jr sin Jr sin Jr sin T
T a4 4m? -1 4m? -1 4n? -1 4n? -1

m-l mj j nd nk k
+2 i i +2 i i +1
ZSln4m2_1JTSII’14m2_1.7T §51n4n2_1ﬂ'sm4n2_13r

m=1n-1 2 2 m-1 i2 n-1 2
2 2
mj 2nk o2 mj o2 2nk

JT — 27y — +
& @m?-1) (4n2 -1y = (@m2 -1)? S (an2 - 1)
(4.29)

which implies (2.14).
Finally, we verify that T satisfies condition (2.17); thus T satisfies all the conditions of
Theorem 2.2. By direct calculations, we deduce that

7(11)

m n [ m . .

A mnjk _ ] _ ] mJir
ZZ 01 k ZCOSZm_lﬂ' C052m+17f +C052n1+1
j=1 k=1 j=1

y <"1 cos(k/(2n - 1))ar — cos(k/(2n + 1))
k
k=1

cos((k+1)/(2n—1))oxr —cos((k+1)/(2n+ 1))
- k+1

+1cos nr )
n 2n+1
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<n 1
k=1

cos(k/(2n—-1))ar —cos(k/(2n+ 1))
k

~cos((k+1)/(2n—-1))ar —cos((k+1)/(2n +1))ar ‘ n’z)

k+1
—O(l)n_11 ((cos K Jr—Cos K Jl‘) (cos kvl Jr—Cos kil m‘))
&k 2n-1 2n+1 2n—-1 2n+1
n-1
1 1 k+1 k+1
+O(1)k 1(k k+1> COSZn—lﬁ_COSZnJrl”‘
B | (sin 2nkx sin 2n(k + 1).71'> in ko
&k 4n? -1 4n? -1 4n2 -1
+<sin ko sin (k + 1)n‘> sin 2n(k + 1) ‘
4n? -1 4n? -1 4n? -1
"Zl 1 sin 2n(k + 1) sin (k+ 1)
1k(k+1) 4n? -1 4n? -1
| . ko 11 2nk+ D)o . (k+ D
ZE 15 a2 1 +O(1)éﬁsm -1 e
n-1
=0 Yn= o<n-2)
k=1
(4.30)
Analogously,
m n 11)
2 3| anE | = 0(m?),
j=1 k=1
4.31
m n D ( ’ )
ZZ A11 mn]k O(m_Zn_2>.
j=1 k=1

Now, (4.30) and (4.31) imply (2.17).

4.3. Riesz’s Means

Let {p,} and {g,} be positive sequences such that P, = po+p1+---+pn — 00, Qy = qo+q1+---+
Gn — oo, and let T := (ty,jx) be a lower triangular matrix with entries t,jx = pjqx/PnQn,
j=0,1,...m k=0,1,...,n;,mn =1,2,.... Then the T-transformation of Fourier series (2.1)
is known as Riesz’s mean.
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Proposition 4.2. Let {p,} and {q,} be positive nondecreasing sequences such that (one says A, ~ By,
if there are two positive constants C1 and C, such that C; < (An/By) < Ca.)

1npn ~ Py, nGn ~ Qn, (4.32)
\ Pk L
Z? =O(pn), Z? =O0(qn)- (4.33)
k=1 k=1

Then T satisfies all the conditions of Theorem 2.2.

Proof. Direct calculations yield that (set P-; = Q-1 =0)

R m . n-1 , n . n-1 . P;_ _
(i _(y PSP (A5 _ @l o 0<k<n,
mh i=j Pm — I'm-1 ik =n i—k Qn—l Pmpm—l QnQn—l

(4.34)
n n-1
~1) _ Pm qgi gi PmGnQk-1
t =" - = , 0<k<mn,
mmnmk m <i—k n i=k Qn—l > PanQn—l
(4.35)
7D _ Zpi G P\ G PmnDia 0<i
mnjn lzz;_m_i:jpmfl _n_Pum—lin _]<m’
~(1,1) Pmn
Emmn = 4.36
P,y (£36)
It follows from (4.35) that T satisfies condition (2.13).
Since {p,} and {g,} are nondecreasing, by (4.32), (4.34)—(4.36), we have
< |21 Pmfn MAPmn
| = e 3 3P0 = o ) — o). 137
]Z; = PP 1QnQn1§,§f P (437)

Hence, T satisfies condition (2.14).
Since {p,} and {g,} are nondecreasing, by (4.32)—(4.36), we have

?(1 1;{ p m—1 p
A [ 2k N 2 ( PN p . L Pm
01< Pmpm—ljgl 11+Pm

Gn n-1
* <QnQn—1 g

>3

j=1 k=1
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n-1 n-1
Q-1 gk > 5 >
+0(n
<QnQn1<k:1k(k+1) “k+1 ( )
_ "Zlq_
n-14o k
( o )
nQn 1

~

(4.38)
Similarly,
m n (11)
mnjk
Ay =0(m™?),
2 3205 =0(m7)
4.
m n an ( 39)
ZZ An mnjk = O(m 21’1 2>
=1 k=1 J
Now, by (4.38) and (4.39), we show that T also satisfies condition (2.17). O
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