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Using fermionic p-adic invariant integral on Z,, we construct the Barnes’ type multiple Genocchi
numbers and polynomials. From those numbers and polynomials, we derive the twisted Barnes’
type multiple Genocchi numbers and polynomials. Moreover, we will find the Barnes’ type
multiple Genocchi zeta function.

1. Introduction

Recently, theoretical physicists have devised ultrametric structures similar to tree-like
structures arising in the study of physical systems because the fact is that the physical
space may no longer be Archimedean seems plausible to some mathematical physicists at
a very small distance. They have looked for construct-related models using p-adic numbers
and p-adic analysis. So, p-adic numbers are used in mathematical physics (in particular
string theory, field theory) as well as in other areas of natural sciences which complicated
fractal behavior and hierarchical structures. Also, g-Volkenborn integral which is made by
Kim is used in the functional equation of the g-zeta function, the g-Stirling numbers, and
Mahler theory of integration with respect to the ring Z, together with Iwasawas p-adic g-L
function. So we study the g-Gnocchi numbers and polynomials in g-type of special generating
functions (see [1, 2]).

Let p be a fixed odd prime number. Throughout this paper, Z,, Q,, C, and C, denote
the ring of p-adic rational integers, the field of p-adic rational numbers, the complex number
field, and the completion of the algebraic closure of Q,, respectively. Let N be the set of natural
numbers and Z* = NU {0}. Let v, be the normalized exponential valuation of C, with |p|, =
p~r®P =1/p (see[1-15]).
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Let d be a fixed integer and let p be a fixed prime number. For any positive integer N,
we set

z
X:Xd:hm< > X1 =Z,,
N \dpNZ ’

X*= | (a+dpzy), (11)

O<a<dp
(ap)=1

a+dpNz, = {xEX | xsa(modde>},

where a € Z lies in 0 < a < dpN.
We say that f : Z, — C, is uniformly differentiable function at a point a € Z,, and we
write f € UD(Z,) if the difference quotients @y : Z, x Z,, — C, such that

have a limit f'(a) as (x,y) — (a,a).
As well-known definition, the Genocchi polynomials are defined by

Fiy= -2 -t =36,
Cet+1l T ATl

(1.3)
F(t,x) =

2t ext _ eG(x)t _ ic (x)ﬂ
et+1 =TT
n=|

with the usual convention of replacing G"*(x) by G,(x). In the special case, x = 0, G,(0) = G,
are called the nth Genocchi numbers.
For f € UD(Z,), Kim defined the g-deformed fermionic p-adic integral on Z,,

Iy(f) = fz,, fo)dp4(x) = Nhinw[p%]_qu f(x)(-q)™. (1.4)
Note that
La(f) = limI4(f). (1.5)
If we take f(x) = te', by (1.4), we see that
2t — t"

tx _
J‘Z tedu_i(x) = Tl

14

o= nzzocnm. (1.6)
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By the same method, we note that

2t = "
IZ,, te'™Vdy 4 (x) = Tod e* = HZ:OGn(x)E. (1.7)
And note that
f F)dp(x) = j () (). (18)
z, X

Barnes’ type multiple zeta function {n(s,w | aj,...,an) depends on the parameters
ai,...,ay that will be assumed to be positive. It is defined by

(n(s,w | ay,...,aN) = Z (w+mpay +---+myan) ", (1.9)

for Re(s) > N, Re(w) > 0. Barnes showed that {5 had a meromorphic continuation in s (with
simple pole only at s = 1,..., N) and defined his multiple gamma function I'y (w) in terms
of the s-derivative at s = 0, which may be recalled here as follows:

Yy(w|ay,...,an) =0siN(s,w | a1...,an) | s =0. (1.10)

2. Barnes’ Type Multiple Genocchi Polynomials

In this section, we assume that wy, ..., w, € Z,. For x € Q*, r € N, we define Barnes’ type
multiple Genocchi polynomials as follows:

J o f tre(x+w1y1+“'+w’y’)td‘u71 (yl) . dll—l (yr)
Z, Zyp

r-times
2t
T L+ eI+ efn) - (1+ )

(2.1)

tx

oo} (r) t}’[
= E G (x|wy,...,wr)—.
- n!
n=0

In the special case, x = 0, Gg) (wy,...,w,) = G,(f) (0 | ws,...,w,) are called the nth Barnes’
type multiple Genocchi numbers.
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Thus, we have

G(()r)(x | wy,...,wy) =G§r)(x |wy,..., w,) == Gii)l(x |wy,...,w,) =0,

Gu(x [wy, ..., w0p) _
(! z

| (e e wy) A () - dpe (). (2.2)

P ZP

r-times
Forr > 1, n > 0, we can readily prove the following (2.3) from (2.2):

Ln+r\
GU) (x| wr, ..., w,) = Z( , +r)x" ‘G (wy, ..., w,), (2.3)
1=0

where (/{7) is a binomial coefficient.

Theorem 2.1 (Property of distribution of Gf[) (x| wy,...,w)). Forr>1,n>0and m € Nwith
m=1 (mod 2),

r

= o X+ S wing
Gf,r)(x|w1,...,wr)=m— S (—1)2121"‘6,({)<+ w1w> (2.4)

Let y be Dirichlet’s character with conductor d € Nwith d =1 (mod 2):

2rtr
F"(t, e W) = !
(b lon o) = ey ©
o n (2.5)
= ZGS)(x | wl,...,wr)ﬁ.
n=0 :
By (2.1) and (2.5), we see that
Z, Z,
%,——J
r-times (2.6)

0

— Ty Z (_1)m1+~-~+m,e(x+w1m1+-~+w,m,)t'
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From (2.2) and (2.6), we have

G1(1r-2r(x | w1, .. '/wr) n
(n+r)r| = (x+w1y1+”'+w7y7) d/’l—l(yl)”'d/’l—l(yr)
r . Zyp Zyp
—_—

r-times (2.7)

[ee)
=27 > (D)™ (x+wimy 4+ wemy)”

By (2.5), we see that

2 (50 (D x(@e ™) - (Sah (D x(@e")
F(r)(t x|w w,) = i
X 7 1s+++, Wr (1+ew1dt)--'(1+ewrdt)

=2 3 (e <1L[x<mi>>e<x+w1ml+~~+wrmr>t.
0

i=1

(2.8)

We define the generalized Barnes’ type multiple Genocchi polynomials attached to y as follows:
form>0and w; € Z, (i=1,2,...,n),

G(()T))((x | W],-..,wr) = GYr.))C(x | wl""’wr) == Gf‘t)l,x(x | wl/-~-/wr) = O/
Gfﬁr(x|w,...,w) L " !
(,Wl)ry : :f J [TxGe) ) ( x+ o ) dpa () - dpa(yr). (29
r . X X \ i=1 i=1

r-times

For simple calculation of fermionic p-adic invariant on Z,, we note the following
theorem.

Theorem 2.2 (Property of distribution of G,({/))((x | w1,...,w;)).

L . x+ 30 win;
Gﬁ,r,))((xlwl,...,wr)=g D (-1)21-1"1651’,}((% w1w> (2.10)

11,1y =0

Theorem 2.2 is distribution relation for the generalized Barnaes’ type multiple
Genocchi polynomials attached to y. In the special case, x = 0, Gi&(wl, ce, W) = G,(I,;C(O |
wy, ..., w,) are called the generalized Barnes’ type multiple Genocchi numbers attached to y.

By (2.8) and (2.9), we get

G,(L)rlx(x | ws, ..., wy) ~ ©

Ear = Y (I <1L[x(m,-)> <x ¥ zr:wimi> S @)
T i=1 i1

my,...,my=0




6 Abstract and Applied Analysis
3. Twisted Barnes” Type Multiple Genocchi Polynomials
Let T, = limn -, ,Cpnv = Un»Cpn, where Cpnv = {( | gPN = 1} is the cyclic group of order p™.

For ¢ € T,,, we denote by ¢, : Z, — C, the locally constant function x — ¢.(x) = €. If we
take f(x) = ¢e(x)e'*, then we get

; 2t
J, o = 7 a1)
By (3.1), we easily see that
f ) ()l () = 20 CD (e (32)
x PerEIX Ht 1+ gdedt '

From (3.1) and (3.2), we define the twisted Genocchi numbers and the generalized twisted
Genocchi numbers attached to y as follows:

26 & 26 395 (1) (a)e” | & t
1+eet Z T 1 + gdedt B nZ:OG" Xl (33)
In (3.1), (3.2), and (3.3), we get
Guite Grs1,ye
n — A n =
fzp Pelo s () = -, jx PeOX D (1) = 2 (3

By using fermionic multivariate p-adic invariant integral on Z,, we define the twisted Barnes’
type multiple Genocchi polynomials as follows:

,
J‘Z L IZ I <H¢E (yi)>e(x+w1y1+~-+wryr)td‘u_1 (]/1) e d/l—l (]/r)
P P i=1

r-times

orgr (3.5)

— etx
(1+ee“t)---(1+eewt)

() t
= ZGn,g(x | wl,...,wr)ﬁ, €T,
n=0 :

G,(fl (x| wy, ..., w,) are called the twisted Barnes’ type multiple Genocchi polynomials. In the
special case, x = 0, G,(fﬂ)g(wl, e, Wy) = Gﬁlrl (0| wy, ..., w,) are called the twisted Barnes’ type
multiple Genocchi numbers.
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From (3.5), we can derive the following;:

J'Z - fz iy <f[¢g(yi)> (x +wrys + -+ wryr) dpa (y1) - dpa (yr)
P p i=1

r-times

_ G1(1r+)r,s(x | wl/"'/wr)

B (" )r!

(3.6)

Let y be the primitive Drichlet character with conductor d € N with d = 1 (mod 2).
Then we define the generalized twisted Barnes’ type multiple Genocchi numbers attached to

X

hp“,._d
r-times
¢ (S (D'exet) - (S (D'exhe”)

(1+ gdewrdt) ... (1 + gdemwrdt)

() A0
= E Gn,g,x(wl,...,wr)ﬁ =Fe (t|w,...,wy).
n=0 :

From (3.7), we see that

0

J.Z . J‘Z ¢ <1_[¢‘E (xi)> <Hx(xi)> e(wlxl+.--+wrxr)td‘u_1 (x1) - d/l—l (%)
p i=1 i=1

(3.7)

r
Fé,r)z(t | w, ..., wr) = OTf" Z (_1)21-:1 mie 3 m; <HX(mz)> et(zl-’:1 wim;) (3.8)
i=1

By using (3.7), we easily see that

ng,x(wlr v /wT)
(7!

= f I <1L[¢e(xi)> <ﬁx(xi)> (wixy + -+ wpxy) " dp (x1) -+~ dpoa (xy).
X X \ i=1 i=1

r-times

(3.9

)
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Theorem 3.1 (Property of distribution of G,(f,g,x(x | ws, ..., w)).

GY) (x| w,...,w,)

¢ Comestim (T b (X4 XL wm (3.10)
== Z (—1)Zi € Zia :(Hx(ni)>Gi;d<Tl wl,...,wr>.
#1,...,1,=0

i=1

4. Remark

Let wy, ..., w, be taken nonnegative in complex plane. We consider the Barnes’ type multiple
Genocchi zeta function (s, x | wy, ..., w,) as follows:

0 (_1)m1+~--+m,
4 VA = 2r 7 .
s x | W, o) ml,_%r:o (x +wymy + -+ +w,ym,)° @1
where s € C, and Re(x) > 0.
By (4.1) and (2.7), we get
G,(1r+)r(x | ws, ..., wy) 49
S(—n, x| wy, ..., w) = G , (4.2)
where n € Z*.
Define
& (D)™ (T (ma)
L.(s, e wy) =2 =1 , .
x(8,x |, wor) mh“%rzo (x +wimy + -+ + w,m,)° (9
where s € C, and Re(x) > 0.
From (4.3), we note that
Gfli),x(x | ws,...,w,)
Ly(-n,x|wy,..., wy) = : nez. (4.4)

I
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