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This paper studies the blow-up and existence, and asymptotic behaviors of the solution of a
nonlinear hyperbolic equation with dissipative and source terms. By using Galerkin procedure and

the perturbed energy method, the local and global existence of solution is established. In addition,
by the concave method, the blow-up of solutions can be obtained.

1. Introduction

In this paper, we investigate the following nonlinear wave equation:

N
0
|ut|putt + Azu + |ut|mut + YAzut = Zgﬁi(uxi) + |u|p71u, (X, t) e Qx (0, T),
i=1 O

(1.1)
u:g_Zzol (x,t)EaQX(O/T]/

u(x,0) = up(x), us(x,0) =1 (x), x€Q,

where Q is a bounded domain in R" with smooth boundary 0€Q, A is a Laplace operator,
and 0u/0n|sq indicates derivative of u in outward normal direction of 0Q. In addition to, if
n>3, 1<p<n+2)/(n-2)andifn=1,2,thenp > 1.y >0isaconstant, 0;(s) (i=1,...,N)
are given in (Al) later.
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In 1968, Greenberg et al. [1] first suggested and studied the following equation:
Up = Uxxt = O (Ux) - (1.2)

Under the condition ¢'(s) > 0 and higher smooth conditions on o(s) and initial data, they
claimed the global existence of classical solutions for the initial boundary value problem of
(1.2).

The multidimensional form of the following;:

N
0
Uy — Auy — Zgai(x, t,uy) = f(x,t) (1.3)
i=1 OXi

was first studied by Clement [2, 3]. Exploiting the monotone operator method, he obtained
the global existence of weak solutions for the initial boundary value problem of (1.2).

Our model comes from [4]. In [4], Yang has studied the global existence, asymptotic
behavior, and blow-up of solutions for a nonlinear wave equations with dissipative term:

N
U + Azu + )Lut = Zio'i(uxi), (14)
= Ox;

with the same initial and boundary conditions as that of (1.1). In our model, we add damping
and source terms which enhance the difficulty of proving the existence and decay of solution
of (1.2).

More related studies of the damped hyperbolic equation with dissipative term or
damping term can be found in papers [5-15].

The paper is organized as follows. In Section 2, we present some notations, and results
needed later and main results. Section 3 contains the statement and the proofs of the decay of
solutions. Section 4 gives the statement and the proofs of the blow-up of solutions.

2. Preliminaries

We first introduce the following abbreviations:

Qr=Qx(0T), L=L(Q), W"7=W"(Q),
(2.1)
H" =W, Hy' =Wy, o=l Il = g

Let (-, -) denote the Ly-inner product. We denote the dual of Wg’p by W, withp' = p/(p-1),
and [+ [_y,» = || - lw-1»- Now we make the following assumptions:

(A1) o; € CY(R), 0i(s)s > 0 and

Cils|" <loi(s)| < Cals|", (2.2)
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for some r > 1,if n = 1,2, else if n > 3, then r < n/(n - 2), so that ||Vu|lo» < Bi||Aul,
i=1,2,...,N,where B, is the optimal embedding constant.

(A2) The initial data

up€ H2,  u; € Hy. (2.3)

(A3ym<p+1L,lfn>3,then0<p<m<4/(n—-2)andifn=1,2,then0<p <m.

(A4)Ifn>3,1<p<(n+2)/(n-2)andifn=1,2, then p > 1. Without loss of generality,
we assume that r < p.

And
(B1) o; € C'(R), 0i(s)s <0, and

Cils|" <loi(s)| < Calsl’, (2.4)

forsomer > 1,if n = 1,2, else if n > 3, then r < n/(n - 2), so that ||[Vu|p» < Bq||Aul,
i=1,2,...,N. where By is the optimal embedding constant, and C, < (r +1)/(p + 1).

(B2) If n>3,thenm<r-1<p-1<4/(n-2)andifn=1,2,then0<m<r-1<p-1.
(B3) p+1<r,andifn>3,thenp<4/(n—-2)andifn=1,2, then0 < p.

Throughout this paper, we use the embedding H3(Q) — L7(Q) which implies |ju|, <
By||Au|l; when

where B; is an optimal embedding constant. We introduce the following functionals:

Ai(s) = j oi(n)dn, (2.6)
E(t ! Aul)3 A;i(uy)d i “ZE (2.7)
()_ p+2+§” u||2+iz (ux1) X——— P+1 :
1 C [PTjee
- 2 *2 re1 _ DptL (2.8)
J0 = 38wl - IVl - 2
1(t) = [|Aul} - Cal| Vull 3] - llullsy. (29)
Because r < p, we have
I(t) r - 1 2 p p+1
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Theorem 2.1. Assume that (A1)-(A4) hold, then problem (1.1) has a unique solution u satisfying

ue Lo, ([0, T} HZ) W' ([0,T]; Lpwo);

(2.11)
u € Lz([o,T];Hg) NL=([0,T]; Lysa),
where T < 1.
Theorem 2.2. Assume that (A1)-(A4) hold, u is the local solution of the problem (1.1). And
2 1 (r-1)/2 2 1 (p-1)/2
c0<< r+ )E(O)) + < (r+ )E(0)> <1,
r—-1 r—1 (212)
I(0) > 0,
where Cy = max{B1Cy, By}, then u is a global bounded solution, moreover,
E(t) < £<1 + 1/ me2)  ym=p)/(m+2) | t1/2> vVt € [0, o0) (2.13)
— 1 +t 4 4 4
. . +2
Jim [|Aull3 = lim up;; =0, (2.14)
where M > 0 is a constant.
Theorem 2.3. Assume that (A1)—-(A4) and
pBZ 2(1‘ + 1) > (p+1)/2 (p-1)/2
2.15
P2 (2 (EQ) <1 (2.15)
hold, u is the local solution of the problem (2.7). Consider (2.12) are satisfied, then
E(t)<Ke™, Vte[0,0), (2.16)

where K, x > 0 are constants.

Remark 2.4. When y > 0, we will use perturbed energy method, which is different to the
method of the proof of Theorem 2.2, to prove Theorem 2.3.

Theorem 2.5. Assume that (B1)—(B3), (A4) hold, and there exist some (1o, u1) € H*(Q) x LP*2(Q),
then the solution of the problem (1.1) blows-up at the limited time T* > 0.
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3. Decay of Solutions
In this section, we prove Theorems 2.1-2.3. First, we give the following Lemma.

Lemma 3.1 (see [2]). Let Q be any bounded domain in RN, {wy )2, be an orthogonal basis in
Ly(€). Then for any € > 0, there exists a positive number N, such that

N, 1/2
[Jul| < <Z(”1wk)2> +&lully (3.1)
k=1

forallue W,” (2<p < ).

Proof of Theorem 2.1. We look for approximate solutions u"(t) of problem (1.1) of the form
u'(t) == ) Tin(twj, (3.2)
j=1

where {w; };’21 is an orthogonal basis in H, 2 and also in L,, and the coefficients {Tin }?:1 satisfy
Tjn(t) = (u"(t), wj) with

(| )P us(t), wj) + <A2u"(t),wj> (" (1), w;) + Y(Azuy(t),wj>

Xi

- Z(aia,-(uﬁi(t)),wj> + (e OP ' ®,wp), >0, j=1,.,n,  (33)
w0 =uy,  u(0) = uj.
Since C¥ is dense in HZ and Ly, we choose ufl, u? € CZ such that

uy — ug in Hg, uj —u; in Hé as n — oo. (3.4)

The above system of o.d.e. has a local solution u"(t) defined in some interval [0, T,). The
following will prove that the T,, can be substituted by some T > 0.
Multiply (3.3) by T]'.n(t) and summing up about j, we get

4
dt

1

p+ 2 p+2 m+2

1
I3+ 3] + N3 + vl o

N (3.5)

-t 6,) + (-t

i=1
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A simple integration of (3.5) over (0, t) leads to

1 n||p+2 1 ni2 ' nm+2 n12
Sl gt | (s + vl ) ds
(3.6)

=Csz+ i f <0i"(uxi), (ugi)s>ds + J‘t (|un|P—1uﬂ,uZ>dS,
i=1 70 0

n 2 n
where C3 = 1/(p + 2)lluf |75 + (1/2)[|Aug I3 > 0.
We now estimate the last two terms at the right-hand side of (3.6). Using Holder
inequality, Young’s inequality, and the embedding theorem, we know there exist g,w > 0,

satisfying that

1 1 n-2
— —_ :1 .
p o o, , (3.7)
where
2n 1 n+2 (r-1)(n-2) _ n-2
_ = — = - >
(r=1)q n-2’ w 2n 2n - 2n’
(p-1)(n-2) 9
2n 1 n+2 p-—1)(n- n-2
_ = — = — > .
(p=1)q n-2’ w 2n 2n - 2n

Consider the following:

t
< sz f V" Vi ||Vul|dx ds
0/Q

gﬂ (Gi(uﬁ,.), (uﬁi)s)ds

t
-1
<G, fo 1V 17 IV |V L oyl
! 1
< cch A 57 Au ) Al ds
0

t
- oC [ awlan s

0
<ol t||Au"||2’ds+E t||Au"||2ds
—_ 2 2€ 0 2 2 0 s 2

1 t 2p '
<CC £<’[0 ||Au"||2 dS>
(p-1)/p
1 t € t )
+ £<Iolds> + Efo Aul||5ds
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1p/( > 1p-r
< -t Au|f —
_C2c2€r<fo|| u"|; ds>+C2C2€ .

t
+ gcch lAu|2ds, Ve >0,
0

(3.9)
assuming that t < 1.
Similarly,
t ) t o
[ (et ) < [ 1t a2 s
! -1
<C [ haw g Al dul s (3.10)
0
1 t By € t )
< CEI | Au™||y ds + ECI |Aul|l5ds, Ve > 0.
0 0
Using (3.6)—(3.10), we have
! nm+2 ! ny 2 1 nn2 1 n P+2
s +y | Naias + g lauE + sl
t t (3.11)
<Ci+Co) [ s+ Sc [ 1aul
0 0
Choosing € = (1/C)y in (3.11), we have
R Loy e, 1 a2 Y (F a2
luzliidds + S lAwl+ —— [lupllos + 2 | nauzias
0 P+ 0
(3.12)

t
<Cy+t cf |Au" | ds,
0

where C4 = C3 + ((C2C) /2¢)((p — 1) /p). Assuming Yy, (t) = 2(C4 + C fé ||Au"||§p), we have
Y)(t) <2CY7E. (3.13)

A simple integration of (3.13) over (0, t) leads to

Y, (t) < [Y,}"’ (0) —2C(p - 1)t] S, (3.14)
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this implies that

2 122 < o © - 20(p - 1)t

8w + =2 a2 <

P

Though Y,,(t) may blow up, there exists 0 < T < min{1, T, } satisfying

lawt|f+ w03 <C, Ve [0,T],

+2 —

where C is independent of 7.

Moreover,
t t
[ zas s [ nauiids < c.
0 0
By (3.17),
' (m+2)/(m+1) ' 2
m m
[ Izl ot < [ weoids
<C, te]0,T].
By (3.16),
n p-1.n (p+1)/p n p+1 Au" p+l C
[l @p sl <L < law @l <c

From (3.16)—(3.19), we have

u' e Loo([O,T];Hg);

u' € L2<[0, T],-H§> N Lo ([0, T]; Lpsa).-

]—1/(P—1)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

So the solution u"(t) of problem (3.3) exists on [0, T] for each n. On the other hand, we can

extract a subsequence from u", still denoted by u", such that

u" — u weak” in Loo<[0, T];Hg),

u — 1w, weak® in Lo, ([0, T]; Lysa) N L2<[O, T] ;Hg),

(3.21)

(3.22)



Abstract and Applied Analysis 9

as n — oo. By (3.21), the Sobolev embedding theorem and the continuity of o;(s), for t €
[0,T],

Vu"(t) — Vu(t) strongly in Ly, a.e. on L,
(3.23)
oi(uy, (t)) — 0i(uy,(t)), ae. on Q,i=1,...N,

asn — oo. By Lemma 3.1, (3.21)-(3.22), for any € > 0, there exist positive constant N1, and
N, independent of u" and u}, respectively, such that,asn — oo,

N 1/2
[ (8) —u(®)|l < [Z(u" —u wk)z] +elu(t) —u(®)ll, < Me,
k=1

NZE

T T
J |24} (s) - ut(s)”;ds < 2<Z f (up(s) - ut(s),wk)zds (3.24)
0 k=170

T
+ szf ||} (s) — ue(s) ||%2ds> < Mé2.
o ;

By the arbitrariness of € we get

u" — u strongly in L ([0,T];L,), a.e. on Qr,
(3.25)
u; — u; strongly in L,(Qr), a.e. on Qr.

From the continuity of |u;|"u; and (3.25) we know that |u}|"uf — |u|™u; a.e. on Qr. With
the same methods used above we easily get |[u"[P~'u" — |u[P~'u a.e. on Qr. Integrating (3.3)
over (0,t), t <T gets

t t t
P <|u?(t)|P+l,wj> + fO(Aun(s), Awj)ds + fo(luglmug(s),wj)ds + Io y(Aul(s), Awj)ds

= Z J;(a%ci(uz,-(s)),wj>ds + JZ<|u"(s)|r'—1un(s),wj>ds, t>0,j=1,...,n

i

(3.26)

Exploiting (3.16)-(3.17), we have

t t
J' (Au"(s), Aw;)ds < cf |Au"|3ds < CT,
0 0

1 2 ((p+2)/ (m+1))’
(|u?(t)|mu?(t)’w]') < ”u?”:l:z Ile||((p+2)/(m+1))’ < ”u?”Z:Z |w]'”((Z:2)/(Tmn:1))’ <G
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! ' 2 +2
[ Qurcomunis) s < [ (i + oyll2)as <,

I;<|u”(s)|P_lu"(s),wj>ds < CT.
(3.27)

Letn — oo in (3.26) and we deduce from (3.23), (3.27) and the Lebesgue-dominated
convergence theorem that

t t t
P%l <|ut(t)|"+1,w]-> + ’[ (Au(s), Awj)ds + f0(|us(t)|mus(s),wj)ds + J;) Y (Augy(s), Awj)ds

= Zj < -0; (1, (5)), w]>ds + It<|u(s)|p_1u(s),wj>ds, t>0,j=1,...,n

(3.28)

This implies u € L ([0,T] ;Hé) is a local weak solution of problem (1.1). The proof of
Theorem 2.1 is completed. O

Secondly, we prove Theorem 2.2. First we give two lemmas. It is easy to prove what
follows.

Lemma 3.2. The modified energy functional satisfies, along solutions of (1.1),
E'() = =lull5:25 = yll Awill; < 0. (3.29)

m+2

Lemma 3.3. Assume that (A1)-(A3) hold, satisfying

(r-1)/2 (p-1)/2
co<<2(: hl 1)15(0)> + ( (r+ 1)15(0)> > <1, 50

1(0) > 0.

Then I(t) > 0.

Proof. Since 1(0) > 0, then there exists (by continuity) T, < T such that I(t) > 0,for all ¢ €
[0, T}), this gives

I(t -1 +
R s L R T

2 p- p+l
Il e o

(3.31)

r—1
>
T 2(r+1)
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By using (2.8), (2.9), (3.31), and Lemma 3.2, we easily have

2(r+ 1) 2(r+ 1)

| Aul; < 2T JE0), Ve[0T (3.32)

J(#) <

2(r+1)
p, E(t) <

-1
We then exploit (2.12), and (3.32) to obtain

- 2(r+1
CallVul} < BiCalldulg™ < B Cal s aulf < By o (20

r-1)/2 )
E(O)) |Aul,

(r+1)

[l

p+1 = BZHA””]ngl = Bz(

(p-1)/2
PEO) I8uB, e,
(3.33)

Using (3.33), we have

1 2(r+1 (r-1)/2 2r +1 (p-1)/2
Callvuld+ il < Bica( X E@) hau B (2 PE) 4wl

(r-1)/2 (p-1)/2
SC0<<2(:+1)E(0)> (2P E0) >||Au||§

<|lAu|3, Vtel0,T.),

(3.34)
where Cy = max{B,, B1C,}.
Therefore,
r 1
1(t) = [Aully = Col| Va7 = llulll?y >0 (3.35)
for all t € [0, T.]. By repeating this procedure, and using the fact that
(r-1)/2 (p-1)/2
1imco<<2(”1)E(t)> +<2(r+1)E( )) >
t—T, r
(3.36)
(r-1)/2 (p-1)/2
< lim Gy (2(”1)E(O)> + (2(r+1)E(O)> <1,
t—T. r—1
the proof is completed. O

Lemma 3.4. Assume that (A1)-(A4) hold, (2.12) satisfy. Then the solution is global existence. More,
exist positive constant M > 0 has

p2 = m+2

t t
AUl + 2 < M; f||us||m*2dsSM; anusn%dssM, Vi [0,00).  (3.37)
0 0
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Proof. It suffices to show that

+2
A3+ 75 (3.38)

is bounded independently of t. To achieve this, we use (2.9), (3.31), and Lemma 3.2 to get

t t
E(0) = Et +f sl 2ds + yf A Bds
0 0
> () + —— 2 + t||us||'“*2ds +y t||Aus||2ds
= p +2 p+2 m+2 0 2

r—-1 5 41
ZmHAqu m” (108 (3.39)

t
+2 2 2
ol f s + v | A lids
0

r—1 2 2 2 ' 2
> sy AulE + ol f ||us||zizds+yfo | Au .

Since I(t), J (t) are positive. Therefore,

|l Aull3 + )25 < CE(0). (3.40)
Moreover,
t
[ s < o) Yf | Aus|2ds < E(0), (3.41)
0
where C is a positive constant, which depends only on r. O

Lemma 3.5. Assume that (A1)—(A4) hold, (2.12) satisfy. Then exist C > 0 has

f ||us||P+ ds < Cim=p)/ (m+2), (3.42)

t t
f | Au|3ds < cf I(s)ds. (3.43)
0 0
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Proof. Using Lemma 3.4, we have

t (p+2)/ (m+2) f (m—p)/ (m+2)
+ 2
f s 3dls < <j s[5 s ) <j 1ds>
0 0

(p+2)/ (m+2)
<C<I ”us”$:§ > t(m—ﬂ)/(m+2)

< Ct(m—p)/(m+2) )

Using (3.34), we have

r+1 (=072 2r+l -1/
cznwniihnun’;iiSBCO<( T le0)  (PE0) )lau

= 7l| Aulf3.

So
(1=mlAull; < 1(t);
the proof is complete.

Lemma 3.6. Assume that (A1)-(A4) hold, (2.12) satisfy. Then there exists a C > 0, having

t
I I(S)dSS C<t1/2+t(m—p)/(m+2) +t1/(m+2) +1>.
0

13

(3.44)

(3.45)

(3.46)

(3.47)

Proof. By multiplying the differential equation in (1.1) by u and integrating over €, using

integration by parts (2.9) and assumption (A1), we obtain

2
' N V0 e )
dt p+1’7 p+1 2 hn

N

1

+ y(Azut,u> + > (0i(,) 1) = ”ulliil
i=1

v

p+2
d /|l u lluaell 42
5<P+1/u> FES| (| Aully + (el e, 1)

1
+ Y (Aw, Au) = G| Vull7}1 = [lulll;

Ul"u Ut
<| tl t, ) p+2 I(t)

+ (Jue||™ e, w) + y(Auy, Aui).

(3.48)
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So
2
' sl
1 2 2
[ T <l il + ol + [ =252 s
0 0 (3.49)
t t
+ ’[ (Ilus|™us, u)ds + yJ‘ (Au,, Au)ds.
0 0
Using (A3), (3.42)-(3.43), we have
+1 +2\ (p+1)/(p+2)
[T L o 17 ey laul, <C,

t t t
1
j f o™ e dis < f sl ol SCf lusl223]| Al ds
0/Q 0 0

t t (m+1)/(m+2)
< CI llus |3 ds < C<I ||us||m+2> {1/ m2) < opt/mv2)
0 0

m+2 m+2

¢ ¢ ¢ 1/2
yJ (Au,, Au)ds < yf | Augl,|| Aull,ds < c<f ||Aus||§ds> /2 < Ctl/2,
0 0 0

(3.50)
Therefore,
t
f I(s)ds < M(1 + 1/ 0m2) y mp)/(ms2) | t1/2>. (3.51)
0 O
Proof of Theorem 2.2. First, t — (1 +t)E(t) is also absolutely continuous, and we have
d
E((l +t)E(t)) < E(t). (3.52)

A simple integration of (3.52) over (0, t) leads to

(1+t)E(t) < E(0) + ft E(s)ds
0

1 t 2 1 t )
< EQ)+ 1 [ Il s + 5 | Naulgas

Nt 1 t Pl
+ % fo J;) Aj(uy,)dx ds — ol L [l s
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1 t 2 1 t )
< EO) + o [ Il s + 5 | naulgas

N 1 ¢ bl
+ Ai(uy,)dxds + f llull’ ., ds
ZO:J‘o fg p+1J, pHl

1 t o 1 t )
< EO)+ o [ Il s + 3 | naulgas

G r+l 1 (e
+ [ Vull)1ds + l[ull,,,1 s
0 0

r+1 p+1
(3.53)
Using the upper inequality, (3.45), (3.46), and (3.52), we have
1 o2 1 (t , t ,
(1+¢t)E(t) <EQ0) + llusll’.ods + = | |Aullads + C | [|Aull3ds
pP+2)o ’ 2)o 0
(3.54)

1 t +2 g
< ’ :
<E0) + oi2 J;) ||us||p+2ds + Cfo I(s)ds

Apply (3.42), (3.47), we can get (2.13).

Using (3.31) and Lemma 3.3, we get J(t) > 0,1(t) > 0. (2.13) implies limt — ooE(t) =
0. So when t — oo, we have ||ut||51§ — 0O and J(t) — 0. It is that (2.14) is satisfied.
Theorem 2.2 is complete.

Following we will prove Theorem 2.3. For this purpose we set

L(t) == E(t) + €¥(t), (3.55)
where ¢ is a positive constant and
Y(t) = LJ‘ |us|Pusu dx. (3.56)
p+l)g
O

Lemma 3.7. Let ¢ be small enough. Then there exist two positive constants ay and ay such that
aL(t) < E(t) < apL(t). (3.57)

Proof. By Lemma 3.4 and Young’s inequality, a direct computation gives

£ p+2d £ J‘ p+2d
P+2,[g|ut| x+P+2 glul *

£ g2 By [2(r+ 1)19(0))9/2 )
< _c
< B0+ Sl + 25 (F2EE )

L(t) <E(t) +
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(p+2)/
< B + e + 25 (X1 D) 0y

p+2\ r-1
1
< —E(t).
< E®
(3.58)
Similarly, we have
L() > E() - — f g P2 edx - —— f |ulP*?dx
N p+2)o p+2)o
> E(t) - £ I ”p+2 _ B (2(r + 1)15(0));7/2”Au||2
- p+2 o2 p+2 r—1 2
(3.59)
B 2 1)\ (P+2)/2
> E(t) - eE(t) - ::2 <%> E(0)"/2E(f)
1
> —E(t
> CE(®),
provided that ¢ is small enough. O
Lemma 3.8. Assume that the conditions of Theorem 2.3 hold, then the function
1
Y(t) = — P )
(1) 0Tl J‘Q [t |Pupu dx (3.60)
satisfies, along the solution of (1.1),
) 1
V() < = ZE() + plluellns + wll Aull. (3.61)
Proof. Applying equations of (1.1), we see
lp/(t) = P 1 ||ut||Z:§ + J;z |ut|puttu dx
_ ! [|lu ||p+2 +J‘ —A%u — uy|™u +§:io-(u ) = yA%uy + |l 'u Yudx
o+ 1 tlpr2 o tl Ut i:1axiz xi) —Y t
= Ll 1~ (ol 0) = 30 1)~ (B, D)+
=T ull, ully — (Jue|™ur, u 2. 0i(Ux;), ;) = ¥ (Auy, D) + |luel]

1 ) N N
= - lulfE -1t - 3 [ Adwdrs 3 [ (At - (@) 1)) dx
P+2 i=1 7 Q i=1 7 Q
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p+l 2p + p+2
el

- (|ut| U, u) Y(Autf Au) + ||u||p+1 ( t 2)( + 1) p+2

m p +3 +2
< —E(t) = (luel™ue, u) - y(Aug, Au) + W”ut”zﬂ

N
pr1 T Z f (Ai(ux;) = 0 ) ;) dx.
i=1 7 Q

(3.62)
Exploiting the assumption (A1) and Young's inequality, we have
N
> | (Aits) - it s x <0
Q
P+1 p+1 (p+1)/2
p+1 p+1 < PB2 2(r + 1) (p—l)/Z
Pl < B au < B (2 (E©)" " 2E()
m+2
| (", 1) | < s ey ey 1 el + - el
1 w2, (6B)™2 (2r + DEQ)\"™? 1
e Il + - Al
(m +2)5(m+2)/ (m+1) m+2 r-1
1 m+2
< (m +2)6 (m+2)/ (m+1) || t”m:Z
5B m+2 2r +1 (m+2)/2 .
4 m2+)2 ( (r_ : )> (E(0)™2E(t), V6>0
Fr(au, 2] < P B+ Thjaulg, vy o
(3.63)
Exploiting (3.63) and (3.62), we get
2
pBy /2(r +1)\ P72 .
W < —[1 L (EER) oy
(6B2)"" <2<r + 1>><'"+2>/2 w2 1)
m+2 r—1 (E0) r— E®
1 m+2 -1 2p+3 p/(p+2) p2 2
— 2)E(0 B Aull3.
+ (m+2)6(m+2)/(m+1)||ut||m+2+<yrl + (P+1)(p+2) ((p+ ) ( )) 2 ” u”Z

(3.64)
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Choosing 6 satisfies

m+2 r-1 p+1\ r-1

and 7 satisfies

2r+1) 1 By /2(r+1)\ P/ ]
T 5—1)21[1_7;1( (r—l)> EO)"7),

at the above; the proof of (3.61) is completed.
Proof of Theorem 2.3. Using (3.61) and Lemma 3.7, we have
L'(t) = E'(t) +e¥'(¢)

m+2

£
< (M3 = Yl Aul) = SECE) + epllullil + ecoll A
2
== 1E0) = (r —ew) | Aull = (1= ep) faull2

<=L - (1 - ew) ] - (1= ep) 135

Choosing ¢ satisfies ¢ < min{y/w, 1/pu}. So we have
L' < -%L(t), Vit > 0.
A simple integration of (3.68) over (0, t) leads to
L(t) < L(0)e~Ea/dt vt > 0.
Exploiting Lemma 3.7 again, we have
E(t) < ap,L(0)e /Mt .= Ke™, Yt >0,

where K, x > 0 are constants. The proof of Theorem 2.3 is complete.
4. Blow-Up of Solutions
Proof of Theorem 2.5. Assuming that the solution of (1.1) is global, we have

E'(t) = ~luell = yll Awill3 < 0.

m+2

m+2 m/2 BP+2 (p+1)/2
(6B>) <2<r+1>E<O>> =}I[1_pz <2<r+1>> (E(O))<p_1>/2]

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(4.1)
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So
|Aul); < Cs;

we set
t
Q(t) = —f E(s)ds + (ot + w)f uzdx,
0 Q

where o, w are constants and will be given later.
Consider

Q'(t) =-E(t) + OJ;; ujdx > OL2 uidx — E(0).

Choosing o satisfies the following condition in (4.4):
oj u3dx — E(0) = Q'(0) >0,
Q

so we have
Q'(t)>Q'(0)>0, Vte[0,T].

Moreover, we have

t t
Q'(H)-Q(0) = E(0) - E() = - fo E'(s)ds = L(nusnzﬁ + 7]l A |2 ds.

Define

£

t
K@) :=QY7r(t) + PES f J; |us|Pusudx ds,
0

where € > 0 will be given later, and

r-p-1 p-m-1 r-m-1

0<y§min{

(p+2)(r+1) (p+1)(m+1) (m+1)(r+1)

19

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)
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Multiplying (1.1) by u and a direct computation yield

t
£ £
! = — YO - P p
K= (1-1)Q Q(t)+p+1fg|u1| uluodxds+p—+1fojg(|us| u) dx ds
= (1-1QQ W+ —— [ Pz ds + [ [ ju2axds
= Y p+191 1Uo P+1OQS
t
+ef f |us|Pussu dx ds
0o

=(1-7Q7Q(t)+

t
f j lug|P*dx ds
1 0/Q

t t t
—ef f Azuudxds—sj I |us|mu5udxds—£yf f A*ugudx ds (4.10)
0/o 0/a 0Ja
N d t
+er j —oi(uxi)udxds+sjf [ulP " uu dx ds
o170 o 0x; 0/Ja
t
I J lug|Pdx ds
1JoJa
t t t
—ef f |Au|2dxds—£yf f AusAudxds—ef J‘ |us|"usu dx ds
0/o 0/o 0Ja

N t t
1
_ngf oi(uxi)uxidxds+sf ]l ds.
i=1 Y0/ Q 0

=(1-y)Q7Q'®+

f [ur [Purugdx ds + £
ptllg p+

Exploiting (4.7) and (B1), we have

t t t
v [ swsudras< L[ jauias oy | jaugas
0/a = Jo 0 (4.11)

< 12 (Q(H) - Q(0)) + 1YCsT,

g2 +2 m+1 1)/ (m+2 ' +2
I f |us|"usu dx ds < < f I lu|™?dx ds + —— ¢~ ((m+1)/ (m+ ))J ’[ [us|misdx ds
0Ja

m+2

g™ |u|"‘+2dx ds + m+1 (1) me2)) Q' (H) -Q'0)
T m+2 m+2°

(4.12)

t t
-J f oi(ux,.)ux,.dxdszqf [Vul[ " ds. (4.13)
0/Q 0
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Using (4.10)-(4.13), we have

2 £ t
") > (1 - 10! - p p+2
K'(t)> (1-7)Q Q(t)+p+1,[g|u1| ulude+p+1,[o,[g |us|P**dx ds

t t t
weCy [ Ivulids e [ 1aulids e | uiflids - eryTC
0 0

p+1
(4.14)
m+1 ~ y m+2
_ . 1)/ (m+2) . T ' _ m+2
s<m+2g +’12>Q(t) £m+2j f [u|"“dx ds
m+1 _ Y
(m+1)/ (m+2) o !
+s<m+2g +TZZ>Q(O).
Choosing g, 77 satisfies
¢ (e /(D) - NLQ7Y (1), % = MQ77(t). (4.15)
Then we have
, m+1 N
K'(t)y>[(1-y) _£m+2Ml —syMz]Q TQ'(t) +
J I lu |P+2dxds+g<m+1M +eyM )Q‘YQ’(O)
p +1 ° mya 1R
M - (4.16)
—e— Qﬂm“)f f lu™*?dx ds — e M, QVyTCs —sf | Au|3ds

+gf ||u||” ds+ec4f V|t ds

r+1

A simple computing implies

- v
Q= -— Io E(s)ds + (ot + w) Lz u%dx]

[t !
( +CollVal Vds + (0T + ) uoll (417)
o\ p+1

Y
_ 2 r
<2G [<oT+w>Y||uonJ . <f (el + 17l ) > ]

IN
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Using (4.17), (B2), embedding theorem, and Hélder inequality, we can get

t Y (m+1)
_ 2 1
QI < [2Y 'Cs [<0T + )" luolly” + <f0(||u||,’:1 +[Vull)d > H
! . y(m+1)
< 20-DmsD-1c, <J0<||u||§:1 + ||Vu||:ﬂ> > (4.18)

+ (OT + w)Y(m+1) II”OII?/(mH)] ,

t t (m+2)/ (p+1)
ajj |u|m+2dxds§cxj (f |u|”+1dx> ds|Q|P~m=D/(p+D)
0Ja 0 Ve

! (m+2)/ (p+1)
e e 1
< a|Q|(P m=1)/(p+1) 7 (p-m=1)/ (p+1) <j ||u||5:1ds> (4.19)
0

¢ (m+2)/(p+1)
+1
- Gy (f ||u||z+1ds> ,
0

where CS = a|Q|(P—m—l)/(P+1)T(P—m_1)/(P+1).
Consider

t t
(l—a)ff lu|™?dx ds < (1—a)BJ‘ | Vul|3*ds
0/Q 0

(m+2)/(r+1)
<(1 OL <J‘ ||Vu||r+1 > t(r—m—l)/(r+1) (4.20)

¢ (m+2)/(r+1)
G <’[ ||V”||:ﬁd5> .
0

Using (4.18)-(4.20), (B1), we get
t
Qy(erl) I J‘ |u|m+2dx ds
0Ja

¢ y(m+1)
< 20D -1C [< j (Nl + V2721 ) > + (0T + w>Y<’"+l>||uo||§“m*”]
0

¢ (m+2) /(p+l) (m+2)/(r+1)
1
x c8<f ||u||511ds> <f IVullyd >
0
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t y(m+1)+((m+2)/ (p+1))
< 20-D0m-1c, c8< f (||u||§ﬁ+||Vu||:1})ds>
0

+ (0T + w) ™D ugg |77V

t y(m+1)+((m+2)/ (p+1))
+1 1
x Cy <f (Il + IV ul})d >
0

y(m+1)+((m+2)/(r+1))
4 20 D1, <f <||u||§j+||w||:ﬁ)ds>

+ (OT + w)Y(m+1) ||u0 ”;Y(m*'l)

¢ y(m+1)+((m+2)/(r+1))
1
x c7<f (el + V2l )d > :
0

(4.21)

Using (4.9), (4.17), and Young inequality, we have

t t
QUm1) fo fg |2 dox ds < c9<1 + fo(nungﬁ +[IVull)d > (4.22)

Similarly, we have
t
TC3Q" < Cyo <1 + f0<||u||52 + ||V”||:ﬂ> > (4.23)

Additionally, we choose ¢ satisfying

I-y
S m+D)/(m+2)M /My’

(4.24)

Using (4.16), (4.21)—(4.24), we get

€
1 > p
K'(t) > _,0+1 Lz |ug [Puupdx ds + Py

€ t
f f lus|Pdx ds
1 0/Q

t (-m-1)
- 5f IAulds — | 0y 4+ CroL
. me2 M,

t M(—m—l)
r+1 1 Y
IO<||”||p+1 +|Vu ||r+1> [Wcﬁclom]

t
wemin(1, i) [ (Wl + i) + 2000




24 Abstract and Applied Analysis

+ gg} J; fg ’[:Xi oi(t)dr dxds

t ”u” t
p+1 f; p+2
- S+ u d

§J‘o P+1 P+1fo” olpi2ts

t
<5 | nauiids - a0t -l

luall;
IJ J GI(T)dede—J P+1
Cz 1 lu ”p+1
2 ([ vuiias - [~

1 r+1 p+l
2 - 0(||Vu||,+1+||u||p+1) 5.

(4.25)

Using (4.25), we get

K'(t) > ¢Q(t) + <P“§L2 o 1) j ||us||p+2ds+£<— - 1> f | Au|j53ds

: 1 g Mml Y : p+l r+1
re( min(1,Cy) - 252 - Lo Co-Coge ) | (I +IVall) - @26)

-m-1

1 ¢ t M; %
EI:p+1 fg|u1|Pu1u0dx— E(oT+w) fo ujdx — po— C9-C10M2

choosing 2¢ < ¢ < (p + 1)¢, up, u; satisfying

: 1
min{1,Cq4} - ’ﬁé
(4.27)
I |11 [Py uodx — é(oT + w)f 2dx > 0.
p+1
Then we choose M1, M, big enough, satisfying
. 1 ¢ Mt Y
mln{er4}_ P+1g_ —) C9—C10M2 >0
(4.28)

—m—1

M
j |u1|pu1u0dx—§(oT+w)J ujdx — m1+2

_Cia
P+1 C9 C10M2>0.
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Using the two above inequalities, we have
K'() > Cs[ (t) + f lusllf5ds + f 1Aul3ds + f (Va7 + laaly ) ds + v], (4.29)

where v > 0. So
1-y
K(t) > K(0) > <wf ugdx> > 0. (4.30)
Q

Using (B1)-(B3), (A4), and Holder and Young inequalities, we have

1
[ e < L [ g ival, s

(4.31)

t
Tu
< 57 [ (0 ) as,

where (1/p) + (1/0) = 1.
So we have

Y) ¢ ( : 1/(1-y) ¢ 1/(1-y)
+1 0
< C<f sl ”ds) + < f ||Vu||,+1ds>
0 0

D((p12)/ () w(p+1)/(1=y)(p+2)
+ + +
s<f||s||f+2”" P"d)

t 0/(1+r)(1-y)
0-((1 /0
+c<j Va0 D70 g >
0

¢ wulp+1)/(1-y)(p+2)
+2
- C<I ||us||5+2ds>
0

¢ 0/(+r)(A-y)
+ C<f ||Vu||i:{ds> -
0

p+1f f |us|Pusudxds

(4.32)

Using (4.9), (4.32) and choosing p satisfy u(p+1)/((p+2)(1-y)) =1, then08/(1+r)(1-y) < 1.
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So

oi I f |us|Pusudx ds

1/(1-y) t )
+ 1
sC< f ||us||’;+2ds+f IVuld >+ﬁ
0

t t
< C< j [ERE +f IVullyiids (4.33)
0 0

1
f | Aulids +f ||u||§il>

where f > 0 is a constant. Finally, we can easily get
1/(1-y)
> . (4.34)

t
! ff |us|Pusudx ds
1 0/Q
K'(t) > CKYIM(1), t<T, (4.35)

Kl/(l—y) < 21/(1—}’) <Q(t) + E1/(1—y)

Combining (4.29) and (4.33)-(4.34), we have

for some constant C > 0. Integrating the above inequality in (0,t), we get

P ! VE<T. (4.36)

(K-1/0-0(0) — ct) /7’ -

The above inequality implies K(t) blows-up on some time T*. Since u exists globally, so we
have

ug|Pusudx ds < oo. (4.37)
o1 ] el

And we know that K(t) — o0,as t — T*, so

Q' (t) — oo; (4.38)
this implies Q(t) — oo, that is to say — jé E(s)ds — oo. Because
t
—f E(s)ds < —tE(t), (4.39)
0

we know

E(t) — —o0, ast—T". (4.40)
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This contradicts with the assumption that u is a global solution. So the solution of (1.1) blows-
up on time T™. 0
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