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The existence of global weak solutions to the Cauchy problem for a generalized Camassa-Holm
equation with a dissipative term is investigated in the space C([0,o0) x R) N L*([0, o0); H'(R))
provided that its initial value uy(x) belongs to the space H'(R). A one-sided super bound estimate
and a space-time higher-norm estimate on the first-order derivatives of the solution with respect
to the space variable are derived.

1. Introduction

In [1], the author investigated the following weakly dissipative Camassa-Holm model

Up — Uy + 3Ully + MU — Uyy) = 2UyUsy + Ullyxx, (1.1)

where A > 0. When A = 0, (1.1) becomes the classical Camassa-Holm equation [2]. The
authors in [1] obtained the local well-posedness of the solution for the model by using the
Kato theorem. A necessary and sufficient condition of the blow-up of the solution and some
criteria guaranteeing the blow-up of the solution are derived. The blow-up rate of the solution
is discussed. It is also shown in [1] that the equation has global strong solutions, and these
strong solutions decay to zero as time goes to infinite provided the potentials associated to
their initial data are of one sign. However, the existence of global weak solutions in the space
H!(R) is not discussed in paper [1]. This will constitute the objective of this work.

More relevant for the present paper, here we state several works on the global
weak solution for the Camassa-Holm and Degasperis-Procesi equations. The existence and
uniqueness results for global weak solutions to the Camassa-Holm equation have been
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proved by Constantin and Escher [3], Constantin and Molinet [4], and Danchin [5, 6].
Xin and Zhang [7] proved that the global existence of the weak solution for the Camassa-
Holm equation in the energy space H'(R) without any sign conditions on the initial
value, and the uniqueness of this weak solution is obtained under certain conditions on
the solution [8]. Coclite et al. [9] investigated the global weak solutions for a generalized
hyperelastic-rod wave equation or a generalized Camassa-Holm equation. The existence of a
strongly continuous semigroup of global weak solutions for the generalized hyperelastic-rod
equation with any initial value in the space H'(R) was established in [9]. Under the sign
condition imposed on the initial value, Yin et al. [10] proved the existence and uniqueness
results of global weak solution for a nonlinear shallow water equation, which includes the
famous Camassa-Holm and Degasperis-Procesi equations as special cases. For other dynamic
properties about various generalized Camassa-Holm models and other partial differential
equations, the reader is referred to [11-16].

The aim of this work is to study the existence of global weak solutions for (1.1) in the
space C([0, o0) x R) N L*®([0, o0); H!(R)) under the assumption u(x) € H'(R). The limits of
viscous approximations for the equation are used to establish the existence of the global weak
solution. Here, we should mention that up to now, there have been no global existence results
for weak solutions to the generalized Camassa-Holm equation (1.1).

The rest of this paper is as follows. The main result is given in Section 2. In Section 3,
we state the viscous problem and give a corresponding well-posedness result. An upper
bound, higher integrability estimate, and basic compactness properties for the viscous
approximations are also established in Section 3. Strong compactness of the derivative of the
viscous approximations is obtained in Section 4, where the main result for the existence of
(1.1) is proved.

2. Main Result

Consider the Cauchy problem for (1.1)

3u?
Ut — Upyy + > + MU — Uyy) = 2Us Uy + Ullyry,
X

(2.1)
u(olx) = uO(x)/
which is equivalent to
P
Up + Ully + e 0,
oP(t, x) _ A28, |2 + lui +u, (2.2)
ox 2

u(0,x) = up(x),

where operator A2 =1 - (3?/0x?). For a fixed 1 < pg < oo, it has

A?g(x) = %I e " Vg(y)dy for g(x) € LP(R), 1< po < oo. (2.3)
R
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In fact, problem (2.1) satisfies the following conservation law:

IR <u2 + ui)dx +21 JZ IR <u2 + ui)dxdt = J‘R (u% + u(z)x>dx. (2.4)

Now, we introduce the definition of a weak solution to the Cauchy problem (2.1) or
(2.2).

Definition 2.1. A continuous function u : [0,00) x R — Ris said to be a global weak solution
to the Cauchy problem (2.2) if

(i) u € C([0,00) x R) N L*([0, o0); H'(R));
(i) |[u(t, ) (r < lluolla(ry;
(iii) u = u(t, x) satisfies (2.2) in the sense of distributions and takes on the initial value

pointwise.

The main result of this paper is stated as follows.

Theorem 2.2. Assume ug(x) € H'(R). Then, the Cauchy problem (2.1) or (2.2) has a global weak
solution u(t, x) in the sense of Definition 2.1. Furthermore, this weak solution satisfies the following
properties.

(@) There exists a positive constant ¢y depending on ||uo|| g1 (r) and A such that the following
one-sided L* norm estimate on the first order spatial derivative holds

0
ué()i;x) % +co, for (t,x) €[0,00) x R. (2.5)

(b)Let 0 < y < 1, T > 0, and a,b € R,a < b. Then, there exists a positive constant
c1 depending only on |lug|lm(r), v, T, a,b and A such that the space higher integrability
estimate holds

2+y
J‘ J‘ 6u(t x) dx < cr. (2.6)
3. Viscous Approximations
Defining
e/ x| <1,
= 3.1
$(x) {0’ x>, (3.1)

and setting the mollifier ¢.(x) = eV p(e~/Yx) with 0 < & < 1/4 and u. = P, * ug, we
know that 1,9 € C* for any uy € H® s > 0 (see [10]). In fact, suitably choosing the mollifier,
we have

||”s,0||H1(R) < lluoll g1 (r)s Uep — Ug in H'(R). (3.2)
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The existence of a weak solution to the Cauchy problem (2.2) will be established by

proving compactness of a sequence of smooth functions {u,} ., solving the following viscous
problem:

du Ou OP _ Du
ot “ox  Ox  ox2’

OP:(t,x) _ 5 | - 1(6%)2 (3.3)
e =A 6x|:u£+2 Ep + A\,

u:(0,x) = ugp(x).

The beginning point of our analysis is the following well-posedness result for problem
(3.3).

Lemma 3.1. Provided that uy € H(R), then for any o > 3, there exists a unique solution u, €
C([0, 00); H?(R)) to the Cauchy problem (3.3). Moreover, for any t > 0, it holds that

J‘ <u§+ <au€) >dx+2)»f f <u§ + <6u€> >dxdt
R ox oJr Ox
3.4
' aug 2 azug 2 , ( )
+ae 4[0 J‘R ( ox ) + < Ox2 > (S,x)dxds = ”us,O“Hl(R)/

or

ou, 2
a(s,.) ds

t
n%mwg®+kf
0 H(R)

(3.5)
t
+uwawﬁww=wm&®.

Proof. For any ¢ > 3 and uy € H'(R), we have u.g € C([0,0); H°(R)). From Theorem 2.1

in [9] or Theorem 2.3 in [11], we conclude that problem (3.3) has a unique solution u, €
C([0, 00); H°(R)) for an arbitrary o > 3.

We know that the first equation in system (3.3) is equivalent to the form

ou.  Du, . 3 0u; Y o%u,
ot otx? 2 ox ¢ ox2
ou, 0%u, 0’u,
£~ 7¢ -7 3.6
0x 0Ox?2 e ox3 (3.6)

e 0%u, ~ o*u,
ox2  oxt )
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from which we derive that

1d s ou, 2 2 ou, 2
EEIR<uE+<ax>>dx+AfR<u5+($) dx

, ) ) (3.7)
ou, o~ u,
d =
+efR<<ax> +<6x2>> x=0,
which completes the proof. O
From Lemma 3.1, we have
el Lo ry < Ntell e ry < Nuteoll g ry < N0l (ry- (3.8)

Differentiating the first equation of problem (3.3) with respect to the variable x and writing
Ou./0x = g, we obtain

0. oq.  0°g.

ot "% a2

1
+ 5‘15 +Auy =u2 - A7

=

@3] Q. 69

Lemma 3.2. Let 0 < y < 1, T > 0,and a,b € R,a < b. Then, there exists a positive constant
¢y depending only on ||ug||g(ry, v, T,a, b and A, but independent of €, such that the space higher
integrability estimate holds
T b
fO —[a

where u, = u.(t, x) is the unique solution of problem (3.3).

2+y
% dx <o, (3.10)

Proof. The proof is a variant of the proof presented by Xin and Zhang [7] (also see Coclite et
al. [9]). Let y € C*(R) be a cut-off function such that0 < y <1 and

1, ifxe[ab],
$(x) = {0, if x € (~o0,a-1]U[b +1, ). (3.11)

Consider the map 0(¢) :=¢(1+ |¢])", ¢ € R,0 <y <1, and observe that

0'(¢) = (1+(L+y)E)A+),
0" (&) = ysign(@) (1 + )22+ (1+7)E]) (3.12)
= y(1+y)sign(@) (1 + )" + (1 - y)ysign(&) (L + &)
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We have

@I <@+, |O@I <1+ @+l [0"@)] <2y, (3.13)

1-
00 - 320@) = L+ Lea s gy
(3.14)

-y
ng(l + &)

Differentiating the first equation of problem (3.3) with respect to the variable x and
writing u = u, and 0u./0x = g, = q for simplicity, we obtain

22 + %ui =Q(t, x). (3.15)

1 _
Upye + Ullyy + Eui + A, =u - A

Multiplying (3.15) by y0'(g), using the chain rule and integrating over I'ly := [0,T] x R, we
have

J X(x)q0 (q)dtdx ~ % f q°x(x)0' (q)dtdx
Ty Iy

= fR x(x)(@(q(t,x)) - 0(q(0,x)))dx — JH uy'(x)0(q)dtdx

(3.16)
0 g\’
te fn %)(’(x)e’(q)dtdx . fn (%) ((x)0" (q)dtdx
1 ax@e @adx- [ (50 (q)dtax.
From (3.14), we get
f x(x)g0(q)dtdx — % j g*x(x)0'(q)dtdx
Ty Iy
1,
= fnr X() (qe(q) - 56 (q)>dtdx (3.17)

> 0 [ g1+ gl
2 Iy
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Using the Holder inequality, (3.8) and (3.13), yields

URx(x)G(q)dx < fo(x)(Iql“H || )dx

1
< ”.XHLZ/“*Y)(R)”q”L:(YR) + ”X”LZ(R)”q”LZ(R)

1+y

1-y)/2
< (b —-a +2)( n/ ”uO”Hl(R)

+ (b= a+2)""*|luoll g g

‘ f uy'(x)0(q)dtdx
Iy

<[l (lal" + lgl )
T

T
1+y

< ||uo||H1<R>f
0

< T”uO”Hl(R)<||.XJ||L2/(17Y)(R)||u0||}-;1Y(R) + ||X’||L2(R>||u0||H1(R)>'

Integration by parts gives rise to

0
[ SLveoeaix=-[ o) @adx
IT Iy

, Ox

From (3.13), (3.20), and the Holder inequality, we have

q ,
UHT 20 ()0 ()t

<e Io@llx @ldiax

<e weal(lal" + al)drax

< 5T<||X"”L2/(1—y)(R)”uOHEIY(R) + “X””LZ(R)”uO”Hl(R))'

Using (3.13) and Lemma 3.1, we have

£

f (g_Z>ZX (x)8" (q)dtdx

Iy

From (3.13), it has

'AI qx(x)0'(q)dtdx
IIr

<O I ((1+)g? + )i

< |)‘|<(1 +7) ”.XHLw”uOHiIl(R) + ”X(x)||L2(R)”u0”H1(R)>'

<||X,”L2/“’T>(R) ”q”LZ(R) + ”x,”LZ(R) ”q”LZ(R)>dt

<2 J (—q)zdtdx <yllu ||2
£ 1Py e
v m, \0X OlH(R)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Applying (3.8), the Holder inequality, Lemma 3.1 and [, e *¥Idy = 2, we have

1Q(t, x)| =

1
W2 — A2 [uz + 5 qz]

IN

1
lll oy + 5 M0l gy (3.24)

IN

3, 2
5””0”1-11(12)-

From (3.24), we obtain

[, 000x0 @atas] < rwl(aplal )t

3
< _”uOHiIl R T (1 +Y)”X(x)||L2 R ”uOHHl(R) + |X(.X')|dx .
2 ® ® .
(3.25)

The inequalities (3.15)-(3.23) and (3.25) derive the desired result (3.10). O

Lemma 3.3. There exists a positive constant C depending only on ||ug|| g1 (ry and A such that

1Qe(t, M) £ G, (3.26)

1Qe(t, Miw <G, (3.27)

1Qe(t, Mlr2r) < C, (3.28)

OP.(t,.

H_J_l <G, (3.29)
ox L*(R)

OP.(t,.

H_J_Z <C, (3.30)
ax L2(R)

where u, = u.(t, x) is the unique solution of system (3.3).

Proof. For simplicity, setting u(t, x) = u.(t, x), we have

Qe(t,x) = u* - A2

0oL L(2) ]
X 2 N

(3.31)
Ox
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The inequality (3.26) is proved in Lemma 3.2 (see (3.24)). Now, we prove (3.27). Using

J

A2 dx

1
u2 + Eui]

1 1
I —le=yl (2 L 22
2.[R IRe (u +2ux>dy

2
< ||u||H1(R)

dx

(3.32)

2
S ”uO”Hl(R)/

and (3.8) result in (3.27).
Applying the Tonelli theorem, (3.26) and (3.27), we get

”Qe(tl')”iZ(R) SQe(, M 1Qe(t Mpi(ry < C. (3.33)

Since

’A‘zax Fuz + %(g—Z)z]
= %e’x JZO e’0, [u2 + %(g—;)z] dy + %ex J:O e’o, I:u2 + %(g—;)z] dy‘
e[ e Jav s [ e 2 (2 e
o)

2
< ||u||H1(R)

IN

(3.34)
< ||u0||%{1(1{)r

1 /0u\?
A28, uz+_(_>
[ 2\ oy
1 x 1/0u\> 1 x 1/0u\?
— T ,x v 2 il Bt - v 2 - =
J 2] e [” “3(5) ]dy+ze e [” “3(5) ]dy

J

dx

2
< 20l

2
< 2||u0||H1(R)r
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we have

dx

2
1/0u\>
-2 R
A 6x[u +2<6x> ]
2 -2 2, 1/ou\?
SlluollHl(R)IR'A ax[l/l +§ a—x

4
< 2||u0||H1(R)/

I

- (3.35)

which, together with Lemma 3.1, we get (3.29) and (3.30). The proof of Lemma 3.3 is
completed. O

Lemma 3.4. Assume u, = u,(t, x) is the unique solution of problem (3.3). There exists a positive
constant C depending only on ||ug || (r) and X such that the following one-sided L* norm estimate
on the first order spatial derivative holds

Oult) 4 o for (tx) € [0,00) x R (3.36)
ox t

Proof. From (3.9) and Lemma 3.3, we know that there exists a positive constant C depending

only on [|ugl| g1 (ry and A such that [|Qc(t, x)[|r=(r) < C. Therefore,

09. og: 1,
- = 3.37
pn + U, Fp +2q6+)tq5 Q.(t,x) <C. ( )

Let f = f(t) be the solution of

aug,o

i (3.38)

a 1, ~ _
S HoffrAf=C t>0,  f(0)=

L°°(R).
Letting sup, .q.(t,x) = f(t), due to the comparison principle for parabolic equations, we get
ge(t, x) < f(1). (3.39)

Using —Af < p?f? + (1/4p*)A?, we derive that

darf 1 1 1
C—Efz—AfSC—§f2+p2f2+E/\2

E =
(3.40)
<C- }Lﬁ +12,
where (1/4p?)\? = A2 and p = 1/2. Setting M, = C + \?, we obtain
af 1,
ad Loy 3.41
T + 4f < M, ( )
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Letting F(t) = (4/t) + 24/My, we have (dF (t)/dt) + (1/4)F?(t) - Moy = (4\/Mp/t) > 0. Due to
the comparison principle for ordinary differential equations, we get f(t) < F(t) for all t > 0.
Therefore, by this and (3.39), the estimate (3.36) is proved. O

Lemma 3.5. There exists a sequence {&;} jeN tending to zero and a function u € L%([0,o0);
H'(R)) NH'([0,T] x R), such that

u, —u in H'([0,T] xR), foreach T >0, (3.42)
ue, —u in L ([0,00) x R), (3.43)

where u, = u.(t, x) is the unique solution of (3.3).

Proof. For fixed T > 0, using Lemmas 3.1 and 3.3, and

ou, ou. 0P, _ eaZuE (3.44)

ot M ox T ox ox2’

we obtain

ou,
ot

< c(1+elolm) ) (3.45)
12([0,T]xR)

where ¢ depends on T. Hence, {1} is uniformly bounded in L= ([0, c0); H(R)) " H'([0, T] x
R) and (3.42) follows.
Observe that, foreach0<s,t< T,

ou 2
2 _ £
”us(t/-) - ug(S/-)“LZ(R) = IR <§(T,X)d7') dx

< \/mJR LT <%(T, x))szdx.

Moreover, {u,} is uniformly bounded in L*([0,T]; H!(R)) and H!(R) C L
Then, (3.43) is valid.

(3.46)

fgc S L120c (R) )
O

Lemma 3.6. There exists a sequence {;} jeN tending to zero and a function Q € L%([0,o0);
WL (R)) such that for each 1 < p < o0

Q. — Q strongly in Lfoc([O,oo) x R). (3.47)
Proof. Using Lemma 3.3, we have the existence of pointwise convergence subsequence Q.,
which is uniformly bounded in L* ([0, o0) x R). This implies (3.47). O

Throughout this paper we use overbars to denote weak limits (the space in which
these weak limits are taken is L _([0, o) x R) with 1 <r < (3/2)).
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Lemma 3.7. There exists a sequence {&;} jeN tending to zero and two functions q € L’foc([O, o) X R),

g% € L] ([0, o0) x R) such that
g, —q inLl ([0,0)xR), g =q in Lfgc<[0,oo);L2(R)>, (3.48)
G;, — ¢ in L, ([0,00) x R), (349)
foreachl <p <3and 1 <r < (3/2). Moreover,
g (t,x) < ?(t, x), foralmost every (t,x) € [0,00) x R (3.50)
g—z =g in the sense of distributions on [0, ) x R. (3.51)

Proof. (3.48) and (3.49) are direct consequence of Lemmas 3.1 and 3.2. Inequality (3.50) is
valid because of the weak convergence in (3.49). Finally, (3.51) is a consequence of the
definition of g, Lemma 3.5 and (3.48). O

In the following, for notational convenience, we replace the sequence {u; } jen, {Ge; }jen

and {Q;; } jen by {ue} s, {9e}es0 and {Qe} ., separately.
Using (3.48), we conclude that for any convex function 7 € C'(R) with 7' bounded,
Lipschitz continuous on Rand any 1 < p < 3 we get

1(ge) = n(q) in L}, ([0,00) x R),

L (3.52)
n(a:) = (@ in L (10,00);, L*(R)).
Multiplying (3.9) by #'(g.) yields
) ) 02 0g:\
=:1(qe) + 5~ (uen(q:)) — e551(4:) + e’ (4:)
ot ox 0x2 < ox > (3.53)

1 ! ! ’
= 4:1(4e) = 57 ()2 = Aqen (9e) + Qe(t, )7 (qe)-

Lemma 3.8. For any convex 11 € CY(R) with 1’ bounded, Lipschitz continuous on R, it holds that

0 0 —
M) 2 (un@) <an@) - ST@F - i@ + Qo) B

in the sense of distributions on [0, o0) x R. Here, qn(q) and 1'(q)q? denote the weak limits of ge1(q.)
and g21'(ge) in LT ([0,00) x R), 1 < r < (3/2), respectively.

loc

Proof. In (3.53), by the convexity of 7, (3.8), Lemmas 3.5, 3.6, and 3.7, sending ¢ — 0 gives
rise to the desire result. O
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Remark 3.9. From (3.48) and (3.49), we know that

g=gq.+q-=q:+q, =) +@), F=@)+@4), G5

almost everywhere in [0,00) x R, where &, = & (0,400)(§), &~ = &y(-w0,0](¢) for ¢ € R. From
Lemma 3.4 and (3.48), we have

(%), qltx) < % +C fort>0,x€R, (3.56)

where C is a constant depending only on ||uo]| g1 () and A.
Lemma 3.10. In the sense of distributions on [0, c0) x R, it holds that

oq

d 1
- = g2 — 3.57
o0+ 2 (ug) = 3 g+ Q(t, ). (357)

Proof. Using (3.9), Lemmas 3.5 and 3.6, (3.48), (3.49), and (3.51), the conclusion (3.57) holds
by sending ¢ — 0in (3.9). O
The next lemma contains a generalized formulation of (3.57).

Lemma 3.11. For any 1 € CY(R) with € L*(R), it has

MD 2 nta)) = anta) + (57~ ) )

- Agn'(q) +Q(t, x)1'(q),

(3.58)

in the sense of distributions on [0, 00) x R.

Proof. Let {ws}4 be a family of mollifiers defined on R. Denote gs(t, x) := (q(t,.) *ws)(x). The
* is the convolution with respect to the x variable. Multiplying (3.57) by #'(gs), it has

8 19} ’ a ! 1=
n(’()lz ) =1 (%)g =1'(q5) [§q2 *ws = M5 + Q(t, x) x ws
—qZ*wa —ug—z *w5]/ (3.59)

%(uﬂ(%)) = qn(ds) + ”’1/("5)@%)’

Using the boundedness of 7,7 and letting 6 — 0 in the above two equations, we obtain
(3.58). O
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4. Strong Convergence of . and Existence for (1.1)

Following the ideas in [7] or [9], in this section, we improve the weak convergence of g,
in (3.48) to strong convergence, and then we have an existence result for problem (3.3).
Generally speaking, we will derive a “transport equation” for the evolution of the defect
measure (? - g?) > 0. Namely, we will prove that the measure is zero initially then it will
continue to be zero at all later times t > 0.

Lemma 4.1. Assume ug € H'(R). It holds that

— ougp \*
i 2 =i 2 = == 4.1
}%JRq (t, x)dx }E%qu (t, x)dx IR ( 6x) dx. (4.1)
Lemma 4.2. If ug € H'(R), for each M > 0, it has
}irr(gf (54 (@) (%) = w3 (q(t, %)) ) dx = 0, (4.2)
—0JR
where
o iF1¢ < M
@ =142" - (4.3)

ME|- M2, if1E] > M,

and 1, (§) = M (&) X10,+00) (), a1 () == MM (&) X (-001 (§), & € R.
The proof of Lemmas 4.1 and 4.2 is similar to those of Lemmas 6.1 and 6.2 in [9]. Here, we omit

their proofs.

Lemma 4.3 (Coclite et al. [9]). Let M > 0. Then, for each ¢ € R, it holds that

M) = 58 = (M= X aten @),
M @8 = £+ (M~ 2] SIgn(€) (-0 1111 (&)
M@ = 5@~ 3 (M= 9P xaen @),

(M) (@) = & + (M = &) Xm0 (8),

(4.4)

M @) = 5 @)~ 5 (M + 9P a0 @),

(3) (@) = &= = (M + &) X (-eo-m) (&)-

Lemma 4.4. Assume ug € H'(R). Then, for almost all t > 0

% J‘R<(q+)2 a qi) (t, x)dx < J; fR Q(s,x) [q+(s,x) — g+ (s, x)] dsdx. (4.5)
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Proof. For an arbitrary T > 0 (0 <t < T), we let M be sufficiently large (see Lemma 3.4).
Using (3.54) minus (3.58), and the entropy 7, (see Lemma 4.2) results in

0 /——~ 0 —_—
= (134 (@) - 134(0)) + 5 (u] 14 (0) - i ()] )
— 1/~ .
< (aniu (@) -9 (@) - 5 <q2(11X4) (@) - () (q))
1/— ! NN N
- 5@ ) (30 @ - A (9 @ - (i) @) )
- Q) (15 @) - (3 (@) )
By the increasing property of 7, and the convexity of 4(713,)'(q), from (3.50), we have
_1<_2_2 (@) <0, -Ma() @) -an) 47
5 (22~ 4) (i) (9) <0, a(nr) (4) = a () (q) ) <0. (47)
It follows from Lemma 4.3 that

M (4) - %qz(nh)’(q) = —%q(M ~4) XM (),
(4.8)
M (4) - %qz(%)'(q) = —%q(M = 4) X0 (4)-

In view of Remark 3.9. Let Qpr = (4/a(M - C), 00) x R. Applying (3.56) gives rise to
+ Ior v N 1S :
a1 (@) = 59" (1) (9) = 41y (a) = 54 (my,) (9) =0, in Qur. (4.9)

In Qp, it has

Ta=5@) () @=a  m@=3@) () @=7 @10

From (4.6)—(4.10), we know that the following inequality holds in Qx;

%("Xa(q) ~(9)) + a%(u[ M (@) = 14(a)])

< Q(t) (013 @) = (1)@ )-

(4.11)
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Integrating the resultant inequality over (4/(M - C), t) x R yields

3 J (@) =g )ax < fim [ [ @60 —nia(a) 6 ] ax
(4.12)

t
« [ Q00 - g5, 0] st
R

4/(a(M=C))
for almost all t > 4/(M - C). Sending M — oo and using Lemma 4.2, we complete the
proof. O

Lemma 4.5. For any t > 0and M > 0, it holds that

fR <m ~ MM (q)> (t,x)dx

MZ t
<= J; _[R u(M +q) X (-on,-n1) () dsddx
MZ t
-5 —[0 IR u(M + q) X(-c0-m)(q)dsdx (4.13)
¢
M [ ufa @) - s sz

A ' TNy
[ [ (@ @)dsax [ [ 060 (0) @ - (1) @) ) s
0JR 0JR
Proof. Let M > 0. Subtracting (3.58) from (3.54) and using entropy 17, ,, we deduce

%(w(q) -1 (4)) + a%(u[ 1 (@) -1 (9)])

< (an (@) - 4mr(a)) - %(qz(nh)'(q) - qz(m‘w)'(q))
(4.14)

-5 (7= 7) 010 @ - A (9010 @ - 93 @) )
-0 ( (1) @) = (1) @) ):

Since -M < (11,,)' <0, we get

(7~ 7)) @) < 5 (- ). (4.15)
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By the convexity of q(17,,)'(g), it has
(901 @ - a(13) (9)) < 0.

Using Remark 3.9 and Lemma 4.3 yields

My () - %qz(m’w)'(q) = —%q(M +4) X (oo~ (4),

My (49) - %qz(m‘w)'(q) = —%q(M +4) X0~ (q)-

Inserting the inequalities from (4.15) to (4.18) into (4.14) gives

2 (e @ ~ 1 @) + e (] 0 @) ~ 13 (4)])

M M
S =AM+ @)X oo-m) (9) + 5 q(M + ) X (-eo-m) ()

M /— TN (e
+ 5 (7= ) + 200 (o) @ - (1)@ ).
Integrating the above inequality over (0,¢) x R, we obtain

[ (0@ - ma(@) €, 0)ax

M (!
-5 f f (M +q) X(-o0-m) (q) dslx
0/ R

M t
5 fo JR q(M + q) X (-on-) (9) dslx

L -y | o (T 0 o

It follows from Lemma 4.3 that

(@ =30 (@) = 5 (@)= @) + 5 (M+9) o0 4)

1 2
=5 (M+4) X (eo-m) (9)-

17

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)



18 Abstract and Applied Analysis

Using Remark 3.9 and (4.20), we have

[ (0@ - ms(@) 00

M t
S5 f f q(M +q) X(-o0,-M) (9) dsdx
0/R
M t
+ 7f J G(M +q) Y (oo, (q) dsdx
0/R

o [ [ [ - o) st )

ry ftf (M +4)"X(oo-00) (q) dsclx
f f (M + )" ux (oo, 1) (q) dsclax + —f f - g3 )dsdx

' Jo IR Q) <m - (711_\4),(‘7)>dsdx.

Applying the identity M(M + g)> — Mq(M + q) = M*(M + q), we obtain (4.13). O
Lemma 4.6. It holds that

q? =q* almost everywhere in [0, 00) x (-0, 0). (4.23)

Proof. Applying Lemmas 4.4 and 4.5 gives rise to

f( [(q+ - (g+) ] [ - rzM]>(t X)dx

MZ t Mz ¢
<5 <f f (M +q) X (~o0,-m) (q) dsx — - j f (M + q)x(_w,_M)(q)dsdx>
0-R 0JR

(4.24)

' Mf; L[ﬁ— ”;W]de’C’L % j; IR [W— (q+)2] dsdx
[ f et (i - a1+ [0 @ - ) @] s

From Lemma 3.6, we know that there exists a constant L > 0, depending only on |[uol| 1 (r),
such that

Q)| e ([0,00)xR) < L- (4.25)
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By Remark 3.9 and Lemma 4.3, it has

g-+ (My) (@) = 4= (M +9) X(-o0,-m),

Gr + (134) (@) = 9= (M +q) (o021 (9)-

Thus, by the convexity of the map & — &, + (17;,)'(¢), we get

0< [g7-q:] + [(man) (@) = (mp)' (@)

= (M +q) X(-00-M) = (M +q) X(-00,-M) (9)-
Using (4.25) derives

Qs 0( [ -0.1+ | (1) @ - (3 (@) )

< ~L((M+ )Xo (@) - (M + )0

Since & — (M + ¢) X (-s,-M) is concave and choosing M large enough, we have

MTZ (M + )Xo (2) = (M + ) (o0, -n0))

+ Q0 ([ - 0.1+ | (1) @) - (153 @) )

< <MTZ ) L> (M +9)x(on-10(8) = (M + ) Xo-11)) <.

Then, from (4.24) and (4.29), it has
0< fR<% [W - (q+)2] + 1 - nh]) (t, x)dx

<cM J‘; J‘R<% [W— (q+)2] + [ﬁ— qM])(t,x)dsdx.
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(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

By making of the Gronwall inequality and Lemmas 4.1 and 4.2, for each t > 0, we conclude

that

0< IR<% [H— (q+)2] + [ﬁ— qM])(t, x)dx = 0.

(4.31)
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By the Fatou lemma, Remark 3.9, and (3.50), sending M — oo, we obtain
0< f <; - q2>(t,x)dx =0, for t>0, (4.32)
R

which completes the proof. O

Proof of the main result. Using (3.2), (3.4), and Lemma 3.5, we know that the Conditions (i)
and (ii) in Definition 2.1 are satisfied. We have to verify (iii). Due to Lemma 4.6, we have

ge —q in L{ ([0,00) x R). (4.33)

From Lemma 3.5, (3.47), and (4.33), we know that u is a distributional solution to problem
(2.2). In addition, inequalities (2.5) and (2.6) are deduced from Lemmas 3.2 and 3.4. The proof
of the main result is completed. O
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