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The paper deals with the existence of solutions of elliptic equations in the framework of Orlicz
spaces with right-hand side measure and natural growth term.

1. Introduction
We deal with boundary value problems

A(u) = gu)M(|Vul) +p in Q, (P,)
u=0 on 0Q, '

where
A(u) = —div(a(-,u, Vu)), (1.1)

Q is a bounded domain of RN, with the segment property. a : Q x RxR¥N — RN isa
Carathéodory function (i.e., measurable with respect to x in Q for every (s, ¢) in R x RV, and
continuous with respect to (s, ¢) in R x RN for almost every x in Q) such that there exist two
N-functions P <« M and for all ¢,¢* € RV, ¢ #¢*, the following hypotheses are true

a(x,s,&)é > aM(%), (1.2)

[a(x,s,&) - a(x,s,8)][¢ - &'] > 0, (1.3)
la(x,5,8)| < c(x) + kP M(kals|) + kM M(kalg]), (1.4)
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where c(x) belongs to E5;(£2), ¢ >0, k; (i =1,2,3,4) to R*, and a, A to R}.

+00 ﬁ ¢
M(t) < tN, t1+§\f’) dt = +oo, (1.5)
g:R"— R" an integrable function on R, (1.6)
ueM;(Q). (1.7)

For the sake of simplicity, we suppose in (1.2) thata = A = 1.
This paper is devoted to study the Dirichlet problem for some nonlinear elliptic
equations whose simplest model is

-Apu = g(w)|Vul + p. (1.8)

This kind of problems has been widely studied. Many authors have proved results for second-
order elliptic problems with lower-order terms depending on the gradient; these works
include, for instance, [1-6]. After the classical example by Kazdan and Kramer (see [7]),
which shows that (1.8) cannot always have solutions, two different kind of questions have
been considered. On the one hand, in some papers, the existence of solutions when the source
f is small in a suitable norm are proved. On the other hand, conditions on which the function
g have been considered in order to get a solution for all f in a given Lebesgue space. This is
the way chosen in [1, 5, 6] under the hypothesis g € L.

In [8], the authors present some results concerning existence, nonexistence, multiplic-
ity, and regularity of positive solutions for two elliptic quasilinear problems with Dirichlet
data in a bounded domain. The first problem is similar to (1.8) and the other is

—Apv = Af(x)(1+b(v)P, (1.9)

where A, f, b, g required some specified conditions. The first one, of unknown u, involves a
gradient term with natural growth. The second one, of unknown v, presents a source term of
order 0. They gave and established a precise connection between problems in u and v. Also,
they proved a result of existence for the problem in v with general bounded Radon measures
data and obtained some results for the problem in u by using the connection between these
two problems. Other authors have established this connection between the two problems
(1.8) and (1.9); one can see, for example, [9].

Many researchers have investigated the possibility to find solutions of (1.8) under
the sign condition g(s)s > 0, in which case the term g(u)|VulF is said to be an absorption
term. In [5], the author treated the problem (1.8) without using the above sign condition but
by supposing the summability of the function g. The principal tools used is the Lebesgue
decomposition theorem (see [10]) and the cut functions with respect to the measure p. The
result given is optimal.

In the spirit of the work [5], our purpose in this paper is to prove existence results
in the setting of the Orlicz Sobolev space WLy (€2) when the operator does not satisfy the
classical polynomial growth.
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2. Preliminaries

Let M : R* — R* be an N-function, thatis, M is continuous, convex, with M(t) > 0 fort > 0,
M)/t — 0ast — 0and M(t)/t — oo ast — oo. The N-function M conjugate to M is
defined by M(t) = sup{st — M(s) : s > 0}.

Let P and Q be two N-functions. P « Q means that P grows essentially less rapidly
than Q; that is, for each £ > 0,

P(t)
Q(et)

— 0 ast— oo. (2.1)

The N-function M is said to satisfy the A, condition if for some k > 0: M (2t) < kM(t) for all
t > 0; when this inequality holds only for t > t; > 0, M is said to satisfy the A, condition near
infinity.

Let Q be an open subset of RN. The Orlicz class £ (Q) (resp., the Orlicz space Ly (Q))
is defined as the set of (equivalence classes of) real-valued measurable functions 1 on Q such
that [, M(u(x))dx < +oo (resp. [, M(u(x)/A)dx < +oo for some A > 0).

Note that Lp(Q2) is a Banach space under the norm [lu|l,;o = inf{A > 0
fg M(u(x)/A)dx < 1} and £y (Q) is a convex subset of Ly(€). The closure in Ly (Q) of
the set of bounded measurable functions with compact support in Q is denoted by E(Q).
In general Ep(Q) # Lar(Q2) and the dual of Ep;(€2) can be identified with L7;(€2) by means of
the pairing fg u(x)v(x)dx, and the dual norm on Ly7(£2) is equivalent to || - |57 o-

We now turn to the Orlicz-Sobolev space. WLy (Q) (resp. WEpM(Q)) is the space
of all functions u such that u and its distributional derivatives up to order 1 lie in Ly (€2)
(resp. Em(€2)). This is a Banach space under the norm |[ully pp0 = X<t ID*ullpo- Thus
WL\ (Q) and W'Ep(Q) can be identified with subspaces of the product of N + 1 copies
of Ly (L). Denoting this product by I'lLys, we will use the weak topologies o(I'1L s, ITE;)
and o(I1Ly, I1L7;). The space W&E Mm(Q) is defined as the (norm) closure of the Schwartz
space D(Q) in W'Ep(Q) and the space WLy (Q) as the o(I1L, [1E5;) closure of D(Q) in
WL\ (). We say that u, converges to u for the modular convergence in WLy (Q) if for
some A > 0, fQ M((D*u, — D*u)/A)dx — O for all |a| < 1. This implies convergence for
o(ITLy, ILzp). If M satisfies the A, condition on R* (near infinity only when Q has finite
measure), then modular convergence coincides with norm convergence.

Fore more details about the Orlicz spaces and their properties one can see [11, 12].

For k > 0, we define the truncation at height k, Tx : R — R by: Ti(s) = max(-k,
min(k, s)).

3. Main Result
3.1. Useful Results

First, we give the following definitions and results which will be used in our main result.
The p-capacity C,(B, <) of any set B C Q with respect to € is defined in the following
classical way. The p-capacity of any compact set K C € is first defined as

Cp(K, Q) = inf{fg [Vl dx: @ e D(Q), ¢ > xK}, (3.1)



4 Abstract and Applied Analysis

where yk is the characteristic function of K; we will use the convention that inf ¢ = +co. The
p-capacity of any open subset U C Q is then defined by

Cp(U, Q) = sup{C,(K,Q), K compact K c Q}. (3.2)
Finally, the p-capacity of any subset B C Q is defined by
Cp(B,Q) = inf{C,(U,Q),U open B c U}. (3.3)
Definition 3.1. We say that u is a weak solution of the problem (P,) if

u is measurable, T (u) € W&LM (Q),

(3.4)
f a(-,u, Vu)Vvdx=f g(u)M(|Vu|)vdx+f vdu Vv e D(Q).
Q Q Q

We define M, (£2) as the space of all Radon measures on £ with bounded total variation, and
Cp(L) as the space of all bounded, continuous functions on €, so that fg ¢ dp is defined for
@ € Cp(L2) and p € M(Q).

We say that a sequence (y,,) of measures in M (€2) converges to a measure y in My (£2)
if

lim f pdpu, = I pdu, (3.5)
Q Q

n—+oo

for every ¢ € Cp(Q). If this convergence holds only for all the continuous functions ¢ with
compact support in Q, then we have the usual weak * convergence in My(£2).

Lemma 3.2. Under the hypotheses (1.2)—(1.6), f € L*(Q) and f > O, there exists at least one
positive weak solution of the problem

Au) =gw)M(Vul) + f in Q,

P
u=0 on 0Q. (f)

For the proof see [12].
Let M be a fixed N-function, we define K as the set of N functions D satisfying the
following conditions:

(i) M(D7(s)) is a convex function,

(ii) [; DoB™1(1/r"YN)dr < +oo, B(t) = M(f) /1,

(iii) there exists an N-function H such that H oﬁ_l oM <D and H < D near infinity.
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Lemma 3.3. Let (u,) be a sequence of solutions of the problem

A(uy) = F,, (3.6)
Uy € WiLa(Q), ’

where (F,) is a sequence of functions bounded in L' (Q). Then (uy) is bounded in WSLD(Q) for all
N-functions D € K.

For the proof one can see that the technique used in [13] and adapted to the elliptic
case gives the result, but for the simplicity we give a sketched proof.

Proof. Let denote by An =: NC%N, Cn the measure of the unit ball of RN, and u(0) = |{|u| >
0}.
Let ¢ be a truncation defined by

0 0<¢<0
1
p@) =4 p¢7h O<c<O+h (3.7)
1 (>0+h
-p(=§) §<0

forall8,h > 0.
Using v = ¢(uy,) as a test function, we obtain after tending h to zero

d

-—— M(|Vuy|)dx < CI |Fp|dx. (3.8)
do Jju,>6)

{|un|20}

Following the same way as in [14], we have for D € K,

dJ‘ , B 1 d
-4 D(|Vun|)dx < (~4'(8)) DoB <<——— M(|Vun|)dx>>.
doé ) (ju, 56 (6] Anp(0) VN dO ) 1y, 150)

(3.9)
We obtain
_4 j D(|Vuy|)dx < (=4 (0))DoB™! <—;> (3.10)
do J (i, >6) T Anp(@) N ) '
So,
f D(|Vuy|)dx = f <—%J‘ D(|Vun|)dx>dt
Q 0 {|un|>6} (311)

1/ C
<& o ((F5m))as

Then the sequence (u,) is bounded in W(}LD(Q). O
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Lemma 3.4. Let y be a nonnegative Radon measure which is concentrated in a set E of zero p-capacity.
Then there exists a sequence (gs) of D(€) functions such that

Jim f [Ves|Pdx=0, 0<¢gs<1, Jim f (1-gs)du = 0. (3.12)
Q Q

— 0 — 00

For the proof see [15].

Remark 3.5. By the above lemma, we have that (¢5) converge to zero both strongly in Wg P(Q),
a.e. in Q, and in the weak * topology of L*(€).

3.2. Existence Result

In what follows, we suppose that the set K is nonempty.

Theorem 3.6. Let xo € Q, under the hypotheses (1.2)—(1.6) and N > 2, there exists at least one
positive weak solution of the problem

A(u) = gu)M(|Vul) + 64, in &,

u=0 on 0Q. <P6XO>

Remark 3.7. (1) The condition N > 2 is very important to ensure the existence of cut functions
for the measure 6y,. The case N = 1 is easily treated, since we come back to the variational
case.

(1.9) The condition [ (M(t)/t'*N')dt = +oo is supposed to guarantee that we are not
in the variational case and the study has a sense (see [16]).

Remark 3.8. The conditions (i), (ii), and (iii) permit us to determine the regularity of the
solutions of (P%) and improve the one given by Porretta in [5]. If M(t) = t*, one can find a

solution u such that [, [Vu|N®D/(N"D/Log?(e + |Vu|) < +oo, for some ¢ > 1.

Remark 3.9 (see [5]). The condition ¢ € L! is optimal in the sense introduced by Porretta in
[5].

Indeed, if y is the Dirac mass, there is no solution which can be obtained by approxi-
mation. In particular, in the reaction case (g(s)s < 0), if u is approximated by a sequence of
smooth functions, the sequence of approximating solutions converges to a solution of (P,) if
¢ € L!, while it blows up everywhere if ¢ ¢ L.

Finally, let us say a few words on how positive constant will be denoted hereafter. If
no otherwise specified, we will write C to denote any positive constant (possibly different)
which only depends on the data, that is on quantities that are fixed in the assumptions (N,
Q, and so on...); in any case such constants never depend on the different indexes having
a limit. In the sequel and throughout the paper, we will omit for simplicity the dependence
on x in the function a(x, s, ¢) and denote e(n, j, 6, s, m) all quantities (possibly different) such
that

lim lim lim lim lime(n,j,6,s,m) =0, (3.13)

M—00§—00§—00j— 00N>
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and this will be in the order in which the parameters we use will tend to infinity, that is,
first n, then j, 6, s, and finally m. Similarly, we will write only e(n), or e(n, j), ... to mean that
the limits are made only on the specified parameters. Moreover, for the sake of simplicity, in
what follows, the convergence, even if not explicitly stressed, may be understood to be taken
possibly up to a suitable subsequence extraction.

3.2.1. A Sequence of Approximating Problems

Consider the approximate problem

A(un) = gun) M(|Vuy|) + fu in Q,

(Pn
u, =0 in 08, f)

where (f,,) is a smooth sequence of functions such that || f,||; < C and f,, — 0, in M (Q).
The existence of solutions of the above problem u, € W;Ly(Q) was ensured by
Lemma 3.2.

3.2.2. A Priori Estimates

Lemma 3.10. There exists a subsequence of (u,) (also denoted (u,)); there exists a measurable
function u such that Ti(u) € WSLM(Q) and Ti(un) — Ti(u) weakly in W(}LM(Q), strongly in
Epm(Q), and a.e. in Q.

Proof. Let v = Ti(uy) exp(J;" g(s)ds) as test function in (Py,). One has

J‘Q a(x, u,, Vu,) VT (uy,) exp<f:" g(s)ds>
+ Lz a(x, un, Vity) Viry g (un) Ti (4,) exp <L”n g(s)ds> (3.14)

- [ MEvubg e ([ goas) + [ fitmes( [ gsras),
then
fg M|V Tk ()]) epr:" g(s)ds)dx < fg FuTi (i) exp<f:n g(s)ds) <Ck,  (3.15)

s0 (Tk(up)) is bounded in W Ly (Q).
There exist a subsequence also denoted (u,,) and a measurable function wy such that

Ti(un) — wi, weakly in W(%LM (Q), a.e. in L, and strongly in Ep(€). (3.16)
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By an easy argument we can see that, there exists a measurable function u such that
Tk (u) = Wk-. (3.17)
O

3.2.3. Almost Everywhere Convergence of Gradients

Lemma 3.11. The subsequence (u,) obtained in Lemma 3.10 satisfies

Vu, — Vu ae. in Q. (3.18)

Proof. Let us recall that since the N-capacity Cn({x0}, Q) = 0, there exists a sequence (¢s)
satisfying the Lemma 3.4 with y = 6,, and p = N. O

Step 1. In this step we will show the following;:

(1) limn—>+oo fgr(a('lTk(un)/ VTk(un)) - a('/Tk(un)/VTk(u)))(VTk(un) - VTk(u))(l -
ws)dx =0,

(if) 1imy— 100 [, (@(, T(un), VTic(un)) = a(, Tic(un), VTic())) (VT () = VT (1) )5 dx =
0.

Let m > 0, k > 0 such that m > k. Let p,, be a truncation defined by

1 Is| <m,
pm(s)=qm+1—|s| m<|s|<m+1, (3.19)
0 [s| >m+1.

Lets>0,Q° ={x e Q:|VTi(u)| <s}, Q]S = {x € Q:|VTk(v))| < s}.

We denote, respectively, by x°, x; the indicator function of Q°, Q.

Let v; € D(Q) such that v; — Ti(u) with the modular convergence in W(} L (Q) (see
[11]). ‘

Let zi{lﬁm = (Tr(un) - Tk(v,-))exp(f(';" g(s)ds)(1 — @s)pm(un), as test function in the
approximate problem. Then

(A(un), 2l ) = f ) M|Vt )2l nchx + f fazhimdx = Ji+ . (3.20)
Q Q
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We have
f a(., un,Vun)VzZ{indx
Q
= I a(:, tn, Vitn) pm(ttn) (Vi (1) — VTi (7)) exp (J ' g(s)ds) (1-gs)dx
Q 0
{0t T)pnn) (i) - Tuei) exp ([ (5)s ) Dy
Q 0
+ ’[ a(, tn, Vitg) Viypy, () (T () — Tic (0})) exp(Jmn g(s)ds) (1-¢s)dx
Q 0
+ I a(, tn, Viin) Vit po () (Tx (1) — Tk (0})) g (1) exp<f ' g(s)ds) (1-gs)dx
Q 0
- fg(ac, Tic(ttn), VT () = @ Te(un), VT (0) ;) ) (VT (1) = VT (0) ;) P (180)
X exp (fon g(s)ds> (1-ys)dx
[ o Tt VT(0)5) (Vo) = (0 5 ) )
X exp (fon g(s)ds) (1-g¢s)dx
+ I a(-, Ti(un), VI (11,)) VTi (un)pm(un) exp(fun g(s)d5> (1 - (Ifﬁ)dx
o- 0

- I ~a(, Ti(n), VTic(un)) VTi (v}) pm(un) exp (f ' g(s)ds) (1-gs)dx
Q- 0

_ f a(-, tn, Vitg) VT (0)) pru (1) exp(f ' g(s)ds> (1-gs)dx
[tn|>k 0

+ I a(, un, Vin) Vi, () (Tk (1) — T (0})) exp(J‘u" g(s)ds) (1-gs)dx
Q 0

+ IQ a(-, U, Vi) Vidyprm (Un) g (Un) eXP(f:n g(s)ds> (1-gs)dx

=h+L+Iz3+14+ 15+ I+ I7.
(3.21)

Then,

) 7

(Al), 2y = 0= T + ]2 (3.22)
i=1

1
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About I,: it is obvious since
a(-, Tk (1), VT (q-)xj) — a(-, Tx (1), VT (z@-)xi) strongly, (3.23)
that is

J‘Q a(-,Tk(un), VT, (Uj)X,s-> <VTk(u,,) - VT% (q-)x?)pm(un)(l —ys)dx =e(n,j). (3.24)

About I4: since (Tx(uy,)) is bounded in W&LM(Q) and VTk(U]')XQ_Q]? € (Em(Q))N, there exists
a measurable function &y such that (up to a subsequence also denoted T (u,,))

a(, Te(iy), Vi (1)) — hx weakly in (Lyr(Q))". (3.25)

Then - fQ_Q;; a(e, T (un), VT (1)) VTi (0;) (1 — g5)dx = _fg—g; hiVTi(v) (1 - g5)dx + e(n).

Since v; — Tk (u) in modular convergence, then

. j BT (0;) (1 gis)dx = —f Y Te() (1- gs)dx +e().  (3.26)
Q- Q-0

So,

hiVTi(u) (1 - gs)dx + e(n, ).
QS

_J' a(:, Ti(t4n), VT (1)) VT (07) (1 - ) dox = _J'
Q-0 Q

(3.27)
About Is: since p(u,) = 0 on the set {|u,| > m + 1}, then
- fl ‘ a(-, tn, Vi) VT (0)) pin (1) (1 — s ) dox
u,|>k
(3.28)
== J‘ a(, Tps1 (Un), Vi (un)) Vi (Uj)Pm (un) (1 - (Ifﬁ)dx
[un|>k
and as for I, one has
- f | a(-, tn, Vitg) VT (0)) pu(ttn) (1 = s ) dx
uy|>k
(3.29)

= —L . hmia VI (W) pr (1) (1 — g5 )dx + e(n, j) = e(n, j)

since VTi(u) = 0 when |u| > k.
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About Ig: let v = pp, (1) (1 — ) exp(jg" g(s)ds) as test function, in one hand we obtain
J‘ a(-, up, Viy)Vuy, exp<J‘ ' g(s)ds) (1-gs)dx
{m<u,<m+1} 0
+ J a(-, un, Viin) Vit g (1y) exp (J ' g(s)ds)pm(un)(l - gs)dx
Q 0
- j a(, un, Vun) Vs exp (J ' g(s)ds)pm(un)dx (3.30)
Q 0
= | sumvilexp(| " ts)ds ) o) (1= g)dx
o[ gvesn([ 02 ) putun) (1 - g
Q 0
So,
f a(-, un, Vi) Vu, exp(j ' g(s)ds> (1-¢s)dx
{m<u,<m+1} 0
<[ atou, V) Vgsexp( [ g(s)s ) puinn
@ ) 0 (3.31)
+ frew([ " g(6)ds )putun) (1 - o)
Q 0
< Cl| Vsl yllaC, Tonsr (1), Va1 ()l + Cfl (- ga)dx.
Uy|>m
On the other hand

Is = IQ a(-, up, Vun)vunplm(un) (Tk(un) — Tk (vf)) exp (J;]n g(S)dS) (1 - (F‘S)dx

- | At Vi) Vit (Ti () - T (7)) exp(fu" 8(5)ds ) (- g dx
{msu,<m+1) 0 (3.32)

< Zk[IIqualana(-, Tyt (), V Tt (1)) [l s + Cf fu(1- qfs)dx]
|un|>m
=¢e(n,6,m).

Let us come back to our main estimation (i). We have
J‘ (a('/ Tk (un)/ VTk (un)) - [1(', Tk (ui’l)/ VTk (u)xs)) (VTk (un) - VTk (u)XS)Pm (un) (1 - qIS)dx
Q

- f (@ Tictan), VTiat)) = a (", Tewn), VT (2)) 7))
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x <VTk(un) - VT (vj)x]s)pm(un)(l - gs)dx
+ J; a(-, T (1), VT (1)) (VTk (Uj)x]s. - VTk(u)Xs>pm(un) (1-g¢s)dx(=e(n,j))

- JQ a(, Te(un), VT () x*) (Vi (un) = VT (1) X°) prn (un) (1 = g5 ) dx (= €(n, j))

+ fg a(-, Ty (uy,), VT (v]-)xjs.> <VTk(un) - VTx (vj)x]s.>pm(un) (1-g¢s)dx(=e(n,j)).
(3.33)

Then we deduce that

f@(a(-,n(un), VT (4n)) = a(-, Te(un), VT () x°) ) (Vi (1) = Vi (1) X°) p (1) (1 = 5 ) dox

_ Lz (a(, Ti(un), VTe(w)) — a(, Teluwa), VT (07)x) )
x <VTk(un) - VT (vj)x]s.>pm(un)(1 —gs)dx +e(n,j)

Se(n,j)+Cf thTk(u)(l—qtg)dx+Cf
Q. S

i Un|

fu(1 - gs)dx.
) (3.34)

Since we have 217:1 Ii = Ji + J», Iz > 0 and using (1.2), we deduce that
Lh<h-Lh-L-1i-I5-1
< f Fuzll + cj VT (1) (1 - i) dax
Q Q-Qs
(3.35)

+ Ck|| Vs || yllaC, Tonsr (1n), VTme1 () || e

+Cf fn(1 - gs)dx.
|un|>m

For r < s, one has

0<L(r) < Ii(s) < cf T T(0) (1 - g)dx

+ Ck”V‘P}S ||N||a(~, T (Un), Va1 (Un)) || N (3.36)

+CJ fu(l-gs)dx +e(n,j).
[1n] 2m
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We have (1 (uy)) is bounded in WEL(Q), (a(, Tons1 (tn), VT (1)) in (Ly7(R))N) and
soin (LN'(Q))"N since M(t) « V.
Since we have

lim f |Vq;,5|Ndx =0,
Q

65— +o0

lim f (1-g¢s)dby, =0, (3.37)
Q

86— +o0

lim |Q - Q%[ =0, lim |{ju| > m)| =0,

S—+00

we easily deduce (i).
For (ii) we proceed as in (i) by using the fact that f\un|>m fnpsdx = e(n, 6, m).
Then we conclude that h

Jlim 5 (a(-, Tk (un), VT (un)) — a(-, Tx(un), VTk (1)) (VT () — VT (u))dx =0. (3.38)

Step 2. In this step we prove that Vi, — Vu a.e. in Q.
Since (Tk(uy)) is bounded in WLy (Q), then (| VT (uy)|) is finite a.e. in Q.
Hence there exists a measurable set E such that |[E| = 0 and |V Tk (u,)| < +o0 in Q — E.
Let 7(x) = lim,, (VT (u,)), then by using Fatou lemma, we get

f [7(x)|dx < h_mf |V Tk (un)ldx < C. (3.39)
Q Q

So, |n(x)| < +oo a.e. in Q and VT (u,) — 1 a.e. in Q, and for a subsequence still denoted by
Tk (u,), we obtain from (3.38) that

0= lim (a(, Tic(tn), VTk(tn)) = a(, Tic(tn), VT (1)) (VT () = VTic()) ~ in

(3.40)
= (a(,u,n) —a(,u, VTi(u))) (1 - VTi(u)).
Combining with (1.3), we get
VIi(u) =1 ae.in Q. (3.41)
Therefore, we have
VTi(uy,) — VTr(u) a.e. in Q. (3.42)
Lemma 3.12. Forall k > 0,
VT (uy) — VTi(u) for the modular convergence in (Lag(Q))™. (3.43)

For the proof we can adopt the same way as in [13].
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3.2.4. The Convergence of the Problems (Py,) and the Completion of
the Proof of Theorem 3.6

In one hand by using as test function ¢ = [" g(s)x(s>n) exp(Jy" g(s)ds) in (Py,), we can
deduce as in [5] that g(u,) M (|Vu,|) converge strongly in L' (Q) to g(u) M(|Vul).

In the other hand, by Lemma 3.3, we deduce that (u,) is bounded in WO1 Lp(Q) for
every D € K. Then (a(-, u,, Vu,)) is bounded in Ly () and the passage to the limit is an easy
task.

Corollary 3.13. Under the hypotheses (1.2)—(1.7), p is a convex combination of Dirac measures
(= Zi]:l a;6y; (x; € Q) and Zi]:l aj = 1) and the problem (P,) admits at least one weak solution.

The proof is a simple adaptation of the one of Theorem 3.6 by taking in z{{fﬂ, > 1']:1 aj(1-
s, ) in the place of (1 ~s,, ), where s, is the cut functions corresponding to the measure 0y, .

Remark 3.14. The technique used in the proof of Theorem 3.6 allows us to prove that the
problem

A(u) = g(w)a(-,u, Vu)Vu + 6, in Q,
(3.44)
u=0 on 0Q

has a weak solution.

3.3. General Case

Before giving the general case of Theorem 3.6, let’s recall that the set of finite convex com-
bination of Dirac measures is dense in the set of measures probability.

In the following theorem we denote by p, the sequence defined by u, = 3.7, a;6,, for
some x; € Q, and a; € R* with 3}/, a; = 1.

Theorem 3.15. Let (p,,) be a sequence of Radon measures convergent to a Radon measure p, and let
(un), a sequence of weak solutions of (P,,). Then there exists M > 0 such that

J' M(|VTi (1)) dx < Mk (3.45)
Q

for every n and every k > 0. Moreover, there exists a measurable function u such that Ti(u) €
WL (Q) and u is a weak solution of (P,).

Proof. A priori estimate: Let J, be a sequence of mollifiers functions. Let v =
Ti(uy,) exp(fg” g(s) ds) * J; as test function in (P,,)

Lz a(x,u,, Vuy,) [VTk(un) exp (J-:n g(s)ds) * ],1]

+f a(x, 4y, Vity)
Q

ang ) i) xp 0 g(s)ds) + 1|
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- [ Mvuhge T e[ go)s) + 1
Q 0

+ L Tie(un) exp (f: g(S)dS) * Jndpin,
(3.46)

then, by using an easy argument, the properties of convolution, and tending 7 to zero, we get
Up
j M(VTx(un)|) exp(f g(s)ds)dx < Ck. (3.47)
Q 0

So (Tx(uy)) is bounded in W& Ly () and as above there exists a measurable function u such
that

Ty (uy) — Ti(u), weakly in W&LM(Q), a.e. in Q, and strongly in Ep(Q). (3.48)

. . 6 S
Almost everywhere convergence of gradients: Let us consider zJ,,, * Jy as test function in
(Py,), we have

(Altn), Zhon * Jy ) = fg 81t M|V )21 # Jyx + j 2w * Tdpi (3.49)
Q

We prove easily, since zf;’(zn € WLy (Q) N L®(Q), that
p Y ’ 0
<A(un),z£{§n * ],1> = <A(un),z£’in> + 6(1’1),

fQ ) M(Vita) 222, # Jydx = fQ () M(Vitn) 25 dx + (1),

18 n i5 (3.50)
IQ Znm * Jndpn = Z QiZpnm (Xi) + 6(11)'

i=1

> aizhon(x1) = e(n,m,6,m),

i=1

Also, [o, pm(un) (1 = gs5) exp(Jy" g(s)ds) * Jydpun = e(y,n,6,m).

By using the above estimation, we obtain a similar equation to (3.20) and we follow
the same technique used in the step of almost everywhere convergence of gradients in
Theorem 3.6 to prove the existence result. O

Corollary 3.16. Under the hypotheses (1.2)-(1.7), p is positive Radon measure and the problem (P,)
admits at least one weak solution.

Since Q is bounded and by using the approximation of y/;(€2) which is a measure of
probability, the existence of solutions can be obtained as consequence of the last theorem.
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Remark 3.17. Let us recall that if we suppose that the N-functions M and M satisfy the A,
condition, we can prove with the same way as in Theorem 3.6 that the problem (P,) has a
weak solution for all singular measure p in the sense that it is concentrated in some Borel set
with zero M-capacity.

Remark 3.18. One can see that the technique used in this paper can be adopted to prove the
existence of solutions of the following problem

— div(a(-,u, Vu)) = gu)|VulP™ + 4 in Q,
(3.51)
u=0 on 0Q,

where a satisfies, for almost every x in Q, for every s in R, for every ¢ and ¢* in RN,

a(x,s,&)& > |G,
[a(x,s,8) - a(x,s,¢)][E-&1>0, ¢#E, (3.52)
la(x,s, &)| < C<k(x) + st 4+ |§|P(x)—1>.

Here p : Q —]1, +oo[ is a measurable function such that

i <
1< ess chtgép(x) < ess itégp(x) <N, (3.53)

where k is a nonnegative function in LFO(Q),p' (x) = p(x)/(p(x)-1),and Cis a positive real.
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