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This paper is concerned with exact null controllability analysis of nonlinear KdV-Burgers equation
with memory. The proposed approach relies upon regression tool to prove controllability property
of linearized KdV-Burgers equation via Carleman estimates. The control is distributed along with
subdomain w C Q and the external control acts on the key role of observability inequality with
memory. This description finally showed the exact null controllability guaranteeing the stability.

1. Introduction

In recent years there has been rapidly increasing interest in mathematical studies of dynam-
ical and statistical property of nonlinear fields described by the Burgers equation (see
[1-4]) and it has been motivated by several developments. As Burgers [5] noticed, the
Burgers equation is a convenient analytical model for the physical turbulence, which is
simultaneously taken into an account of two competing mechanisms: to determine properties
of the strong hydrodynamic turbulence: the interior nonlinearity and viscosity.

Moreover, the quantitative description in many physical processes leads to the Burgers
equation. One example here is an intense acoustical noise, such as the jet noise [6], where
knowledge of dynamical and statistical properties of the Burgers turbulence can be directly
applied to an analysis of nonlinear distortions. Another phenomenon is adequately for the
nonlinear evolution of gravitational instability and the related characteristic of large-scale
cellular structures (see [1, 7]).
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Many problems have been modelled on nonlinear Burgers equations. There has been
an enormous on-going research and it is directly investigating some nonlinear effects. For
example, the simpler model equation with higher dimension, which encapsulates to essential
features of the problem. But it is impossible to solve it directly in a higher dimension.
After few years, these issues were carried out by Fernandez-Cara et al. [8] and it has been
discussed via Korteweg-de Vries (KdV). The KdV equation is a prototype of such a model
also describing the competition between nonlinear and disperse effects in water waves.

The KdV equations are not directly related to the disperse waves, the density fields in
Burgers turbulence, and it is rather difficult to do in higher dimensions. Although the KdV
equation of analytical model is not a convenient and also nonefficient model of the strong
turbulence, it holds at least one serious drawback from the viewpoint of physical applications
(see [6]). Namely, it does not take into account pressure forces that could lead to smoothing
of singularity, which appear in density fields driven by Burgerian velocity.

In this context we will consider the KdV-Burgers equations with memory, which is
described by the density fields, pressure forces as well as the viscosity and its dispersion,
and so forth. In various fields of physics and engineering, problems have been modelled by
partial differential equation with memory (see [9]). It is essential to take an account of the
effect of past history.

We consider a typical form of KdV-Burgers equation with memory; it is essential and
suitable for the above physical situation:

t
yt - yxx + yyx + yxxx + f k(t, T)yxxdT = qu(t/ X) + f(tr x)/ (tr .X') € (0/ T) X Q/
0

y(0,x) = yo(x), x€Q, (1.1)

y(t,x)=0, (t,x)€(0,T)x0Q,

where Q C R" is a bounded domain with smooth boundary 0Q. The null controllability of
linear parabolic equation without memory kernels has been extensively studied by several
authors (see [8, 10-12], and references therein). Barbu and Iannelli [9] discussed the
approximate controllability for the similar type of equation with memory. Rosier [13] studied
the exact boundary controllability of linear KdV equation with the half-line and Russell
and Zhang [14] also discussed the exact controllability and stabilizability of KdV equation.
Sakthivel [15] has been proved the asymptotic stability of KdV-Burgers via Lyapunov
function technique by using L, and L, norms with domain of [0,1]. But the domain of
attraction always containing [0, 1] is impossible; therefore, the problems of KdV-Burgers
equations have not been fully investigated, and it is therefore still a challenging problem.

Some nonlinear control systems are modelled by partial differential equations; it will
be a strong control. Unfortunately in some cases, even if the linearized control system around
the equilibrium is not controllable. But the linear control system around the memory kernel
is always controllable. This method has been introduced in Temam [16], Kofman et al.
[7], and Coron [17] where they have discussed about the controllability depending on the
relationship between the pressure forces and the magnitude of initial velocity in gas models.
The distributed control is described by the behavior of water waves in a shallow channel,
compressible gas and strong hydrodynamic turbulence, and so forth. It will be indicated as
in (1.2) that appears as in control function.
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We consider the linearized control KDV-Burgers equation with memory effects of
dirichlet boundary conditions, which helps to develop (1.1) (as based on the existing result
Fursikov and Imanuvilov [12]):

t
Yi(t, x) = Yx (£, x) + (alt, x)y(t, x))  + b(t, x)y(t, X) + Yuxx (£, X) + fo k(t, T)yxx (T, x)dT

= Xolt(t,x) + f(t,x), (t,x) € (0,T) x L, (1.2)
y(0,x) = yo(x), x€Q
y(t,x)=0, (t,x)€(0,T)x 0L,

where 0%y /0x% = yrxx, y(t, x) is a solitary wave of dispersion at the point x and time ¢, yo(x)
is an initial temperature distribution, the integral kernel k(t, ) is called conservation of mass
or volume and has support in (t1,t,), where 0 < t; < t, < T, f(t,x) is a forcing term such as
pressure force, y,, is a characteristic function of the subset w C Q, and u(t, x) is a control over
an arbitrary sub domain w of the domain Q.

The paper is organized as follows. Section 2 gives some basic assumptions and for-
mation of the problem. Section 3 gives the proof of the Carleman estimate and observability
result. Section 4 gives exact null controllability result as based on a unique continuation result
of adjoined problems and by using the observability inequality. A conclusion will be given in
Section 5.

Notation. We describe some function spaces which will be useful to formulate our results. For
each positive integer m and p > 1 or p = oo, denote as usual by W™ (Q) the sobolev space
of functions in LP(€) whose weak derivatives are of order less than or equal to m. When
p = 2 instead of W™?(Q), we will write H™(Q). Besides, we need the space L*>(0,T : H(Q))
of all equivalence classes of square integrable functions from (0,T) to H!(Q). The spaces
L2(0,T : L*(Q)) and L*=(0, T : L*(Q)) are analogously defined. Moreover, we set (see [18])

1) Q={(t,x):0<t<T,0<x<c0};

(i) o = 1 for x € w,
Xw =10 for x €Q/w;

(iii) Q= (0,T) xQ, Q, :=(0,T) xew, and X := (0,T) x 0;

(iv) H™(Q):= the Sobolev spaces of functions in L?(Q) whose weak derivatives are of
order less than or equal to m, where m is a positive integer;

(v) L*(0, T; H*(Q)):= the space of all equivalence classes of square integrable functions
from (0, T) to H'(Q);

(Vi) WP (Q) = {y(x) : 1Yllyms = (Sjajem Jo [Py dx) "7 < oo}
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2. Assumptions and Main Results

A linearized control system (1.2) is a weak solution model of the control problem (1.1) (it is
supporting to prove the stabilization), then system (1.2) can be written as

t
Yi(t, x) = Yxx (£, X) + a(t, )y (£, X) + b(E, )y (£, X) + Yxx (£, x) + f k(t, T)Yxx (T, x)dT
0

= yoult,x)+ f(t,x), (t,x)€ (0,T)xQ, (2.1)
y(0,x) = yo(x), x€Q,
y(t,x)=0, (t,x)€(0,T)x0Q,

where a € W'*(0,T : L*(Q)), b € L*(Q). The kernel k(t,-) is smooth and has support in
(to,t1) where 0 < to < t; < T. Moreover, there are plenty of works related to exact and
approximate controllability properties of the parabolic system of type (1.2) without the
memory effects (see [11]). In this paper we constructed a system with memory; finally by
using Holder’s inequality and changing the order of integration the memory term will be
observed by v, € w C Q.

The following lemma is a fundamental tool to proving controllability results.

Lemma 2.1. Let Q be an open bounded and connected subset of the boundary 9Q in class C?, w an
arbitrary subsets of Q, and f € L*(Q) such that

[F O, )| < |f1(x 0)]e D (x, ) prn(x,8),  ae. (x,t) €Q. (2.2)
For each yo € L*(Q), and u € L*(Q) such that
lullizgy < (1ol + filli2))- (23)

and the space y* € C'[0,T]; H'([0, T] : L>(2)) N L?(0, T; HY(X)) is a solution of (1.2).
Proof. The proof is similar to Theorem 1.3.1 from Barbu [10] and hence it will be omitted. [

Theorem 2.2. Let Q,w be as in Lemma 2.1. System (1.2) is exactly null controllable for each T > 0,
if there exists u € L*(Q) and y* € C([0,T]; L>(Q)) N L*(0, T; HY(Q)) such that

y“(T,x)=0 ae x€Q, 2y < C<|]/0|2 + ”fl”iz(@)- (2.4)

(The proof of the theorem is given in Section 4).

3. Observability Results and Carleman Estimates

In this section we will derive the observability result via the Carleman estimate of adjoint
system (2.1).
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To prove the Carleman estimate, the weight functions are necessary. As based on
Fernandez-Cara et al. [8] and Rosier [13] the weight functions ¢ and ¢ are assumed as

p(x,t) = %, p(x)>0,Vx e Q, ¢g(x) =0, Vx € 0Q, qrx(x)| >0,
P(x) < 0, rea(x) <0, (e () - g(2)) >0, GD

(g (x) - (grax (%)) >0, x€Q\ e,

where f(t) = t(T - t).

Suppose that w is an adjoint state variable of system (2.1), then it has some solutions.
Therefore,

T
wt(t/ X) + wxx(t/ x) + Clwx(tr .X') - Czw(t/ x) + wxxx(t/ .X') - J‘ k(T/ t)wxx(T/ X)dT
t
= g(t/ x)/ (t/ x) € Z/ (32)
w(T,x) =wr(x), x€Q,

w(t,x)=0, (tx)€(0,T)x0Q,

where |la(t, x)|| < c1 > 0,[|b(t, x)|| < c2 > 0, g € L*(Q) and wr € L*(Q).

Now we will state the theorem to prove system (3.2) of solution w,which will be a
solution for (2.1). The question is how the system (3.2) of solution w will be a solution for
(2.1). As based on Carleman estimate (assume the weight functions ¢, ¢ as (3.1)), we can
prove that w will be a solution for (2.1) (see [12]).

Theorem 3.1 (Carleman estimate). The function ¢ defined as in (3.1), the kernel has support in
(t1,t2) (where 0 < t1 < t, < T), there exist positive constants C, and s > s such that the following
inequalities hold when w a solution of (3.2):

-1
[ (59 (1w + sl + ol + o)
Q

+5° a0 + L pualeoxl” + spleoal ) de dit (3.3)

< Ce*¥ <f |g|*dx dt + j 54(p§(p§x|w|2dxdt>.
Q

w
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Proof. We set w = e *?q (where s, @ are positive parameters) and g satisfies (3.2) (for our
convenient ¢; = ¢; = 1), then

G + SP1q + S P2 — SPxxl] — 25Px(x + Gux — S P3G + 35 Px ] + 357 PG

= 35@xxqx = 35QPxGxx — SPxxxq + Gxxx — 4 — SPxq + qx (3.4)

T
— 5 <f k(, t)e-S<P<T)q(T,x)>dr = ge*?.
t

As based on Barbu [10] we can introduce the operators

L1q = G — Sp1q — 5Pxxq + S°P2q = S92 + 35 PxPrx] — SPrxx — G — SPxd, (3.5)
Log = Gux + Grxx — 25¢xqx + 352(pfcqx — 35(xxgx — 35QPxGxx + qx- (3.6)

It follows from (3.4), (3.5), and (3.6) that

Lig+Lyg=hs inQ, (3.7)

where
T
hs = ge*? + % <f k(t,t) (e‘s‘/’q)xxd7'>. (3.8)
t

Taking L,-norm of both sides of (3.7), we obtain
2 2
||hs||%2(Q) = ||L1‘1||L2(Q) + ||L2q“L2(Q) +2(L14, L2q) 2 - (3.9)

Let us analyze the scalar product in (3.9) as

<L1q, L2q>L2 = Ei]‘, 1 < i < 9, 1 S] < 7, (310)

where E;; is an integral product of ith term in L;q and jth term in Lyg.
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Now we will simplify the estimate (Li1q, L2q);»g) by using Green’s theorem with
integration by parts:

(L1q, L2q>L2(Q)

:f SPxxx
)
1 2,2
EJ;S ¥y

- lf s(¢r) qzdxdt+1f s(or) .. .q dxdt —ZI s(¢r) qidxdt+f spigadxdt
2 Q xx 2 Q xXxx Q X Q

2 3
a>+ = f Sztpx(pxx
2)s

oq

ov

oq

ov

oq

2 1
L 3 3
50 d2+2Ls 0
oq

ov

0q 2
%‘ s

1 2

2

9]

dZ+—I SPxx 1
2)s

ov

2
dx + 1 f Sy ax + I spig>dxdt
2 > Q
+ f 5% (1) pxq dxdt + f S%0pxxq*dxdt + 3 j §% 1 q*dxdt
Q Q 2Jo
3 2 2 3 2 3 2 2
5 SPpacq dxdt+3 | S Qpxprrrq dxdt + 5] s (1) q°dxdt
Q Q Q
+ 3[ s*prp qidxdt — 3 J 52 (1) g dxdt +2 I SQxxqedxdt
Q 2Jo Q
- f s%¢2 g dxdt + 3 I S Q2 xrgidxdt + 3f s> () 2 g dxdt
Q 2J)o Q
- 3[ §% P xxqodxdt —ZJ‘ sztpiqidxdﬁj‘ sz(pixqzdxdt+2f S P prxq dxdt
Q Q Q Q
- f S®QrxPrxxq dxdt — ZJ‘ st xqtdxdt + BJ‘ s*p3gPdxdt
Q Q Q
-9 f S22 qrdxdt — 3 J S P2 perqidxdt + ZJ sl qidxdt
Q 2J)o Q
+ 7[ S PP Prxx g dxdt + 3 f S P g dxdt +9 f stplel g dxdt
Q 2J)o Q
+ 3 I s* @2 prrrgidxdt — 3I stptqidxdt + 6’[ s* @2 prrrgidxdt
2Jo Q Q

+18 f stplel g dxdt - 6f
Q

szq)xq)qu,zfdxdt + 3f szq)xx(piquzdxdt
Q Q

+ § f 52(pxx(pxqu2dxdt + 6f sz(pqu)xquidxdt + SI sz(pxxtpxquidxdt
2)g Q Q

+ 4’[ s%¢2 g dxdt + 6[ S22 g dxdt — 2 J‘ s Qrxrqidxdt
Q Q 2Jo
_Z f s* @2 qidxdt + 2 f s°¢> gPdxdt + 9f S22 qdxdt
2 Jg 2)g Q
15

- = f s°¢3 g dxdt + f SPrxxqidxdt + ZI SPxxqrdxdt
2 Jo 0 Q

- 6[ 53(pi<pqu,2€dxdt - J‘ s2(pxx(pxqu2dxdt - 3-[ szq)x(pxquidxdt.
Q Q Q
(3.11)
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Since g = ¢ =0 on 0L, some manipulations are dominated by the same parameters and also
observed by powers of s. Finally we obtain

9 7
> DEj=Di+Dy+ ; f S Py prxq dxdt + 3[ S’ Py pxxqrdxdt, (3.12)
Q Q

i=1 j=1

where Dy, D, are boundary terms:

2

0 ax

ov

1
) L Sz‘Pi

D, = f spigidxdt — lj s(opr) . q*dxdt + EJ‘ s(¢r) . g dxdt
Q 2 Q xx 2 Q xxx

ql> . . 3

aX+ = f Sztpx(pxx oq
2)s

2
1 3, 3]94
3 dZ+2fzs 0

v v

D = f SPxxx
z

oq

ov

oq | 1 0q |
% dz-i‘zfzs(Pt % dZ,

2 1
dx ~ xx
+ 5 J; sQ

- ZJ s(¢r) qadxdt + f spig>dxdt + J‘ s* (1) pxq dxdt + J. S% Qi prrq dxdt
Q Q Q Q
+ é I sztpt(pquzdxdt + § j szq)ttpquzdxdt + 3I s3(pt<px(pxqu2dxdt
2)g 2)g Q
+ g J s* (1) g dxdt + BI s* i qadxdt — g f s* (1) g dxdt
© © © (3.13)
+ ZJ sz(px(pquzdxdt - f sztpxx(pxquzdxdt - 2j 54(pi(pqu2dxdt
Q Q Q
- § J s3<pi(pqu2dxdt + 7J 53(px(pxx(pxqu2dxdt + 27f s4(pi(pixq2dxdt
2)g Q Q
+ E I s4tpi<pxqu2dxdt + 6f s4<pi(pxqu2dxdt - 6I sz(px(pqu,zcdxdt
2)g Q Q
+ 3J S2Prxrrr @ dxdt + ; f §%QrxPrxxq-dxdt + 9f S%QrxPrxxqadxdt
Q Q Q

+ 6J SS(px(pixqzdxdt - 2 j s4(p§’c(pxqu2dxdt - g J 34(pi(pqu2dxdt
Q 2)g 2 )o

- f S2(pxx(pxqu2dxdt - SJ szwxwxquidxdt.
Q Q

By the time derivative definition ¢ we can write

|| < Cy?, lpu| < Co?, (3.14)
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(where C does not depend on s, t, x). Using (3.14) for s is sufficiently large and observes the
same powers, then

|Ds| < C[I s4tpi(p§x|q|2dxdt + J sztpx(pxx|qx|2dxdt:|. (3.15)
Q Q
Now multiplying (3.7) by s¢q|V¢|* and integrating over Q, we obtain
J soq| V|’ Lig dx dt + J soq| V|’ Logdxdt = I s¢q| V| hsdxdt. (3.16)
Q Q Q

Therefore,

f spq| V| hedxdt = J s¢q| V| Ligdxdt + f 5| V| qqexdxdt
Q Q Q
+ f 50| Vs | qurxdxdt - ZI 20| V| gqedxdt
Q Q

+3j s°p
Q

-3 f 9| V| gqexdxat,
Q

Vig

2
qg~dxdt — 3 IQ S0 | Vs | ggedaxdt

f 5(pq|Vqr|2L1qudt§1I 52(p2|Vqr|4q2dxdt+2f |L.g|*dxdt,
Q 2J)o Q
[ solvyPagudxdt = splvyPaiardts | spu| o qdra
Q Q 2Jo
+ JQ spx Ay (|Vy|)q*dxat,
f s¢| V|’ qquredxdt :f sq)x|qu|2qidxdt+1f SPurx | Vs | g2 dxdt
Q Q 2Jo
+’[ S(pxx(|Vqr|)Aq;q2dxdt+2J so| V| 2dxdt
Q Q

- f s<px|th|2q2dxdt - f s<p|Vqr|2qquxdxdt,
Q Q
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-2 fQ S| V| *qqudxdt = fQ 9| Vo qdxdt + fQ SPpuxtp| Vo | g dxat
+2 fQ s pxpAy (| Vy|)g*dxdt,
3 IQ o9} Vo)’ qq.dxdt < 3 _[Q S@p| Vol g dxdt + Z IQ Spplqidxd,
2 2 3 2 2 2 3 2 2 9
=3 | S"9pxx| V| qgedxdt = 5] s Oxpxx | V| q° dxdt 5] s PPxx| V| g*dxdt
Q Q Q

+3 JQ 20 (| Vo |) A duxdt

-3 fQ x| Vo qquxdxdt = 3 fQ S| Vo | qrdxdt -3 fQ Pputpr| V| Pt
3 2
-3 JQ 93 (|Vy]) Agqdxdt - fQ 52 Pxpux | V| g dacdt
3
-5 IQ e | Vor| P dxdlt - 3 fQ 9 (| Vo |) AP dixdt

- f s0% (Vo) Apg*dxat.
Q

(3.17)

By using the above calculation in (3.16), it becomes
_ gj 53 2 2d d
P qydxdt
4o
= —f so| V|’ qhdxdt + f $%¢? |V | gPdxdt
Q Q
2 5 1 2
+| sp|Ve| qrdxdt+ = | |Liq| dxdt
Q 4o
+ 2f spAy (| Vo |)g2dxdt - J Q| V| G qurdaxdt + 3f PP pex | Vo | gPdxdt
Q Q Q
+2 f S0 | V| Pdxdt + f S| V| P xdt + 2f oo (|Vy|) Apg*dxdt
2J)o Q Q
.2 I 52(in<|V<p|2>q2dxdt +2 J‘ S pex | Vo | P dxdt + 3 J‘ Lol | V| Pdxdt
2J)o 2Jo 2Jo
+ g '[ S0 ux| Vo | GPdxdt + % f sox| Vo | gPdxdt + SI S2PPx | V| P dxat
Q Q Q

+ 3J sz(pgox|Vqr|2q,2€dxdt -3 f sz(pxtpxx|V(p|2q2dxdt - g J sz<px(pxx|Vqr|2q2dxdt
Q Q Q
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3
-3 fQ S| V| et - 3 fQ o (|Vy]) Apq*dxdt

- 3J 52(p(pr<|V(p|2>qidxdt +1 j so| V| q2dxat.
Q 4o

(3.18)

From the above equation (the right hand side), we can observe the powers of s:
= f sSpprqrdxdt = Ds + 3f o2 | V| Pdxdt + f spqidxdt, (3.19)
4 Jo Q Q
where
Ds = j spq| V| hedaxdt + I so|Ve|*qLigdxdt + 3f $2pp. | V|’ 2 dxdt
Q Q Q
+ g fQ S0 px | V| Pdxdt + J‘Q S| Vo | P dxdt
+2 JQ 9 (| Vo |) ApgPdxdt - 3 fQ Spp3 (| Vy|) Agqdxdt
(3.20)
3 2 2 2 3 2 2 2
+ = | S| V| g dxdt + S | P9 | V| g dxdt
2Jo 2Jo
+4 JQ S0 pux | Vs | gPdxdt - g fQ S0 ur | Vo | GPdxdt

3 2
-5 JQ S Pars| V| g dxdt — 3 IQ o (| Vo |) Apq*dxat.
Applying Cauchy’s inequality (with € = 1) for D3,

|D3| < 411_[ |L1q|2dxdt+ }If |h5|2dxdt+ gj' Sz({)x(/’xx|vqf|2|q|2dxdt
Q Q Q (3:21)
+3 [ Spgt| Tyl dxr
Q

Therefore

3 3
(L1g, L2q>L2(Q) =Dy +Ds+ 5 J‘Q S QL g dxdt + 1 fQ S22 qadxdt
(3.22)

+ 3f P02 | Vo | Pdxdt + J spqa dxdt.
Q Q
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By using (3.22) in (3.7), we get

||L1q||2 + ||L2q||2 +3 IQ S Qrprxq dxdt + % IQ S Q2 Prrqadxdt +2 fQ spq- dxdt

< Ce™¥ f |g|*dxdt + f
Q Q

+J‘ s4(p§(pix|q|2dxdt+j Sztpx(pxxqu|2dxdt +1J‘ ||L1q||2dxdt
Q Q 2)g

2

T
J k(z,t)(e™*%q)  dr| dxdt
t

(3.23)

w6 Sogtlylaldrdi+6 [ spp|vylla.dxat
Q Q
Recalling that s is sufficiently large and also observing that powers of s and |[V¢| > 0in Q\ w,

gl laqlP +3 [ Sotpuaaidxdt ] | Sytpogidnts | soi s
Q Q Q

<C f ezs"’|g|2dxdt+f e’
Q Q

+J s4(p§(pix|q|2dxdt + '[ sz(p(px|qx|2dxdt] .

T 2
J‘ k(t,t)(e™*q)  dr| dxdt (3.24)
t

w w

From the above inequality g is in wp,which will be eliminated (because wy is subset of wy).
To prove gy as g in wy (term |gx|* on the right hand side of (3.24)), the truncating function
is necessary, so let us define the truncating function p € C§°(Q2) with p(x) = 1 in wg and
p(x) =0in Q\w. Now we will multiply (3.7) by ps¢g and integrating over Q, then we have

I psipqLiqdx dt + J pspqLoqdx dt = f pqsphsdxdt. (3.25)
Q Q Q

Since

pf 5(pqqyxdxdt = '[ psq)quzdxdt - f pS(pxqfcdxdt,
Q Q Q

2

0
J‘ PSPqQqxxdxdt = J‘ PS(quidxdt - ’[ S XA
Q Q s ov

dx + f psp.q>dxdt
Q

- J PSPxxq-dxdt
Q
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-3 f PS PP qqrcdxdt = 3 f ps o q>dxdt — 3J PSP prxq dxdt

Q Q Q

+ 3 J‘ PSP gidxdt
2Jo

- ZI pS*pxqq.dxdt = f PS> Prxtpg*dxdt + f ps*pig*dxdt

Q Q Q
- 3f PSP xqqdxdt = 3 f PSP prxq”dxdt — 3 f PS g dxdt

Q 2Jo 2Jo

BI psPpplqq.dxdt = —g ’[ pspdqtdxdt — 3f PSP g dxdt. (3.26)
Q Q Q
The boundary term - [, sp|dg/ dv’d= > 0, then

f ps x| g |*dxdt
Q
L 2spp 2 3 2 2 3 2 2
<= | e®?|g| dxdt - = | psPpxx|q| dxdt+ < | psT@pixx|q| dxdt
4o 2Jo 2Jo
+ JQ ps”pyi|q| dxdt +3 IQ P pepaeq| dxclt + fQ P ppuclg’dxdt  (307)

+ J psoi|q|*dxdt - f ps>pg?|q| dxdt + f pstopl|g|*dxdt
Q Q Q

2

T
f k(z,t)(e*%q)  dr| dxddt.
t

+2f ps*¢?|q| dxdt + lj pe*?
Q 4Jq

Applying as p(x) =1 in wy C w,

2

T
f $2 .| g | dxdt < C<J‘ ezs"’|g|2dxdt+f e’ I k(z,t)(e™*%q)  dr| dxdt
Q Qu t

+ I s4(p(p§’c|q|2dxdt> .
Qu

(3.28)



14 Abstract and Applied Analysis

The term s, ¢ is not in w, so it will be eliminated from the above inequalities. To eliminate s, ¢,
we will multiply (3.5) and (3.6) on (s¢) " (see [8, 12]):

fQ (S‘I’)_l<|qx|2 + |qxx|2 + |qxxx|2)dxdt

(3.29)
<C (f (S(p)_l |L2q|2dxdt + I (s<p)_152(px(pxx|q|2dxdt>
Q Q
f (s9) "' |i|*dxat
Q
(3.30)
< C<J‘ (5({))_1 |L1q|2dxdt + '[ S4(P?C‘P§qudedt + f 52(P%q2dxdt>
Q Q Q
In view of the estimates (3.22)—(3.30), we obtain
IQ (ssl’)fl(lqtl2 + |qx|2 + |qxx|2 + |qxxx|2>dxdt
' I 0 (Sprpeslal® + S 20ux|qe|” + 50| Gue | ) et
(3.31)

<C < IQ e*|g|” + fQ s* (292, + 9y} ) || doxat

2
+J‘ >y dxdt ).
Quw

From (3.31), we will eliminate the memory kernel term (that appears on the right hand side),
because it may not contain in w. By using Holder’s inequality and changing the order of

integration,
2
f e dxdt
Qo

2
< I eZstp
Q

dxdt
ty t
< f ezs¢< |k (T, t)|25(pd7'> <I s‘l(p‘1|e‘s‘/’qxx|2d7'> dxdt
Q ty t

2 - 2
< C||k||Lwe2S‘f’J‘ ’[ e*?sp|(e*?q) | dxdt,
Q J (t1,t2)xQ

T
f k(t,t)(e*?q)  dr
t

T
f k(T' t) (eistpq)xxd’r
t

T
j k(r,t)(e™*?q)  dr
0

(3.32)
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where C depends on Q, w, t1,t, and T (since e*?s™ ¢! < C < o0, and e *?s¢p < C < o for all
(t,x) € ((t1,t2) x Q)). Finally reverting to the original variable w to complete the proof, let us
choose Vw = e™*%(qx — sipxq), then

J (s9) ™ ¥ | V| dxdt < C(J (sp)” |qx|2dxdt + I (Stp)_ls(px|q|2dxdt>,
Q Q Q
J (s9) " > | Aw|*dxdt < C(J (59) " |qux | dxdt + j (sp) ' s> |q|2dxdt>, (3.33)
Q Q Q
j (sq))_lezs‘*’w - Aw|Pdxdt < C(I (S(p)_l |qxxx|2dxdt + ’[ 625¢s4(p§(p§x|q|2dxdt>.
Q Q Q
Similarly w; = e™%(q; — 5¢+q),
I (s¢) " &> |wy[*dxdt < C<f (s9) " |qi|*dxdt + I (s<p)_152(pt2|q|2dxdt>. (3.34)
Q Q Q

From (3.32), we can observe the kernel term as

2
J e’ { } dxdt
Qu
(3.35)

< Cllk|17-: {f ezsq’f |wxx|2dxdt}.
Q (t1,02)xQ

If s > sg is sufficiently large, then there exists a constant C > 0 such that the above integral
terms have been absorbed on w C Q (the right hand side of (3.31)). From the identifier (3.33)—
(3.35), we can conform all the terms [wyx|?, [wi]?, |wyx|?, |w]? involving in s > sp, w C Q
and we obtain (3.3). O

T
j k(z,t)(e*?q)  dr
t

Lemma 3.2. Suppose that Theorem 3.1 is satisfied. If there exist positive constants C, u (independent
of s) and w will be a solution of (2.1), such that the following inequality holds:

f |w (0, x)[*dx < Ce”s<f e | g|2dxdt+f e25<ﬂ<p§go§x|w|2dxdt>. (3.36)
Q Q Quw

Proof. We multiply (3.2) by w and integrate on Q (using Cauchy’s inequality, when ¢ = 1/2),
we obtain

_lif |w|2dx+2f |Vw|2dx+1f |w|2dxdt+2f |V - (Aw)[*dxdt

< f <2|g|2 + §|w|2>alx+ 2f
Q 2 Q

(3.37)

- 2
j k(T, t)wy,dr| dx.

t
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Define
y(t) = sup{efzs‘/’q);z(x, t)(p;i(x, t)y:x€ Q} < Cels/PW), U= 2291l (3.38)
Therefore,
1d 2 2 T : 2
_EEI |w|"dx < C J‘ lg] dx+J‘ J‘ k(t, )wydt dx+f |w|“dx
Q Q |/t Q
(3.39)
+f |Vw|*dx + f |V - (Aw)|2dx>.
Q Q
Integrating (3.39) on (0, 1),
t
-f 4 f |w|2dx] ds
0dtl)g
t 5 T .
< Cf J dx +J f k(t,t)wydt dx+J‘ |Vw|“dx
AJals )| o (3.40)
25 2 2 12 2
+f ey (h) iy, |w| dx +f |V - (Aw)| dx> ds, forte(0,T).
Q Q
Therefore,
T 2
f |w(0, x)|*dx < C<I ¥ p2¢2 |wl*dx +J |g|2dx +J f k(t,Hyw, dr| dx
Q Q Q Q |/t
(3.41)
+I |Vw|2dx+f |V~(Aw)|2dx> for t € (0,T).
Q Q
Now we fix t; and t; such as 0 < t; < t; < T, then integrating the above inequality:
5}
f f [w(0, x)|Pe s/ *t=D) dxdt
t Q
tr )
< CI j ezs"’(pi<pix|w|2dx+f |g| dx+f |Vw|*dx (3.42)
f Q Q Q :

T
I k(t, H)wydr
t

|,

2
dx+f |V - (Aw)|2dx> dt.
Q
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As based on (3.32), the kernel has been modified as

ty T 2
f f I k(T, t)wydr| dxdt
1 JQ

t

T tz t2
Sf J‘ < |k(T, t)|2ezs‘*’s<pd7'>< |wxx|zezs‘*’s*1(p*1d7'
0 Q t] tl

)
< Cllk|3- J f e¥? s w [P dxdt.
tl Q
Using (3.43) in (3.42), then

ty
J f [w(0, x)[2e™#/ H =) dx dt
t /Q

>dxdt

Sc<f |g|2dxdt+f Ilezdxdt+f IV - (Aw)[dxdt
Q Q Q

tr
+ f f 5% ((Pi(pix|w|2 + s_ltp_1|wxx|2>dxdt>.
t JQ

Since

inf {e”‘s/ﬂ(t)} >C>0

te(ty,tr)

and the Carleman estimate (3.3) using in (3.44), we obtain

f [w(0, x)|?dx < c(f &>\ g|*dxdt +f e25¢¢p§<p§x|w|2dxdt>.
Q Q Quw

4. Controllability Results

17

(3.43)

(3.44)

(3.45)

(3.46)

Now we are ready to give the proof of Theorem 2.2 result, which will be a main part of our

work.

Proof of Theorem 2.2. Let us fix T > 0, a € W*(0,T : L*(w)), b € L*(Q), and yo € H}(Q).

For every e > 0, the penalized formula

Minimize{He (u);ue LZ(Q)} >0,

(4.1)
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where the functional H, is (see [9, 11])
1 2 1 2
He(u) = 2 | |uf*dxdt+ — | |y(T, x)| dx. (4.2)
2)o 2e Jo

Here y is a solution of (1.2), which is associated with the control u. Since H, is a continuous
strictly convex functional in L?(Q), then H, has a unique solution (1., y.) (for any e > 0).
If (ue,ye) (as € — 0) is a null controllability solution of the system (1.1), then due to
penalization property (1/¢) fQ [y(T, x)|*dx, the limit exists in an appropriate norm. As based
on the pontryagin maximum principle, the maximal condition on the control u, is

Ue = YW, a.ein Q, (4.3)

and w" € C([0,T]; L*(Q)) N L?(0, T; Hy(R)) is a solution for

T

(we), + Awe + (We) — We + (We) g — f K(r,t)(we) dT =0 in Q, (4.4)
t
1 .
We = _Ey(:'(T/ x)/ mn Q/ (45)
we =0, inX. (4.6)

Now we multiply (4.4) by y. (where y = v.), (1.2) by w, and integrate on Q,
f |ye |2dxdt + 1 f |ye(T, x) |2dx - f Yo(x)we(x,0)dx + f fwedxdt = 0. (4.7)
Qu €Jo Q Q

Applying the observability inequality (3.36), we have

1/2
U Yo(x)we(x,0)dx SCU |w€(x,0)|2dxdt> lvo,- (4.8)
Q Quw

Using the Carleman estimate (3.3) and Lemma 2.1 condition,

1/2 1/2
5C<f e25¢4p§<p§x|we|2dxdt> (f ffdxdt>
Q Q

1/2
Sc< [ ezwgoaf,oix|we|2dxdt> T,
Quw

f fwedxdt
Q

(4.9)

where C is a positive constant that is independent of € and . By virtue of (4.7)-(4.9), we
obtain

1
_[Q |ye|*dxdt + o Lz |ye (T, x)|"dx < C<|J/O|§ + ||f1||i2(Q)>’ Ve > 0. (4.10)
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By the condition (4.10), we can observe
2 1 2 2 2
f| ebaxaes £ [ lverofar<ciwl+ Ilkq) - @11)

Since u, is bounded in L?(Q), there exists a subsequence denoted by e such that

u. — u* weakly in L*(Q),
(4.12)
Ye — " weakly in L? <0, T; Hl(Q)> as € — 0.

Clearly y* = y*, letting e — 0 in (4.11), then we have |y.(T,x)]> = 0 a.e. x € Q. This
completes the proof of Theorem 2.2. O

5. Conclusions

In this paper, we investigated the null controllability result for linearized KdV-Burgers equa-
tion with memory. It is suggested as a model which permits an analytical treatment of the
Carleman estimate to prove the stability. The observability inequality has observed the null
controllability, and the kernel term expression been observed in y.,. It grants the stability, so
our model could be heuristically useful in the studies of nonlinear water waves in a shallow

channel, compressible gas, strong hydrodynamic turbulence as well as pressure force, and so
forth, [1, 2].
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