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A new hybrid projection algorithm is considered for a A-strict asymptotically pseudocontractive
mapping. Using the metric projection, a strong convergence theorem is obtained in a uniformly
convex and 2-uniformly smooth Banach spaces. The result presented in this paper mainly improves

and extends the corresponding results of Matsushita and Takahashi (2008), Dehghan (2011) Kang
and Wang (2011), and many others.

1. Introduction

Let E be a real Banach space and E* be the dual spaces of E. Assume that ] is the normalized
duality mapping from E into 2F" defined by

J) = {x" € E*: o, x") = Il = ¥}, Vx€E, (1.1)

where (-, -) is the generalized duality pairing between E and E*.
Let C be a nonempty closed convex subset of a real Banach space E.

Definition 1.1. Let T : C — C be a mapping:

(1) T is said to be nonexpansive if for all x,y € C,

|Tx - Tyl < [|x -yl (1.2)
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(2) T is said to be asymptotically nonexpansive if there exists a sequence {k,} C [1,00)
with k, — 1such thatforall x,y € C,

ITx = Tyl| < kallc = v, (1.3)

(3) T is said to be A-strictly pseudocontractive in the terminology of Browder-
Petryshyn [1] if there exists a constant A € (0,1) such that forall x,y € C,

(Tx-Ty,j(x-y)) < lx—y|* - AT -D)x - I -Dyy|>, Vi(x-y) eJ(x-y), 14

(4) T is said to be (A, {ky})-strict asymptotically pseudocontractive if there exist a
constant A € (0,1) and a sequence {k,} C [1,00) with k, — 1 such that for all
x,y € Candforall j(x-y) € J(x-y),

(T'x =Ty, j(x - y)) <ka||lx = y||> - AT -THx - I -THy|], vn>1, (1.5

(5) T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that

[T"x =Ty < Lllx -y

. Vn>1. (1.6)

It is wellknown that the class of (A, {k,})-strictly asymptotically pseudocontractive
mappings was first introduced in Hilbert spaces by Liu [2]. In the case of Hilbert spaces, it is
shown by [2] that (1.5) is equivalent to the inequality

| T7x = Ty ||* < k|2 = y||” + || (T - T")x = (I - T"y]>. (1.7)

Concerning the convergence problem of iterative sequences for strictly pseudocontractive
mappings has been studied by several authors (see [1, 3-20]). Concerning the class of strictly
asymptotically pseudocontractive mappings, Liu [2] proved the following results.

Theorem 1.2. Let H be a real Hilbert space, let C be a nonempty closed convex and bounded subset
of H and let T : C — C be a completely continuous uniformly L-Lipschitzian (X, {k,})-strictly
asymptotically pseudocontractive mapping such that 322 (k2 = 1) < co. Let {a,} C (0,1) be a
sequence satisfying the following condition:

O<e<a,<1-A-¢, Vn2>1andsomee>D0. (1.8)

Then, the sequence {x,} generated from an arbitrary x, € C by

Xpi1 = (1 —ap)xy, +a,T"x,, Vn>1 (1.9)

converges strongly to a fixed point of T.

In 2007, Osilike et al. [21] proved the following theorem.
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Theorem 1.3. Let E be a real q-uniformly smooth Banach space which is also uniformly convex, let
C be a nonempty closed convex subset of E, let T : C — C be a (A, {k,})-strictly asymptotically
pseudocontractive mapping such that 35, (k2 - 1) < oo, and let F(T) #@. Let {a,} C (0,1) be a real
sequence satisfying the following condition:

1-
0<a<a,<b< wa +L) 92, vn>1. (1.10)

Cq
Let {x,} be the sequence defined by (1.9). Then, {x,} converges weakly to a fixed point of T.

On the other hand, by using the metric projection, Nakajo and Takahashi [22]
introduced the following iterative algorithms for the nonexpansive mapping T in the
framework of Hilbert spaces:

xo=x€C,
Yn = 0pXn + (1 —a,)Txy,,
Co={zeC:|z=yu|} <llz—xull, (1.11)
Qn={zeC:{(xp—z,x—x,) >0},

Xus1 = Pc,ng,x, n=0,1,2,...,

where {a,} C [0,a],a € [0,1) and Pc,ng, is the metric projection from a Hilbert space H onto
C,u N Qy. They proved that {x,} generated by (1.11) converges strongly to a fixed point of T.
In 2006, Xu [23] extended Nakajo and Takahashi’s theorem to Banach spaces by using
the generalized projection.
In 2008, Matsushita and Takahashi [24] presented the following iterative algorithms
for the nonexpansive mapping T in the framework of Banach spaces:

xo=x€C,
Cpo=co{zeC:||lz-Tz| < ty|lxn — Txnll},

D,={zeC:(x,—z J(x—x,)) >0},

Xn+l = PCnﬁan/ n= 01 1121- cey

(1.12)

where co C denotes the convex closure of the set C, ] is normalized duality mapping, {f,}is a
sequence in (0, 1) with t, — 0, and Pc,np, is the metric projection from E onto C,, N D,,. Then,
they proved that {x,} generated by (1.12) converges strongly to a fixed point of nonexpansive
mapping T.

Recently, Dehghan [25] introduced the following hybrid projection algorithm for an
asymptotically nonexpansive mapping T in the framework of Banach spaces:

XOZXEC, C(]:D(]:C,
Cp=co{z€Cua:|lz-T"z| < tullxn — T"x4]|},
(1.13)
Dy ={z €Dy : (xn =z, J(x = x5)) 20},

Xn+l :PC,,nD,,x/ n:1/2/-"/
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where co C denotes the convex closure of the set C, {t,} is a sequence in (0, 1) with t, — 0,
and Pc,np, is the metric projection from E onto C, N D,,. Then, he proved that {x,} generated
by (1.13) converges strongly to a fixed point of an asymptotically nonexpansive mappings T.
Motivated by the research work going on in this direction, the purpose of this paper is
to introduce the following iteration for finding a fixed point of (A, {k,})-strict asymptotically
pseudocontraction in a uniformly convex and 2-uniformly smooth Banach spaces:

xo=x€C, Co=C,
Cp=co{z€Cya:|lz-T"z| < tullxn — T"x4]|}, (1.14)
Xp1=Pc,x, n=1,2,...,

where co C denotes the convex closure of the set C, {t,} is a sequence in (0, 1) with ¢, —
0, and Pc, is the metric projection from E onto C,. Under suitable conditions some strong
convergence theorem for the sequence {x,} defined by (1.14) to converge a fixed point of an
asymptotically \A-strictly pseudocontraction. The result presented in the paper extends and
improves the main results of Matsushita and Takahashi [24], Dehghan [25], Kang and Wang
[26], and others.

2. Preliminaries

In this section, we recall the well-known concepts and results which will be needed to prove
our main results. Throughout this paper, we assume that E is a real Banach space and C is a
nonempty subset of E. When {x,} is a sequence in E, we denote strong convergence of {x,}
to x € E by x, — x and weak convergence by x,, — x.

A Banach space E is said to be strictly convex if ||[x + y||/2 < 1 forallx,y e U = {z €
E : ||z|| = 1} with x #y. E is said to be uniformly convex if for each € > 0 there is a 6 > 0 such
that for x, y € E with ||x||,||y|| £ 1 and ||x — y|| > ¢, ||x + y|| < 2(1 — 6) holds. The modulus of
convexity of E is defined by

6}5(6) = inf{l -

vl <1,

-y Ze}, 2.1)

+
e H

E is said to be smooth if the limit

g 1 Il = Dl 2.2)
t—0 t

exists for all x, y € U. The modulus of smoothness of E is defined by
1
pe(t) =sup{ 3 (lr+ wl + lx =yl - 1: el <1yl <. 23

A Banach space E is said to be uniformly smooth if pg(t)/t — 0ast — 0. A Banach space E is
said to be g-uniformly smooth, if there exists a fixed constant ¢ > 0 such that pg(t) < ctf.
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If E is a reflexive, strictly convex and smooth Banach space, then for any x € E, there
exists a unique point xy € C such that

o = x| = min|y - x]- (2.4)

The mapping Pc : E — C defined by Pcx = xq is called the metric projection from E onto C.
Let x € E and u € C. Then it is known that u = Pcx if and only if

(u-y,J(x-u)) >0, VyeC (2.5)
For the details on the metric projection, refer to [27-30].

In the sequel, we make use of the following lemmas for our main results.

Lemma 2.1 (see [31]). Let E be a real Banach space, C a nonempty subset of E,and T : C — Ca
(A, {ky })-strictly asymptotically pseudocontractive mapping. Then T is uniformly L-Lipschitzian.

Lemma 2.2 (see [32]). Let E be a real 2-uniformly smooth Banach spaces with the best smooth
constant K. Then the following inequality holds:

llx + y||” < IIxI? +2(y, J(x)) + 2|| Ky, (2.6)

forany x,y € E.

Lemma 2.3 (demiclosed principle [21]). Let E be a real g-uniformly smooth Banach space which
is also uniformly convex. Let C be a nonempty closed convex subset of Eand T : C — Ca (A, {k,})-
strictly asymptotically pseudocontractive mapping with a nonempty fixed point set. Then I — T is
demiclosed at zero, where I is the identical mapping.

Lemma 2.4 (see [33]). Let C be a closed convex subset of a uniformly convex Banach space. Then for
each r > O, there exists a strictly increasing convex continuous function y : [0,00) — [0, 00) such
that y(0) = 0 and

Y< T<Zﬂfzi> - > Tz
=0 j=0

forallm > 1, {p;}iy € A™ {z;}%g C CN B, and T € Lip (C, 1), where A™ = {{po, pi1,- .., pim}
0<puj(0<j<m andZ;';O‘uj =1},B, = {x € E : ||x|| £ r} and Lip (C,1) is the set of all
nonexpansive mappings from C into E.

), (2.7)

0<j<k<m

>s max (||z - =] - [Tz - Tz

3. Main Results

Now we are ready to give our main results in this paper.
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Lemma 3.1. Let C be a nonempty subset of a real 2-uniformly smooth Banach space E with the best
smooth constant K, and T : C — C be a (A, {k,})-strict asymptotically pseudocontraction. For
a € (0,1) N (0,1/K?], one defines

SpaX = ; [(A-a)x +aT"x], (3.1)

V2a(k, — 1) + 1

forall x € Cand eachn > 1. Then S, , : C — E is a nonexpansive.

Proof. For any x,y € C, put B, = \/2a(k, — 1) + 1, we compute

IS nax = Suayll’
1 n 1 n 2
= ﬂna[(l —a)x+al"x] - i [(1-a)y+aT"y]
1

[(x-y) +a(T"x-T"y - (x - y))|’

ﬂn,aZ

< ﬂl 5 ([l =yl + 2a(T"x = Ty = (x = y), j(x ~ )

n,a

+ 2K*2?||T"x - T"y - (x - y) ||2>

- 2al|x - y|[* + 2K T"x ~ T - (x - )P
< o (=l o2l -l - T =Ty = G- ) )
= 2aljx - y|* + 2K22 || T"x = Ty = (x - y)|*)
_ ! - {(1 +2ak, — 2a)]|x - y||2 =2a\||T"x -T"y - (x - y) “2
+ 2K22||T"x = Ty - (x - y)||}
<llx-yl’,
which shows that S, , is a nonexpansive mapping. This completes the proof. O

Theorem 3.2. Let C be a nonempty bounded and closed convex subset of a uniformly convex and
2-uniformly smooth Banach spaces E with the best smooth constant K > 0, assume that T : C — C
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is a (A, {k,})-strict asymptotically pseudocontraction such that F = F(T) #0. Let {t,} be a sequence
in (0, 1) with t, — 0. Let {x,} be a sequence generated by (1.14), where

co{z € Cp1 : llz = T"z|| < tull2en — T"xnl} (3.3)

denotes the convex closure of the set {z € Cp—1 : ||z = T"z|| < tyl|lxn, — T"x,||} and Pc, is the metric
projection from E onto C,. Then {x,} converges strongly to Pgx.

Proof. (I) First we prove that {x,} is well defined and bounded.

It is easy to check that C, is closed and convex and ¥ C C, for all n > 0. Therefore,
{x,,} is well defined.

Put p = Pgx. Since ¥ € C,, and x,,41 = Pc,x, we have that

, (3.4)

llxnse1 — x| < ”P - X

for all n > 0. Hence, {x,} is bounded.

(II) Now we prove that ||x, —T"*x,|| — 0asn — oo forany k € N (N denotes the set
of all positive integers).

Fixk €e Nand put! =n-k,n > k. Since x,, = Pc, ,x, wehave x,, € C,_; C --- C C;. Then
there exist some positive integer m € N, {p;} € A™ and {z;};Z{zi}iy C C1 such that

m
Xy — Z,u,-z]- <t (3.5)
=0
”zj - lej” < tl”xl - Tlxl”, (3.6)

for all j € {0,1,...,m}. Take a € (0,1) N (0,A/K?]. Put M = sup_|lxl|, p = Pgx, 1o =
sup,.1||xn — pll and fra = \/2a(k; - 1) + 1. we define

Spax = ; [A-a)x +aT™x], (3.7)

\2alky, —1) +1

forall x € C and each n > 1, then S; 4p = (1/f14)p. It follows from Lemma 3.1 and (3.5) that



a7 < B

,ﬁla<
ﬁla

<,ﬁl,a+1
- a

1o,

(Spaxi = SlaP)+ﬁ (p-x1)

TZ (Z‘u]z]> - Tlxn
j=0
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allx; + 1- a)xl - —xl”

ﬂltx

(3.8)
ﬁla
Sia ZF‘]ZJ = StaXn + Z#]Z] o
1 m
< <ﬂ1,aa+ _1> Zl’ljzf Xn
=0
<ﬂl,:x+1 —1>t1.
a
Moreover, from Lemmas 2.4 and 3.1, we have
I < S T!
=0 j=0
_ ﬂl,a S < S
=, La Z/‘jz]' - Z‘ujsl’azj
=0 j=0
< Py max (12 - 2] - 151z - Sraz])
T a | 0<j<k<m ! - i
<'61_’“ | max (||zj - Siazi|| + 12k — Stazkll)
T oa ogjckem 1 T “
b . 1 (3.9)
37 Oszn'l%;(m E ZJ_TZ]||+||Zk_TZk||>
. (1_ ! >(||z~||+||Z ||>]}
ﬂl,zx ! ‘
ﬂla -1 Zatl I < > }
< 22 T +2 1—_ M
=4 ﬁl,a xl” ﬂla
1)
o ,ﬁl,a ﬁlu
e s
="y 21+ — g +2(1-—— )M }.
a '[51,’1 "ol ,Bl,u
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Observe that fj, — 1asn — oo, it follows from (3.5)—(3.9) that

m m
| Xy — Tlxn < ||xn — Z‘ujzj + Z‘“f (zj - lej>
=0 =0
m m m
| 2Tz =T 2z )|+ (T 2omizi ) =T
]=0 ]=0 ]=0
1 1
<ttty - T Pra -1{2<1 —> t 2<1——>M}
<t+ 1“361 xl” Y + Bia Toli + B (3.10)
+1
+ (ﬂ—l,a - 1)t1
a
+1 1 1
§t1+ﬂl’“ rotl+@y-1{2<1+—>r0t1+2<1——>M}
a a B Pra
+1
+<ﬂl’“a —1)tlH0asn—>oo.
This shows that

Xy — T’xn

(IIT) we prove that ||x, - Tx,|| — 0Oasn — co.
Since T is a uniformly L-Lipschitzian, we have

— 0 asn-— oo. (3.11)

[y — Tyl < T %, - Tx,

Xy — T"‘lxn” + |

(3.12)

< ”xn —T"’lxn” +L| T 2x, —x,|| — 0 as n — co.

(IV) Finally, we prove that x, — p = Pgx.

It follows from the boundedness of {x,} that for each subsequence {x,,} C {x,} there
exists a subsequence (without loss of generality we can still denote it by) {x,,} such that
Xp, — vasi — oo.Since T : C — C is a uniformly L-Lipschitzian and (A, {k,})-strict
asymptotically pseudocontraction, from Lemma 2.3, we know that T is demiclosed. Hence
we have v € .

From the weakly lower semicontinuity of the norm and (3.4), it follows that

lp = x|| < llo = x|| < lim inf|x,, - x]|
1— 00

(3.13)
< limsup||x,, — x|| < ||p — x]|.

i— oo
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This shows p = v and hence x,, — pasi — oo. By the arbitrariness of {x,,} C {x,}, we obtain
x, — p. Further, it follows from (3.13) that

Tim [lx, — x| = [|p - x[|- (3.14)

Since E is uniformly convex, it has the Kadec-Klee property. Hence, we have x, —x — p —x,
that is, x, — p. This completes the proof. O
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