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The Hausdorff capacity on the Heisenberg group is introduced. The Choquet integrals with respect
to the Hausdorff capacity on the Heisenberg group are defined. Then the fractional Carleson
measures on the Siegel upper half space are discussed. Some characterized results and the dual
of the fractional Carleson measures on the Siegel upper half space are studied. Therefore, the
tent spaces on the Siegel upper half space in terms of the Choquet integrals are introduced and
investigated. The atomic decomposition and the dual spaces of the tent spaces are obtained at the
last.

1. Introduction

It is well known that harmonic analysis plays an important role in partial differential
equations. The theory of function spaces constitutes an important part of harmonic analysis.
Heisenberg group, just as its name coming from the physicists Heisenberg, is very useful
in quantum mechanics. Therefore, to discuss new function or distribution spaces and some
characterizations of them is very significant in modern harmonic analysis and partial dif-
ferential equations. Especially, the function spaces related to the Heisenberg group will be
used in partial differential equations and physics. It is precisely the reason in which we are
interested.

The Hausdorff capacity on R" is introduced by Adams in [1]. Some limiting form is the
classical Hausdorff measure. Adams also discussed some boundedness of Hardy-Littlewood
maximal functions related to it. The capacity and Choquet integrals, in some sense, are from
and applied to partial differential equations (see [2, 3]). As we know, the tent spaces have
been considered by many authors and play an important role in harmonic analysis on R" (cf.
[4, 5]). By using the Choquet integrals with respect to Hausdorff capacity on R", the new
tent spaces and their applications on the duality results for fractional Carleson measures,
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Q spaces, and Hardy-Hausdorff spaces were discussed (see [6]). The theory of Q spaces
can be found in [7-11]). Inspired by the literature [6], in this paper, we will discuss the
fractional Carleson measures and the tent spaces on the Siegel upper half space. In order
to get the results in Section 3, some boundedness of Hardy-Littlewood maximal functions
on the Choquet integral space LZ;O (H") with Hausdorff capacity on the Heisenberg group
are discussed in Section 2. In Section 3, by the Choquet integrals with respect to Hausdorff
capacity on the Heisenberg group, we will introduce the fractional Carleson measures on
the Siegel upper half space. The characterizations of the fractional Carleson measures on the
Siegel upper half space are obtained. And the dual of the fractional Carleson measures on
the Siegel upper half space is also obtained. In the last section, the tent spaces on the Siegel
upper half space in terms of Choquet integrals with respect to the Hausdorff capacity on
the Heisenberg group are introduced. Then, the atomic decomposition and the dual spaces
of the tent spaces are obtained. The fractional Carleson measures and the tent spaces on the
Siegel upper half space will be used for Q spaces and the Hardy-Hausdorff spaces on the
Heisenberg group (which will be discussed in another paper by us). On the other hand, they
may be used in partial differential equations and quantum mechanics.

As we know, Heisenberg group was discussed by many authors, such as [5, 12-15].
For convenience, let us recall some basic knowledge for the Heisenberg group.

Let Z, R, and C be the sets of all integers, real numbers, and complex numbers, and
7", R", and C" be n-dimensional Z, R, and C, respectively. The Siegel upper half space U" in
C"*! is defined by

u" = {z = (2, zus1) € C™: Im 2y > |z’|2}, (1.1)
where z' = (z1,z2,...,24) € C", |Z|* = 3}_; |zx|*. The boundary of U" is
ou” = {z = (2, zpn) €C™ : Imzpyq = |z’|2}. (1.2)

The Heisenberg group on C" x R, denoted by H", is a noncommutative nilpotent Lie
group with the underlying manifold C" x R. The group law is given by

zw = (2, t) (W, s) = <z' +w, t+s+2Im z'ﬁ), for z = (2,t), w=(w',s) eH", (1.3)

where Zw' = z;W7 + - - - + 2,W, is the Hermitean product on C".

It is easy to check that the inverse of the element z = (Z,t) is z! = (-Z/,~t), and
the unitary element is 0 = (0,0). The Haar measure dz on H" coincides with the Lebesgue
measure dz'dt on C" x R.

For each element { = (¢, t) of H", the following affine self-mapping of U":

(@) (2 201) = (2 + 8 zun + £+ 22T + 1] ) (1.4)

is an action of the group H" on the space U". Observe that the mapping (1.4) gives us a
realization of H" as a group of affine holomorphic bijections of U” (see [5]).
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The dilations on H" are defined by 6z = 6(2,t) = (62/,6%), 6 > 0, and the rotation on
H" is defined by 0z = o(2,t) = (0Z/,t) with a unitary map o of C". The conjugation of z is

zZ = (2,t) = (2, —t). The norm function is given by
1/4
|z| = <|z'|4 + |t|2> , z=(Z,t) e H", (1.5)

which is homogeneous of degree 1 and satisfies |z7!| = |z| and |zw| < C(|z| + |w|) for some
absolute constant C. The distance function d(z, w) of point z and w in H" is defined by
d(z,w) = |lw'z|.

Forz = (z/,t) e H" (or z = (x,y,t) € H" for x = (x1,X2,,...,Xn), Y = (Y1, Y2,, -, Yn)),

we define
A}, (16)

ER =max{|x1|,...,|xn|, il [y

where z' = (z1,...,2,), and zx = x¢ +iyx, 1 <k < n.
To define the cube in H", let [x] = ([x1], [x2], ..., [x4]), where [a] denotes the largest
integer less than or equal to a, and (x) = x — [x]. We define the function F(x, y) by
© 9 ) . ) .
— = j j Y — (2] ] n
F(x,y) = ;4}. <<2 x><[2 y] mod (2Z )) <2 y>([2 x] mod (2Z ))), (1.7)

and set
L={(x,yt)eH":0<x<1,0<yx <1,1<k<nm 0<t-F(x,y) <1},  (1.8)

I'={(m,nl)eH" :mmneZ"lecZ}. Then

H"= >y 'Ij, (disjoint union), (1.9)
yel .

where I§) = {(x,y,t) € H": 0<x <1, 0<yx <1, k=1,2,...,n, 0 <t-F(x,y) <1} (see
[14]). Now a “cube” (in fact, called “tile” more precisely) with center w = (u, v, s) and edge
sidelength [ is defined by I = lw™'Iy. Let |I| (with the Lebesgue measure) be the volume of I
with length I(I). It is easy to see that |I| = [I(I N e Obviously, the diameter of I denoted by
diam([) is equal to c,I(I), where ¢, is a constant depending only on n. The “dyadic cubes”
on H" can be defined by I = 277y Iy, y €T, j € Z. We also call the “cube” and “dyadic cube”
as cube and dyadic cube, respectively.

A ball in H" with center w and radius r is denoted as B = B(w,r) = {z : |[w™'z| < r}.
The tent based on the set E C H" is defined by

T(E) = {(&p) € U": B(¢,p) C E}. (1.10)

The Schwartz class of rapidly decreasing smooth function on H" will be denoted by
S(H"). The dual of S(H") is S'(H"), the space of tempered distributions on H".
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2. Hausdorff Capacity on Heisenberg Group

In order to discuss the fractional Carleson measures on the Siegel upper half space, we
introduce the p-dimensional Hausdorff capacity and Choquet integral on the Heisenberg
group in the following.

Definition 2.1. Forp € (0,1] and E C H", the p-dimensional Hausdorff capacity of E is defined
by

Ay (E) :inf{zujr’:lscfj]j}, (2.1)
j j=1

where the infimum ranges only over covers of E by dyadic cubes.

Remark 2.2. Tt is easy to check that A7 satisfies the following properties.

(i) If Ej is nondecreasing, then AZ(U; Ej) = lim; . o A (Ej).
(i) If E; is nonincreasing, then A;"(ﬂ]- Ej) =lim; o A (Ej).

(iii) A;° has the strong subadditivity condition.

AP (51 U E2> + AP (Er N Ey) < AT(Ey) + AT (Ey). (2.2)

For a nonnegative function f on H", the Choquet integral with respect to the Hausdorff
capacity on the Heisenberg group is defined by

an f(2)dAZ = J:O AZ({z € H": f(z) > A})dA. (2.3)

Since A} is monotonous, the integrand on the right hand side in (2.3) is nonincreasing
and then is Lebesgue measurable on [0, c0). It is easy to see that the equality (2.3) with
the Hausdorff measure is similar to the equality of the distribution function with Lebesgue
measure.

In order to characterize the fractional Carleson measure in the Siegel upper half space
in Section 3, we need to discuss the Hardy-Littlewood maximal operator on the Heisenberg
group.

Let f € L _(H"). M(f), the dyadic Hardy-Littlewood maximal operator of f, is
defined by

M(f)(2) = suplf 1£(&)]de, (24)
I35z IIl I

where the supremum is taken over all dyadic cubes I containing z.
The boundedness of the dyadic Hardy-Littlewood maximal operators on the Choquet
integral spaces LZ;O (H") is as follows.
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Theorem 2.3. Suppose 0 < p < 1. There exists a constant C depending only on p and n such that

[ Mprang<c| intany, veell, @, q>p, @9
H~ H~ 4

Ap({g e " : M(f)(§) > A}) < % IH [fIPdng, Vf € L, (H). (2.6)

To prove Theorem 2.3, we need to prove the following lemmas first.

Lemma 2.4. For p € (0,1], let {I;} be a sequence of dyadic cubes in H" such that 3; |I;|P < oo.
Then there is a sequence of disjoint dyadic cubes { Ji} so that Uy Jk = Uj I and 3 |JilP < Z]- ;[P
Moreover, if E C U]- I;, then the following tent inclusion T(E) C Uy T (J) holds, where J} is the cube
with the same center as Ji and 6, times the sidelength (6, is some constant depending only on n).

Proof. Since 3;; |Ij|P < oo, p € (0,1], we have that 3, |I;| < oo. Thus the union of I; cannot form
arbitrarily large dyadic cubes. Thus, each I; must be included in some maximal dyadic cube
Jk € J, where J denotes the collection of all dyadic cubes J = U{I; : I; C J}. If we write these
maximal cubes as a sequence { Ji}, then Ji is disjoint and (J; Jx = U ; I;. By the definition of Ji
in J, we know that |Ji| < ZI]-c]k |I;]. Jensen’s inequality gives |Jx|P < leclk ;[P for0 <p < 1.
Consequently,

N AESISHITESNI e 2.7)

k k IicJk j

Suppose that E C Uj Ij and (¢,p) € T(E). Then ¢ € E C Uy Jk and ¢ € Ji for some
fixed k. For this Ji, we consider the parent dyadic cube J;, namely, the unique dyadic cube
containing Ji whose sidelength is double of that of J. Since Ji is maximal in J, we have that
J is not a union of the I;’s, that is, J; contains a point 77 € H" \ (Uj I;) C H" \ E. Denoting the
boundary of E by OE, there is

p < dist(¢,0F) < diam(J;) = cal(Ji) = 2¢al (Ji). (2.8)
If J is the cube with the same center as Ji, and 5c, times the sidelength, then

dist(¢,0]%) > %(5cn - DIJk) > 2cul(Jk) > p, (since ¢, > 1), (2.9)

which means that (¢, p) € T(J;). The proof is completed. O

Lemma 2.5. Let y be the characteristic function on the cube 1. Then

f M(xn)dAy <CIIF, g>p. (2.10)
H'l



6 Abstract and Applied Analysis

Proof. Let z; be the center of I. By the definition of the maximal function M, we obtain

. 1]
M(x1)(4) <C 1nf{1, W : (2.11)
I
Since p/q < 1, there is
1
M(x)?dA® < C|IP +C | [IPAP/9dA = C|IP. (2.12)
X p
Hr 0
The proof of Lemma 2.5 is complete. O

Lemma 2.6. Let {I;} be a family of nonoverlapping dyadic cubes. Then there is a maximal subfamily
{1} such that for every dyadic cube I,

DL < 2P, (2.13)

Ijk cl

Ar(UD) < Z;UM " (2.14)

Proof. Similar to the proof in [16], if I;, = I;, then obviously I}, satisfies (2.13).If ji, ..., jx have
been chosen so that (2.13) holds, then we define jk.1 as the first index such that the family
{I;,,...,1;, I, } satisfies (2.13). Continuing this proceeding, therefore, we have that {I;, } is a
maximal subfamily of {I;} satisfying (2.13). Hence (2.13) holds.

To prove (2.14), let j be an index such that j,, < j < jiu+1 for some m € Z. Then by the

proof of (2.13), there exists a dyadic cube I]*.‘ D I such that

L7
> L +IG) > 2| (2.15)
I]-kCIl’f,kSm
Therefore,
T P < I p
HE DI (2.16)

Ijk CI;,kSm

We can assume that 3, |I; [P < oo. Otherwise (2.14) is obviously correct. Then the sequence
{ |I]’f| } is bounded. Thus, we can consider the family {fl} of maximal cubes of the family {I]’f‘ }.
Hence

e () U(W8)
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Consequently, by the definition of A%, we obtain
Az (Un) <2210 (2.18)
k

The proof is complete. O

Proof of Theorem 2.3. By the definition of AR, for any € > 0, there exist {I;}; such that

Z|1]~|P < A7 (Ex) +¢, (2.19)
]

where Ex = {¢{ € H" : 25 < [f(§)| < 28!}, If A(Ex) = 0, we can choose 3; ;| = 0. If
AR (Ex) >0, then

D17 <2A7 (Ex). (2.20)
]

By Lemma 2.4, for each integer k, there is a family of nonoverlapping dyadic cubes {I;k) }
such that

{§ eH": 2X < |f(@)| < 2k+1} c UIj(k)/
j (2.21)
Z|I]_(k)|p SZA;O<{§ cH" - ok « |f(§)| S2k+1}>‘
]

Set ¢ = 3, 2%*D4y  where yr, is the characteristic function of Fy = U; I;k) .Then [f|1< g.
First, assume that g > 1. Then the Holder inequality tells us

M) < MUSI < M(g) < S24 5 M (xy0 ) 2
]

k

Therefore, by Lemma 2.5, we have
| mepyang < c3a0ns [ m (g )ang
Hr K j !

< CYp ey |10 < 32k Vi (Ey)
k i k

(2.23)

22q 2 © n q
gcikaq_lj AP ({geH": |f(&)]T>A})dr

2(k-T)q

< Cf AZ({g€H" | f(@)]">1})dA = can |f|%dAz.
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Now, assume that p < g < 1. Since |f| < 3, 21 y£,, there is
M(f) < zklz“lﬁij <xf;k>)- (2.24)
By using Jensen’s inequality, we obtain
M(f)" < ;Z(kﬂ)q;M(xI]{k))q. (2.25)

Thus, also by Lemma 2.5, there is

[ mepyang <csaems [ m(xe)dng
Hn k ] Hn» ]

< Cyp0ay 10 < 32k Vi (Ey) (2.26)
3 7 k

< cf Ap (e e |F@O1 > At =C [ |flday.

That means that (2.5) holds.
For a given A > 0, let {I;} be the family of maximal dyadic cubes I; such that

1

i L 1£(@)]de > 1. (2.27)
] j

Note that M(f) is dyadic and {z € H" : M(f)(z) > A} = U; I;. Since 0 < p <1, there s

1/p
Z|11|5<Z|Ii|p> . AP(E) S AF(E)”. (2.28)
i i
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Hence

[ Irez= [“arecr sl > apa

i %I:Ai”({@ eH": |f@)] > 7))o 1dp

< 1 foo A;"({g eH": |f()] > P1/p}>1/pp(1/p)_1dp

1/p)-1

-2 ] e sor s ol

where the last inequality is due to the fact that

AZ°({§€H”:|f(§)|”>P})pSI IfIPdAz,  p>o0.
(g€mmif Q)P >p)

Therefore, by (2.27) and (2.29), we obtain

p
5l < (1 Irlae) sce [ Ispang.
A Ij Ij
For the above {I;}, by Lemma 2.6 and (2.31), there exists a subfamily {I;, } such that
AP ({zeH": M(f)(2) > A}) =AY <U1 > < ZZ|
< Cﬂzf |fIPdAy < C):Pf |fIPdnsy.
k Ijk H»
The proof of Theorem 2.3 is complete.

3. p-Carleson Measure on Siegel Upper Half Space

Let I be a cube in H" with center 7. The Carleson box based on I is defined by

:{(g,p)EU"‘| ‘1§| p<l(1)}

AF({ger": [f@)]" > p})dp

(2.29)

(2.30)

(2.31)

(2.32)

(3.1)
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For p > 0, a positive Borel measure p on the Siegel upper half space U" is called a
p-Carleson measure if there exists a constant C > 0 such that

u(SI)) <C|I|P, VcubesIcH". (3.2)

For z € H", let T'(z) = {(§,p) € U" : |z7'¢| < p} be the cone at z. Suppose that f is a
measurable function on U”. The nontangential maximal function N(f) of f is defined by

N(f)(z) = LU )If &p)l- (3.3)

PIEL(z

Since the nontangential maximal function and Hausdorff capacity are defined, we are
paying attention on the characterizations of the p-Carleson measures.

Theorem 3.1. For p € (0,1], let u be a positive Borel measure on U". Then the following three
conclusions are equivalent.

(i) p is a p-Carleson measure.

(ii) There exists a constant C > 0 such that

fw [f(&p)ldp<C fw N(f)day” (34)

holds for all Borel measurable functions f on U".

(iii) For every q > 0, there exists a constant C > 0 such that

[ eolapzc| op)ans 35

holds for all Borel measurable functions f on U".

Proof. (i)=(ii). Assume that y is a p-Carleson measure, and f is a Borel measurable function
onU" ForA >0,letE, = {z € H" : N(f)(z) > A}. If the integral on the right hand side of (3.4)
is finite, we may assume that A;,m) (Ey) < 0. Let {I;} be any of the dyadic cubes covering of E;
with 3 |Ij|” < oo. Then Lemma 2.4 tells us that there is a sequence {]i} of dyadic cubes with
mutually disjointed so that Uy Jik = U; Ij, 2 [JklP < ;1P and T(Ey) € U, T(J), where J¢
is the cube with the same center and 5¢, times sidelength of J.

If (¢,p) € U" satisfies [f (¢, p)| > A, then N(f)(z) > A for all z € B(¢, p). Thus (¢,p) €
T(E,), and hence

{(&p) €U |f(&p)| >4} cT(E) C (’_CJT(]Z)- (3.6)
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By Lemma 2.4, we obtain

({@p) U [ 2p)] > 1)) Su<LkJT(J;:)> < Su(r(i) <l Sl

(3.7)
<P
<clulZ|r]"
i
Taking an infimum over all such dyadic cube coverings, we have
k(1 p) €072 £ (& p)] > ) < Cllull A7 Ev). 68
Therefore,
[ U@pldr= [ ul@r ev: 7@ e > 2Dar
(3.9)

<[ hulag Epdr=cliull [ N(dar.

(ii)=(i). Suppose that (3.4) is valid for all Borel measurable functions on U”. For a cube
I cH", let (¢, p) = xr(ny- Note that (¢, p) € T(I) NI'(z) if and only if z € B(¢, p) C I, there is
N(¢) = x1. Then, by (3.4), we have

[°e) 1
uw(T(I) <C fo A ([N() > A})dr=C fo A (Ddr < PP (3.10)

It means that y is a p-Carleson measure.
(ii)=(iii). Replacing | f| with |f|7 in (3.4) for g > 0, we immediately obtain

fw [f(&p)]"dp < Can (N(F)7dn,”. (311)

(iii)=(ii). If we set g = 1 in (3.5), then (3.4) holds.
The proof of Theorem 3.1 is complete. O

To continue the characterization of the p-Carleson measures on the Siegel upper
half space, we need to prove the following Lemma 3.2. It is said that the nontangential
maximal functions are dominated by the dyadic Hardy-Littlewood maximal operators on
the Heisenberg group.
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Lemma 3.2. Let f be a locally integrable function on H", and ¢ € S(H™) be a nonnegative radial and
decreasing function with [, ¢(z) dz = 1. Then

N(F)(z) = sup |[F(§p)|= sup |f*,()] <CM(f)(2), (3.12)
@Per @) @P)er (@)

where (&) = p~ @ p(p~1¢) and p > 0 is real.

Proof. Since ¢ € S(H"), we can suppose that |p(z)| < C/(1 + |z)*"*2*¢ for some ¢ > 0. Then
|f *$p(®)] = UH P @ (7 (7'2)) f (n)dn|

< f p—(2n+2)
[n71él<p

(p7 () )| If ()|t

—(2n+2)

$(p (n7'¢)) [1£ ()1t

+ f
k=07 2k p<ly1é|<2+1p

(3.13)
C < p 2| f(n)
< —— dn+C d
pr —[ |rz-1§|s;a|f(q)| " g(:) j o (1 ((08) /)
SCM(N©+C3 oz [ s |Gy
hS “~ p2n+2 ek Dk (2n+2+e)
< CM(f) (@) Y27 %D = C"M(£) (@).
k=0
Hence
N(F)(z) = sup |f*¢p()] < CM(f)(2)- (3.14)
(ép)el(2)
Lemma 3.2 is proved. O

Theorem 3.3. For 0 <p <1, g > p, let u be a positive Borel measure on U". Then p is a p-Carleson
measure if and only if

[ lc@plansc| |sttans” (3.15)

holds for all functions G on U™ which can be written as G(¢,p) = g * ¢,(&), where g is a locally
integrable function on H", and ¢ is the function in Lemma 3.2.
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Proof. Suppose that p is a p-Carleson measure. By the conclusions of Theorems 3.1 and 2.3
and Lemma 3.2, there is

Iw |G(¢,p)|%du < C an (N(G))7dAS™ < C an (M(g))"dAS™ < can |g|7dAL”. (3.16)

Conversely, for any cube I ¢ H", if we set g = y, then for (¢, p) € T(I), there is

G p) = f $p(117'¢)dln > f $p(117'8)dln = f ¢1(m7'8)dn
I Bp) B1)
(3.17)
= f ¢(z)dz =c.
B(0,1)
Thus, by using the inequality (3.15), we obtain
eprm) =t dp<| jc@p)ans [ [6@pI'dp<C |gany
T(I) (D) U Hr
(3.18)
- cf XrdAS? = CAY (1) < .
HH
This ends the proof of Theorem 3.3. O
Let N(A;w)) be the space of all Borel measurable functions f on U” satisfying
£ g = f N(f)dA;” < co. (3.19)

Then || - ||N( A=) gives a (quasi) norm and N (A;,w)) is complete.
P

The following result says that N(A,(f’)) is the dual of p-Carleson measure.

Theorem 3.4. Let p € (0,1]. Then there exists a duality between the space of p-Carleson measures
and N(A;,OO)) in the following sense.

(i) Every p-Carleson measure p on U™ defines a bounded linear functional on N(A,(f”)) via the

pairing

(u f) = fUn f(&p)dp. (3.20)

(ii) Let NO(Aé,w)) be the closure in N (A;,w)) of the continuous functions with compact support

in U™. Then every bounded linear functional on NO(A,(,‘”)) given via the pairing (3.20) by a
Borel measure p on U™ is a p-Carleson measure.
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Proof. Assume that u is a p-Carleson measure and f € N(A;(,w)). By (3.19) and (ii) in
Theorem 3.1, we have

f |f(&p)ldp < Cf N(f)dAs™ < oo. (3.21)
[Un ]H[n

Thus, (i, f) = [, f(& p)dp is well defined. Hence, every p-Carleson measure p defines a
bounded linear functional on N(A;w)). The part (i) is proved.
For part (ii), let L be a bounded linear functional on Ny (A;(,OO)). By the continuity and

the closure of Ny (A;m) ), applying the Riesz representation theorem, we obtain a Borel measure
uon U" having

L) = [ FGrdn=(up) 622)

If f = xrq) for any cube I € H", then

u(T(I)) = jU xraydp = LQxrm) < IL1- [lxra )
(3.23)
= L] fH N (xra))dAS = L] L dAS? = CILIAS? (1) < CIILI| - |T)P-

Hence, p is a p-Carleson measure with ||| < C||L||. This ends the proof of Theorem 3.4. [

4. Tent Spaces with Hausdorff Capacity

With Hausdorff capacity on the Heisenberg group discussed above, in this section, we
introduce the tent spaces on the Siegel upper half space, an analogy of the Coifman-Meyer-
Stein tent space on R" (cf. [4, 6]). Then the atomic decomposition of the tent spaces and the
duality of the tent space are discussed.

Definition 4.1. Letp € (0,1]. A Lebesgue measurable function f on U" is said to belong to T;*
if

1/2
1 2 dédp
= _— B 41
170 = 0 (37 [, V6P i ) <o D

where B runs over all balls in H", and T(B) is a tent based on B.

Definition 4.2. Letp € (0,1]. The tent space T, consists of all measurable functions f on U” for
which

L did 1z
I =i o)’ 52 ) 42)
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where the infimum is taken over all nonnegative Borel measurable functions w on U” satis-
fying

N(w)dA <1, (4.3)
Hﬂ

and w is allowed to vanish only where f vanishes.
We will identify T;* with a dual space of T,}. In order to do this, we first introduce the
T,-atom as follows.

Definition 4.3. A function a on U” is said to be a T;—atom, if there exists a ball B ¢ H" such
that a is supported in the tent T(B) and satisfies

2 dédp 1
JT(B) |ﬂ(§,p)| m W' (4.4)

IN

For the tent space T]; onU" and || - ||T;, we have the triangle inequality with a constant
in the following lemma.

Lemma44. Let p € (0,11 If 3, lIgjll: < oo, then g = 3%, g € T, and

Islhy < Sl b @5)

Proof. Without loss of generality, we assume that \; = ||g]||71 > 0 forall j. Set f; = || g||T1 gj-

Then || fjllz; <1and g = 3; A; f;. Suppose that w; > 0 for all j such that Jin N (w;) dA;(,m) <1
and

2 1 dédp
fw |81 (&p)["w; (& p) " P <2||gll7:- (4.6)

According to the definition of T}, the above inequality holds obviously. By using the Cauchy-
Schwarz inequality, we have

gl < <Z)‘iw7> <le|f1|2w}1>- (4.7)
] ]

Letw = (X; J\,]')_l 2.jAjw;. Notice that the vanishing of w implies the vanishing of all wyj,
which can only happen whenever all the g; vanish, that is, g = 0, then

-1
N(w)dAy” < <ZA > Z)L]-J‘ N (w))dAy < 1. (4.8)
Hr i Hr
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Thus, by the inequality (4.7), we obtain

2 -1 dédp
IUH 8¢ p)|["w (& p) 120+ 1) (1-p)

_ déd
< C(;)‘j>zj:/\j IH” |£(& p)"20; (¢, p) 1% (4.9)

§2C<§j:A;> Sullli =C<ZJJM> =C<§}"gf"ﬂ> |

Taking the infimum on the left above inequality, we have

gl < CXlIsillyy- (4.10)

j
The proof of Lemma 4.4 is complete. O
Remark 4.5. By Lemma 4.4, one can show that || - [|71 is a quasinorm and the tent space T, is

complete.
The main result of this section is the atomic decomposition of the tent space Tr} as
follows.

Theorem 4.6. Let p € (0,1]. Then a function f on U™ belongs to T;} if and only if there exist a
sequernce of T;—atoms {aj} and an I'-sequence {A;} such that

f=2\aj (4.11)
]

Moreover,
A1z = inf{ZlA]-I Hf=2\a } (4.12)
j j

where the infimum is taken over all possible atomic decompositions of f € T;.

Note that the right hand side of (4.12) in fact defines a norm and then Tr} becomes a
Banach space.

Proof. Suppose that a is a T,-atom on U". Then there exists a ball B = B(z,r) C H" such that
supp a C T(B) and

dédp 1

2
IT(B) |a(§’p)| p1—2(n+1)(17p) < W (413)
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Fix € > 0, and let
. ns2)p r (2n+2)p+e
w(&, p) = hr 9P min{ 1, <—> p 4.14
& p) DG 2) (4.14)

where D(¢, z) denotes the distance between (¢, p) and (z,0) in U", and h is a suitable constant
which will be chosen later. Obviously, w(¢, p) is identically equal to hr~?"*2? on the upper
half ball of radius r (center is (z,0), and D(¢,z) < r) and decays radially outside the ball
(outside the ball D(¢,z) > r,and D(¢,z) — +o0). For ¢ € H", the distance in U" from the cone
['(¢) to (z,0) is c|z7'¢| = cd(z,¢). Then

(2n+2)p+e
N(w)(z) < hr~@m+2p min{l, <@) ’ } (4.15)

Therefore,

Wi N@)da® = OOA;,“’) FeH" N (w) > A})d)
P 0

H?l
F-Cni2)p e\ 1/@2n+2)p+e
g f AG) [B<Z,l<r_> >]au
0 c\ X
F-@n2)p 5 e\ 1/@2n+2)p+e
<cC A (2,1 (T dr
0 P c\ A

F-@n+2)p

<C (rs/ (2n+2)p+£>(2"+2)” _[ A~@ne2)p/(@ne2lpre) g) = C.
0

(4.16)

Thus, [, N (w) dAY” < 1by choosing h = C™'. On the other hand, let w™! = 72 on T(B).
We have

2 1 dédp (2n+2) 2 dédp
fT(B) la(é p)| (8 p) P12+ 1) (1) =T PL(B) la(é, )l P12 D) (1)

<r®m2P|BIP = C.

(4.17)

Therefore, a € T, and lall;y < C.
Now, taking a sum Z]- Aja;j, where Z]» |4l < oo and every a; is Tr}-atom on U", by
Lemma 4.4, the sum converges in the quasinorm to f € Tr} with

11y < SIulllarlly < €S0 < o @1s)
] ]

That means f = 3; A;a; € T,
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Conversely, let f € T,. We choose a Borel measurable function w > 0 on U” such that
(4.3) holds and

_ déd
[ 1F@ o) P ) ity <211 (.19)

For each k € Z, let Ex = {Z € H" : N(w)(z) > 2¥}. By Lemma 2.4 and the definition of
A,E,w), it follows that there exists a disjoint dyadic cubes sequence {I ;} such that

Dlel” <207 (B, T(E) < JS* (I, (4.20)
] ]

where S*(Ix;) = {(§,p) € U" : { € It j, p < 2diam(I ;) }. Define

Ti; = S*(Ixj) \ (JUS™ U (4.21)

m>k 1

Then Ty is disjoint in U” for different j, k. Therefore,

K

U Uk = Us* Uex) \ UUS" @) 2 TE-)\ JUS" Tn)- (4.22)

k=-K j j m>k 1 m>k 1

Note that U, T(Ex) = {(¢,p) € U" : w(¢, p) >0}, (&, p) ¢ T(Ex) implies w(¢, p) < 2%. And each
S5*(Im,) is contained in a cube of sidelength 4 diam([,,,;) in U". By using the subadditivity of
the p-Hausdorff capacity and (4.3), there is

Al(’oo) < U US*(Im,l)> < CZlem,le nS CZA;OO)(E”’) —0 (4'23)

m>k 1 m>k 1 m>k

as k — oo. Thus, by (4.21),

UUTei >UTEN N U US* @) = {(&p) €U" 2 w(&,p) > 0} \ Ese, (4.24)
ko j k

k m>k 1
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where E; is a set of zero p-Hausdorff capacity, that is,

A (E) =AY <ﬂ U US*(Im,z)> =0 (4.25)

k m>k 1

Since w is allowed to vanish only where f vanishes, we have f = 3 ; f - 7, a.e. on U". Let

-1/2
. |P 2 dédp
ar,j = < L L £ Pl e [ Xt
k,j

l (4.26)

1/2

. |P 2 dédp
Aej = < I, J fCPl mmmas )
Tk j P
where the I;]. is a cube as Lemma 2.4, that is, I ;]. = 5¢y I,
Thus

f=DMjar;, ae on U (4.27)

k,j

Note that, by (4.21), Ty,j C S*(Ix,;) C T(By,j), where By ; is the ball with the same center as I ;
and radius cl(I ;,j) (c > 1is a constant). Thus, ax ; is supported in T (B ;), and

2 dédp

!

*
Ik,;‘

2 dédp (4.28)
Pl—Z(nJrl)(l—p)

I
k,j

-1
P 2 dédp
Ty TR
: ij |f (& p)l ST 20m (A7) - |f XTx,

P =By

This means that every ay; is a T; -atom. The remaining is to estimate 3} ; | Ak .
Notice the fact that

w<2' on Ty C <U5*(Ik+1,1)> C (T (Ex+1))"- (4.29)
1
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By the Cauchy-Schwarz inequality, (4.19) and (4.20), we have

/2 L did 12
’ <L | £ (& P)w(Ep) 1}%>

1/2 déd 1/2
- P
) (B, veoreen ki)

172 (4.30)

I
k,j

Z |k j| < Zz(kn)/z
k.j

k,j
< sz+1
kj

1/2
<CIflly <ZZ"Z|Ik,j|”> <Clfllx <Zz"A,€°°> (Ek>>
k j k

1/2

I.
k,j

+o0
= ClI £l (fo A ({g €H" : N(w) > M)am)
(o0) 1z
<Clifly ([ Nwant) " <l
If f = 3¢ \kax and every ay is a T)-atom, then, by Lemma 4.4, we obtain

£l < C;MklﬂﬂkHT,} < C;Mkl- (4.31)

Thus
A0z = inf{ZMH Hf= Z)vﬂj}r (4.32)
] ]

where the infimum is taken over all atomic decompositions of f € T;}‘ The proof is complete.

O
The dual result is as follows.
Theorem 4.7. Let p € (0,1]. Then the dual of T;} can be identified with T® under the pairing
dédp
(f8)= _[U" fep)g(e )= (4.33)
Proof. We first show that
dédp

[ 1R8I = <Clfllylsly (.34

holds for all f € T, and g € T;”.
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In fact, assume that w is a nonnegative Borel measurable function on U” satisfying
inequality (4.3) in Definition4.2 and g € T;°. Then there exists a constant C for any ball
B C H" satisfying

1 2 dédp
B Inm 2P ezt < (4.35)

It means that |g (¢, p)|?p 2 D1-P)-1 d¢dp is a p-Carleson measure, and ||u|| = || g||2px. Hence,
by Theorem 3.1, we obtain

f w(&p) g p) P2 dtdp < Clg Iz an N@)dA? <Clgllz-  (436)

Thus, for f € T}, by using the Cauchy-Schwarz inequality, there is

[ Irensen e

1/2 1/2
o dédp dedp
2 1 2
: <,[Un |f| @ p1—2(n+1)(1—p)> <IW |g| wp1+2(n+l)(l—p)

B ded 1/2
o[, UenPuea b E ) sl

<Cllflly gl

(4.37)

This gives (4.34). Thus, every g € T;° induces a bounded linear functional on TF} via the
pairing (4.33). It suffices to prove the converse.
Let L be a bounded linear functional on T; and fix a ball B = B(z,r) ¢ H". If f is

supported in T(B) with f € L*(T(B), p~'dédp), then

dédp n+1)(1- dédp
J‘T |f(é )|msr( 1)(1P)J‘T |f(§ )|2

= Cr2 DB P”f”LZ(T(B

(4.38)

-1 dedp)”

Therefore, f is a multiple of a Tr} -atom with

2 2
1Az < P DN Iy ot deany (4.39)
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Hence, L induces a bounded linear functional on L?(T(B), p~'dédp). Thus, there exists a
function ¢ which is locally in L?(U", p~td¢dp) such that

L) - [ Fensen =L, 440)

whenever f € T; with support in some finite tent T(B). By the atomic decomposition of tent

function in Theorem 4.6, obviously, the subspace of such f is dense in T;. Therefore, the rest
of the proof is to show that g € Ty and ||g[lre < C|[L]].
Now, again fix a ball B ¢ H" and for every ¢ > 0, let

fe(&p) = p 2 VP (&, p) yres) (8 p), (441)

where T¢(B) = T(B) N {(¢,p) : p > €} is the truncated of T(B).
Since g € L?(T(B)), there is

2 dgdp »  dédp
J‘T(B) |fe (& p)| R Lg(B) g p)] T < o0. (4.42)
Hence, f. is a multiple of a T)-atom with
dedp
2 2(n+1)p 2
I fellzs < Cr LE(B) 18Pl EETEL (4.43)

where C is independent of €. By (4.40), we obtain

2 dédp
Le(g) 18(¢,p)] S L(fe) <ILI- (| fell

(4.44)

1/2

2 dédp
SCIILH(IBI’” LS(B) 18(2.p)] EETET
Thus
1/2
] dédp

P 2 TP 4.45
<|B| LE@ 18(0)] PMMM) <ClL. (4.45)

It follows that

dédp 1z
-p 2 TP 4.4
<|B| IT(B) |g(§,P)| p1+2(n+1)(1p)> < CIILIl, (4.46)
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since (4.40) is true for all € > 0. Therefore, g € Ty and ||g[lre < CJ|L|. In fact, in (4.40), we
can replace the local function g by ordinary. Thus, we obtain the representation of L via the
pairing (4.40) for all f € T;. This ends the proof of Theorem 4.7. O
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