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A previous paper (2011), Pitea and Postolache, considered the problem of minimization of vectors
of curvilinear functionals (well known as mechanical work), thought as multitime multiobjective
variational problem, subject to PDE and/or PDI constraints. They have chosen the suitable frame-
work offered by the second-order jet bundle, and initiated an optimization theory for this class of
problems by introducing necessary conditions. As natural continuation of these results, the present
work introduces a dual program theory, the general setting, and the theory which is new as a
whole, containing our results.

1. Introduction

Fractional programming problems arise in wide areas of research in pure and applied sciences
and in the new technology as well. We have in mind portfolio selection, stock cutting, game
theory, and various decision problems in management science. The study of duality for this
class of problems is an active area of research due to its wide scope of applications, see [1] by
Chinchuluun and Pardalos, for an excellent paper in multiobjective optimization.

The duality theory for multiobjective optimization problems based on a vector-valued
Lagrangian function were extensively investigated in [2] by Bitran, and [3] by Tanino and
Sawaragi. Several authors were interested in this problem, see [4] by Egudo, [5] by Mond and
Husain, [6] by Weir and Mond. Later, an interesting and rich duality theory for such problems
was developed by Aghezzaf and Hachimi, [7], Preda [8, 9], and recently, duality problems
were studied in [10] by Bot and Grad, [1] by Chinchuluun and Pardalos, [11] by Pitea et al.

In the problems of our study, the objective function is of curvilinear integral type and
could mould the mechanical work when we have in mind design problems in engineering.
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Also, such kind of problems proved to be useful tools for minimizing the cost or maximizing
the profit when we discuss economical problems.

Motivated by the study reported above, in a very recent work [12], Pitea and Post-
olache considered the problem of minimization of vectors of curvilinear functionals (well
known as mechanical work), thought as multitime multiobjective variational problem, sub-
ject to PDE and/or PDI constraints. They have chosen the suitable framework offered by the
second-order jet bundle and initiated an optimization theory for this class of problems by
introducing necessary conditions. As natural continuation of these results, the present work
introduces a dual program theory. It is organized as follows. Next, in Section 2, we introduce
the general setting, while in Section 3 we prove our results. Finally, we conclude the paper.

2. General Setting

Let (T, h) and (M, g) be Riemannian manifolds of dimensions p and n, respectively. The local
coordinates on T and M will be written t = (#*) and x = (x'), respectively. Let J*(T, M) be the
second-order jet bundle associated to T and M, see [13].

Throughout this work, we use the customary relations between two vectors of the
same dimension, [11]. With the product-order relation on R, the hyperparallelepiped €, ,,
in R?, with the diagonal opposite points f; = (té,. .., t’g) and f; = (t%,. .y tf), can be written as
interval [to, t1]. Suppose yy,, is a piecewise C?-class curve joining the points to and #.

To simplify the notations, denote by

ox — 0x
xy(t) = W(t)' y=1p, Xgo(t) = W(t)' 6,0=1,p, (2.1)

the partial velocities and partial accelerations, respectively. Also, in our subsequent theory,
we will set oy (t) = (t, x(t), x,(t), x5 (t)).

On J?(T, M) with values on R’, consider the closed Lagrange 1-forms densities of C*-
class:

fa= <ff>, ko = (kﬁ), ¢=1r,a=1p, (2.2)

which determine the following path-independent functionals:

F(x()) = falme(®))dt®,  K(x()) = f kg (s (1)) dt”. (2.3)

Yioty Yiohy
The closeness conditions (complete integrability conditions) are

Dyfs =Dafy,  Dgki=Dakj, ap=1p, azp, €=1r, (2.4)

where Dy is the total derivative.
We accept that the Lagrange matrix densities:

(2.5)

I
=
B
3
A
3

8= (gfi) JAT,M) —R™, a=1,4d,b
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of C*-class define the partial differential inequations (PDI) of evolution

g(ﬂ'x(t)) g 0, te Qfoftv (26)

and the Lagrange matrix densities,

h= <hZ> CJAT,M) —R¥, a=T5,b=1,4q, q<n, 2.7)
define the partial differential equations (PDE), of evolution
h(me(t)) =0, te Q4. (2.8)
Foreach ¢ =1,r, suppose K¢(x(+)) > 0, and consider
F(x() _ <F1 (x()  F() > 29)
K(x()) K'(x()) K7(x())

With conditions (2.6) and (2.8), we denote by

F(Qup) = {xeC®(Qy 1, M) | x(to) =x0, x(t1) = x1, g(7x(t)) < 0, h(7m(£)) =0, t € Q4 s, }
(2.10)

the set of all feasible solutions of problem:

min F(x(-))
(MFP) K(x(-)’ (2.11)
subject to x(-) € F(Qt,1,),

a PDI- and/or PDE-constrained minimum problem.
In [12], we introduced necessary efficiency conditions for problem (MFP). The aim of
this work is to introduce and study two dual programs:

(1) the multitime multiobjective fractional variational problem (MFP) of minimizing a
vector of quotients of path-independent curvilinear functionals;
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(2) the multiobjective variational dual problem:

’nmx<FQAo)>
o \K(y())
subject to

¢
AL fa( 7, (1) - Azoak = (omy (1)) + <#u(t) (”y(t))>

@m ww} @Wm<m% %<m
(MFD); +umﬁvm)+vm%wm>

a /a y a ,ayy Y
i (1 32 () ) + (0 5 <ary<t>>

<va(t (er(t))>> 0, teQusu, a=1,p

(Ha(t), g(y (1)) + (va(t), h(my(t))) 20, a=1p, t€Qyy

\AlO 2 0,
(2.12)

taking into account that the functions x(t) and y(t) have to satisfy the boundary
conditions x(tg) = xo, x(t1) = x1, or x(t)aq, , = X = given, respectively, y(t)) = xo,
y(t1) = x1, 0r y(t)|ag,,,, = x = given, the partial differential inequations of evolution
(2.6), and the partial differential equations of evolution (2.8).

To develop the theory in our main section, we need the notion of efficient solution.

Definition 2.1. A feasible solution x°(-) € ¥(€y,,) is called efficient solution for the program
(MEFP) if and only if for any feasible solution x(-) € F(€4, ), one has the implication:

F(x() 5 F(x*()) _ F(x() _ F(x°())

K(x(-)) = K(x°(-)) Kx()  Kx() (2.13)

3. Main Results

To state our results, we have to introduce an appropriate generalized convexity. For this pur-
pose, consider p be a real number, b : C*®(Qy,;,, M) x C*(Qy,1,, M) — [0,00) a functional,
and a = (a,), « = 1, p, a closed 1-form. To a we associate the curvilinear integral

mmvj%mmw (3.1)

Yoty
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Definition 3.1. The functional A is called [strictly] (p,b)-quasiinvex at the point x°(-) if there
exists a vector function 7 : J*(Qy s, M) x J?(Q4,, M) — R", vanishing at the point
(7rxo (t), o722 () ), and the function 8 defined on C* (L, ;,, M) x C* (L2, +,, M) to R", such that
for any x(-)[x(-) #x°(-)], the following implication holds:

(A(x()) < A(x°()))

Oaq

- <bx<<->,x°<->> (s (0), (), G e () )

Yeo .ty

; <Dm<arx<t>,yrxo ®), g—g;wu»} 62)
0a,
o DR (0,7 (0), 2 e (1)t

[<] < —pb<x<->,x°<->>||9<x(->,x°<->>||2>-

The notion of quasiinvexity is used, in appropriate forms, in recent works for studies of
some multiobjective programming problems, for example, see [14] by Nahak and Mohapatra.

Let us denote by w(x°(+)) the minimizing functional vector of problem (MFP) at the
point x°(-) € F(Qy,1,) and by (6(y(-), vy (-), A, A%, u(-), v(-)) the maximizing functional vec-
tor of dual (MFD) at the point (y(-), v, (-), A'®, A%, u(-),v(-)) € A, where A is the domain of
problem (MFD).

Theorem 3.2 (Weak Duality). Let x°(-) be a feasible solution of the problem (MFP) and let y(-) be
an efficient solution of problem (MFP). Assume that the following conditions are fulfilled:

(@) AY >0, A% >0, AF¢(y() - APK (y(-) =0, € =17,

(b) for any € = 1,7, the functional F¢(x(-)) is (p’¢, b)-quasiinvex at the point y(-) and the
functional —K*(x(-)) is (p"¢, b)-quasiinvex at the point y(-) with respect to 1 and 6;

(c) the functional,

I [(Ha(®), g(mx(£)) + (va(t), h(amx()))] L7, (3.3)
Tt

041

"

is (p", b)-quasiinvex at the point y(-) with respect to n and 6;

(d) either the functional of (b) or the functional of (c) is strictly quasiinvex;
(e) pl€A}O +p/I€A§O +plll > 0.

Then, the inequality @ (x°(-)) < 6(y (), yy(-), A1, A%, u(-),v(-)) is false.
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Proof. From condition (b), it follows that
(FE (D F (v ()
<b(x ), y())j [<71(7Tx (1), 7y(1)), a“ (ny(t))>
Yoty

0
+ <DY71(er° (t), 7y (1)), aﬁ (7ry (1)) > (3.4)

<D5071(7fx (), 7y (1)), af"‘ (o (t))>]dt”‘

< -pb(x°(),y ) 0(x"() v () ||2>, e=1r,
(-K‘e () =K (y()))
ok’
<b(x 0,y0)) L [<—n(mo<t>,xy<t>>,a—;(:ry<t>>>

< Dy (e (£), 7 (1)), 5 ”‘( y(f))> (3.5)

ok )
_ <D§011(ero (t), 7y (1)), % (ry (1)) >] dt

< p"b(x°(), y())]|0(x°(), y()) ||2>/ ¢=1,r.

We multiply (3.4) by A}” > 0 and (3.5) by A7’ > 0. We make the sum and we obtain the fol-
lowing implications:

(APFe(x()) - AXK(x°()) £0)

l
= (s 000) [ {(ntme0,2,0), 8L ) - 425 )
Yoty

e
< Dy )7, 0), ALY (1) - 7 S <:fry<t>>>
2 10 fa g
<Dea’1(ﬂ'x (1), 7y (1)), A, ( ay () = A7 90; (er(t))>}dt”‘

< -b(x* (), YOO (), yO) I (pAY + p”fA%°)>-
(3.6)
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According to hypothesis (c), we have
<f [(a(8), 8(2= () + (va(8), hares (1)) ] dlt”
Yoty
<[ e 5 0)) + or0 W)l
Yio.ty
<b(x ) [ [(ntme a0, (et 25 (00

Yoty

+<va(t), @(er(t))>> + (D (e (), 7, (D)),

0
<l’la(t)/ a_:(ygy (er(t))> + <Va(t), aa_h (er(t)) >>

+ (Dgn (e (1), 1, ) ), <#a(t) 8 <er<t>)>

<va(t) (.71'y t))>>] dt*

< _p”’b(x"('),y(')) “6(3('0()/ y()) "2> .

(3.7)

Making the sum of the implications (3.6) and (3.7), it follows that

<A§0Ff<x°<->) — ADKC(x°())
" f [(fa(8), g (e (£))) + (vi(8), R(arse (£)) )] lt®
Yio.ty

[ e ) + (), ) e < o)

<b(x ), y())j [<’1(71'x (1), 7y (£)), A fa( y (1) - Azoaka( y (1)
Yio.ty

(), 35 () ) + (a0, 5 0)) )
o

< Dy ), 0), NP2 () - A S ()
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<ua(t) (ary(t))>+<va(t) (er(t)>>>

’ <D50n<rxo<t>,wy<t>>, AP f (r era))
<ua(t> 98 (ary<t>)> <va<t> (ary<t>)>>]dt“
< —b(x°(')ry('))||9(x°(')/y('))||2<p’€Aé0+p”€Af,0+p”’>>.
(3.8)
Since b(x°(-),y(-)) > 0, we obtain
j [<n7r 0,70, (t) L u(h), v<t>>
Yioty
< Dy (1), arya)) (yry 0,4, u(t), v<t>)>
(3.9)

oV, )
+<D§Gn(yrxo(t),zry(t)), e (my(®), ﬂ(t),v(t))>] P
<_”9<xo(')ry('))||2<p'el\}0+p"€A§0+p'">,
where

Vi (0y (), A, (), () = A}Off(”y(t)) - Aiokﬁ (ory (1))

+ (pua(y (1)), g(amy (1)) + (valt), h(omy (1)), tE€Qun, a=1,p.

(3.10)
The following relations hold:
<Dm<~7rxo (t),7,(1)), 2% (ary(t>,x,y<t>,v<t>>>
oV,
= Dy<11(ﬂx°(f),ﬂry(t)), a_%(”y(t)/)bﬂ(t)rv(t))> (3.11)

- <71(ﬂ'x°(t)/~77y(t))rD <av >(ﬂ'y(t) A u(t), V(t))>
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(Do), 7, 0), 5o (0, 1,100, 9(6) )
= DD (e (1,7, 0)), o (0, 4,0, ) )
- Do (0,7, Do (), 4,16, (0) )
—Do<’1(7fx°(t),ﬁfy(t))rDeaa%(ﬁy(t)r/\r#(t)rv(t))>
(e (0,7, D2y 5 (0,4, ), (0) ).
(3.12)

By replacing the relations (3.11) and (3.12), and using Euler-Lagrange PDE, the relation (3.9)
becomes

f I:DY<71(”x°(t)/ﬂ'y(t)),?(ﬂ'y(t),)l,ﬂ(t),v(t))>
Yoty Yy
+DaDy <n(yrx 0,1,(0), 2 (era) iy #(t)/v(t))>
-De< (72 (£), 71y (1)), a (er(t) A u(t), v(t))> (3.13)

oV, )
_Do<’1(7rxo (), m,(t)), DQ% (ry (1), A, (), v(1)) >] At
< —||9(x°(),y()) ”2<p/€Aé0 " PHZA%O " P,">.

According to [15], §9, a total divergence is equal to a total derivative, therefore, the left-hand
side of (3.13) becomes null, and replacing into the inequality (3.13), it follows that

0 <0G () y() P (PAL +p" AT +p"). (3.14)

From hypothesis (e), the previous relation becomes 0 < 0, which is false. Next, from relation
(3.8), it follows that

0= ASFA(x°()) = APKE (x°())

. f [(a(8), g (e () + (va(t), B (£)))] 7
e

041
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Taking into account the inequality:

j [(a6), g (o, () + (vat), (o, (1)))] e = 0, (3.16)
1t

01

the above-mentioned relation becomes

APF(x°())) = APK(x°() > 0, (3.17)
that is,
4 of. Fé .
Ké(xo(.))Ke(y(.)) [Ilzf((f&(()))) - Kf((i(())))] > 0. (3.18)

Because K¢(x°(-))K¢(y(-)) >0, € = 1,7, we conclude that

F(x°()) _ F(0)

K(x°()  K(y() £ (0,...,0), (3.19)
or
F(x°() , F(y())
KG0) * K(r0)' 20

Therefore, the relation @ (x°(-)) < 6(y(-), yy (), A%, A%, u(-),v(-)) is not satisfied, and this
completes the proof. O

We will finish our considerations by giving the statements of two results on direct
duality and converse duality, respectively. Their proofs follow directly from the weak duality.

Theorem 3.3 (Direct Duality). Let x°(-) be an efficient solution of (MFP). Suppose that the hypo-
theses of Theorem are satisfied. Then, there are A° and A*® in R”, and the smooth functions p° :
Qipr, — R™P and v° : Q; 4, — RIP, such that (x°(~),x;(-),AlO,AZO,pL°(-),v°(-)) is an efficient
solution of the dual (MFD), and @ (x°()) = 6(x°(-), x7(), A", A%, p°(-), v° (1))

We will present now a theorem concerning the converse duality, by changing some of
the hypotheses.

Theorem 3.4 (Converse Duality). Let (x°(-), x7(-), A'%, A%, u°(-),v° (")) be an efficient solution of
the dual problem (MFD). Suppose the following conditions hold:

(a) x(-) is an efficient solution of the primal problem (MF P);
(b) for any € = 1,r, one has

Fé(x°()) >0,  Kx°())>0,  APFY(x°() - APK(x°(-) = 0; (3.21)
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(c) for any € = 1,7, the functional F¢(x(-)) is (p'®, b)-quasiinvex at the point x°(-) and the
functional —=K*(x(-)) is (p"¢, b)-quasiinvex at the point x°(-), with respect to 1 and 0;

(d) the functional,

J [ (Ha(t), g(mx (D)) + (va(t), h(omx(t)))] ALY, (3.22)
G
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", b)-quasiinvex at the point x°(-) with respect to 1 and 6;

is (p
(e) one of the functionals of (c), (d) is strictly (p',b)-, (p"¢,b)-, or (p",b)-quasiinvex with
respect to 1 and O, respectively;

(f) ,O'ZA;O + pr/éAio +pm > 0.

Then, x(-) = x°(-), and w(x°()) = 6(x°(~),x;(-),Alo,Azo,y°(~),v°(-)).

4. Conclusions

In our previous work [12], we initiated an optimization theory for the second-order jet bun-
dle. We considered the problem of minimization of vectors of curvilinear functionals (well
known as mechanical work), thought as multitime multiobjective variational problem, sub-
ject to PDE and /or PDI constraints (limited resources). Within this framework, we introduced
necessary conditions. As natural continuation of our results in [12], and strongly motivated
by its possible applications in mechanics, the present work introduced a dual program theory
for this class of problems (for related but complementary research, see [16, 17]).
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