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The author has studied the existence of periodic solutions of a type of higher order delay functional
differential equations with neutral type by using the theory of coincidence degree, and some new
sufficient conditions for the existence of periodic solutions have been obtained.

1. Introduction and Lemma

With the rapid development of modern science and technology, functional differential equa-
tion with time delay has been widely applied in many areas such as bioengineering, systems
analysis, and dynamics. Functional differential equation with complex deviating argument
is an important type of the above function. Because the property of the solution to this
kind of equation is impossibly estimated, so the literature on the functional differential
equation with complex argument is relatively rare [1]. In recent years, with the maturity
of the theory of nonlinear functional analysis and algebraic topology, we have the powerful
tools of the study on the functional differential equation with complex deviating argument,
so it is possible to study the above equation. Furthermore, the study on the periodic solutions
of functional differential equation is always one of the most important subject that people
concerned for its widespread use. Many results of the study of Duffing-typed functional
differential equation and Liénard-typed functional differential equation have been obtained,
for example, the literatures [2-18]. Hitherto, the literature of the discussion of higher order
functional differential equations has not been found a lot [19]. In this paper I have studied
and derived some sufficient conditions that guarantee the existence of periodic solutions for
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a type of higher order functional differential equations with complex deviating argument as
the following:

D aix V() + f(x (1) k() + P g(x(x(1)) = p(t) (ai#0), (%)
i=1

and some new results have been obtained.
In order to establish the existence of T-periodic solutions of (*), we make some
preparations.

Definition 1.1. Let X, Y are Banach spaces, and let Q be an open and bounded subset in X,
and let L : Dom(L) € X — Y be linear mapping; the mapping L will be called a Fredholm
mapping of index zero if dim ker L = codim ImL < + ocand Im L is closed in Y.

Definition 1.2. Let P : X — ker(L),let Q : Y — Y/Im(L) be projectors, and let N : Q-Y
be nonlinear mapping; the mapping N will be called L-compact on Q if QN : Q — Y/ Im(L)
and (L|ker(p))_l(1 - Q)N : Q — X are compact.

Lemma 1.3 (see [20]). Let X, Y be Banach spaces; L : Dy, C X — Y is a Fredholm mapping of
index zero P: X — X; Q : X — Y are continuous mapping projectors; & is an open bounded set in
X; N :Qx[0,1] — Y is L-Compact on Q, furthermore suppose that:

(a) Lx #AN(x, A), for all x e D N0, A € (0,1);

(b) QN (x,0) #0, for all x € ker(L) N 0L;

(c) deg(QN(x,0), ker(L) NQ,0) #0,

then the equation Lx = N (x, 1) has at least one solution on Q, where deg is Brouwer degree.

2. Main Results and Proof of Theorems

Theorem 2.1. Suppose that f, B, g, p are continuous for their variables, respectively, p(t+T) = p(t),
pt+T)=p(t) >0, fOT p(t)dt = 0, and furthermore suppose that

(a) 3A >0, for all x € R, when |x| > A, such that xg(x) > 0;

(b) AM > 0, for all x € R, such that |g(x)| < M;

(0) fi =sup,glf(X)| < (am—k(@T™-Tm2—...-T))/T™,

where k = max{|a;|},i=1,2,...,m-1and a,, > k(T™ ' +T™2+...+T), then (x) has at least one
T-periodic solution.

Proof of Theorem 2.1. In order to use continuation theorem to obtain T-periodic solution of (x),
we firstly make some required preparations. Let

X = {x €™ Y (R,R) | x(t+T) = x(t)}, Y={yeCRR)|yt+T)=y®)}, (1)

and the norm of X and Y is ||x|| = maxXo<icm-1{1xP s}, [xP|ee = maxer{|xP@®)|}, i = 1,2,
...,m=1,and |ly|| = maxier {|y(t)|}, respectively; then the X and Y with this norm are Banach
spaces.
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Firstly, we study the priori bound of T-periodic solution of following equation:
Daix® (1) + Af (x(D)x () + AB(B) g (x(x(1)) = A*p (D). (2.2)
i=1

Suppose that x = x(t) € X is an arbitrary T-periodic solution of (2.2), put x(¢) into,
(2.2) and then integrate both sides of (2.2) on [0,T], so

fOT B (x(x(8)))dt = 0. 3)
For the continuity of f, g, x, there must exist a number £ € [0, T] such that
P(to)g(x(x(t))) =0, (2.4)
that is,
g(x(x(t))) = 0. (2.5)

For the condition (a) of Theorem 2.1, we have

lx(x(to))| < A. (2.6)
Let
x(to) =nT-t;, neN, € [O,T], (27)
SO
lx(t1)] = [x(x(t0))] < A. (2.8)
In view of
t
Vte [0,T], x(t)=x(t1)+ f x(s)ds, (2.9)
t
we have
t t T
[x()| = |x(t1) + j x(s)ds| <A+ | |x(s)|[ds< A +f |x(t)|dt, (2.10)
ty t 0
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that is,

T
|x<°>| =|x|, <A +J |%(t)|dt. (211)
© 0

Noting x(t) = x(t + T), so there must exist the number ¢; € [0, T] such that x?(¢;) =0,
wherei=1,2,3,..., m—1.
Forall t € [0,T],

t t
xO(t) = xD(&) + f x ) (s)ds = f x™V (s)ds, (2.12)

i &

we have

|x(i) (t)| _ Uf 0 ()ds| < IT|x(i+l)(t)|dt . TIT|x(i+2)(t)|dt
i 0 0

T T ’
< T2 I |x(i+3)(t)|dt <...< Tm—(i+1)f 'x(i+m—i) (t)|dt - Tm—(i+1)J |x(’”)(t)|dt,
0 0 0

(2.13)
that is,
' T
|x(’)| < T""(’”)j |x<m>(t)|dt, i=1,2,...,m-1. (2.14)
0 0
Combining (2.11), (2.14), we get
T
|x<0>| = x|, <A+ Tm-lj |x<m>(t)|dt. (2.15)
i 0
By (2.2), we get
T T T T
fo |amx™ (t)|dt < fo |Af (x(8))%(t)|dt + -[0 [AB(t) g (x(x(t)))|dt + fo |A2p(t) |dt
T T T
+ j |ayx(t)|dt + j laxx (t)|dt + - + f |am_3x(m’3)(t)|dt (2.16)
0 0 0

T T
+f |am_2x(""2)(t)|dt+---+J |am_1x<m-1>(t)|dt,
0 0

where 1 = maxser f(t), p1 = maxier{|p(t)|}, and k = max{|a;|}, i =1,2,3,...,m—1.
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Noting (2.14) and the conditions (b), (c) of Theorem 2.1, we have
T T
f |amx<m>(t)|dt <AT- :rm-zf |x<m> (t)|dt + P TM +piT
0 0
T T
+ kT - 7=+ f |x<m> () |dt + kT - T @1 f |x<m>(t) |dt (2.17)
0 0
T
+ oo+ kT - T (m=1D) J |x<'")(t) |dt,
0

SO

am fTix(m)(t) |dt < (kTm-l + KT 2 4+ kT + flT"H) IT|x<M> (t) |dt + B TM +piT,
0 0

(2.18)
where a,, > T" ' 3" fi + kT '+ kKT™ 2 + .- + kT.
Let
TM +p T
- b i — £ Ay, (2.19)
ap— (KT 1+ kT2 + ...+ kT + f1T™1)
that is,
T
f |x<m>(t)|dt < A (2.20)
0
Noting (2.14), (2.15), and (2.20), we have
|x(0)| = |.X'|O° SA+Tm_1A1 é(,()0,
* (2.21)
|x<i>| <TmEDAL L i=1,2,...,m—1.
Let w = maxocicm{w; + 1}, and let Q = {x | x € X : ||x|| < w}; then Q is an open and
bounded set in X.
Let
mn .
L:DicX—Y:x—Lx= Zaix(l)(t),
i=1 (2.22)

N:XxI—Y:x— N(x 1) =-f(x()x(t) - p()(x(x (1)) + Ap(t);

then the corresponding equation of Lx = AN (x, 1) is (2.2).
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Now, we define projection operators as follows;

T
P:X —ker(L) : x — Px = %’[ x(t)dt,

’ (2.23)

Y 1 ("
Q:Yﬁm:yHQy:TJ‘O y(t)dt.

Obviously, P, Q are continuous operators, Im(P) =R = ker(L), ker(Q) = Im(L), and it
is easy to prove that L is a Fredholm mapping of index zero and is L-Compact on Q.

From the above discussion and the construction of Q, we know that for all x € D;N0Q,
A€ (0,1), Lx# AN (x, L), therefore the condition (a) of Lemma 1.3 holds.

For arbitrary x € ker(L) N 0L, ||x|| = w, by the definition of Q, N, we have

T
QN(,0) = 1 [ [ ere)) - g (x(x(t)]
‘ (2.24)
1 (T
- -1 [ pogeeona
SO
1 (T
XQN(,0) = -7 [ pOFG(r)t
’ (2.25)
1 T
= —fxg(x) fo B(t)dt #0,
therefore the condition (b) of Lemma 1.3 holds.
Making a transformation.
H(x,p) =—px+ (1-p)QN(x,0), VxedQnker(L), pue[0,1], (2.26)
we have
xH(x,p) = —px* + x(1 - p)QN(x,0)
(2.27)

= —px* - (1-p) lg(x)xJ‘Tﬁ(t)df <0.
T 0

So xH(x,p)#0, that is, H(x,u)#0 is a homotopy, deg(QN(x,0),ker(L) N Q,0) =
deg(-I, ker(L)nNQ,0) = deg(~I,RNQ, 0) # 0, where I is an identity mapping, and the condition
(c) of Lemma 1.3 holds.

From above all, the requirements of Lemma 1.3 are all satisfied, so (x) has at least
one T-periodic solution under the condition of Theorem 2.1, so the proof of Theorem 2.1 is
completed. O
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Remark 2.2. In Theorem 2.1, if f(t) < 0 and the condition (a) of Theorem 2.1 is when |x| > A,
xg(x) < 0, and the rest are unchangeable, then () has at least one T-periodic solution.

If the g(x) is not a bounded function, we have the following theorem.

Theorem 2.3. Suppose that f, B, g, p are continuous for their variables, respectively, p(t+T) = p(t),
pt+T)=p(t) >0, fOT p(t)dt = 0, and furthermore suppose following:

(a) 3A >0, for all x € R, when |x| > A, such that xg(x) > 0;
(b) AM >0, for all x € R, such that |g(x)| < M|x| +¢;
(©) f1 =sup,glf (X)| < (am — kT™ ' —kT™2 —... —kT - p,T™)/T™,

where k = max{|a;|}, i=1,2,...,m -1, and ay > kT™ ' + kT™ 2 +--- + kT + p,T™, then (*) has
at least one T-periodic solution.

Proof of Theorem 2.3. Banach spaces X, Y and the mappings L, P, Q, and N are the same to
Theorem 2.1, and their property are equal to Theorem 2.1, then the corresponding equation
of Lx = AN(x, 1) is

D aix®(t) + Af (x(£)x(t) + Ap() g (x(x(1))) = Vp(1). (2.28)
i=1
It is similar to Theorem 2.1, there must exist a number t; € [0, T], such that

lx(t)] < A, (2.29)

and it is easy to obtain

|x<"> |oo < Tm(i+1) IT|x(m)(t)'dt, i=1,2,...,m-1,
’ (2.30)
|x<°>| = x|, < A+T™! JT|x<’">(t) |dt.
» 0

Noting (2.28), (2.30) and the conditions (b), (c) of Theorem 2.3, we have

T T T T
f |amx<m>|dtg f |Af(x(t))x(t)|dt+f |)Lﬂ(t)g(x(x(t)))|dt+f '/\Zp(t)'dt
0 0 0 0
T T
+kT - :rm-<1+1>J |x™(t)|dt + kT - :rm-<2+1>J |x™ (t)|dt
0 0

T
+ oo+ kT - T (m-1+1) f |x™ (t)|dt
0



8 Abstract and Applied Analysis
T
< AT T’”‘ZJ |x™(t)|dt + B T[M]x(x(t))| + c] + 1T
0
T T
+ kT - T+ I |x™(t)|dt + kT - T~ 2*D I |x™ (t)|dt
0 0

T
oo KT - T m-1+1) f ™ (£)|dt.
0

(2.31)
So
T T
amf lx™ (£)]dt < (kTm-l +kT™2 4 + kT + fle-l) f |x™(t)|dt
0 0
+ ﬁlTC + ﬁlTM|X|O( + plT
T
< (kT"H +KT™2 4.+ kT + fle*) f |x™ (t)|dt
0
(2.32)

T
+piTc+ pTM <A + T f |x<m>(t) |dt> +piT
0

T
< (KT 4 KT™ 2 4o+ KT + T 4 iT™) f ™ (1) |dit
0
+ ﬂlTC + ﬂlTMA + plT,

where k = max{|a;|}, i=1,2,3,...,m—1,and a,, > kT"™ ' + kT™ 2+ -+ kT + f{T™ ' + g, T™.

Let
Tc+ pTMA+p T
plc s p P 2 4, (2.33)
Ay — (KT 1+ kT2 4+ -+ kT + f1T™1 + B T™)
that is,
T
j |x™(t)|dt < Aq. (2.34)
0
Noting (2.30) and (2.34), we have
|x(0)| = x|, SA+T™1A; 2 wy,
. (2.35)

|x<i>| <Tm DAL L =12, ,m—1.
[ee]

Let w = maxg<icm {wi + 1}, and we take Q = {x | x € X : ||x|| < w}; then Q is an open
and bounded set in X.
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Similarly to Theorem 2.1, we prove easily that L is a Fredholm mapping of index zero
and N is L-compact on Q and the conditions (a), (b), and (c) of Lemma 1.3 hold.

From above all, the requirements of Lemma 1.3 are all satisfied, so (*) has at least one
T-periodic solution under the condition of Theorem 2.3, so far the proof of Theorem 2.3 is
completed. O

Remark 2.4. In Theorem 2.3, if f(t) < 0 and the condition (a) of Theorem 2.3 is when |x| > A,
xg(x) < 0, and the rest are unchangeable, then () has at least one T-periodic solution.

If the fOT p(t)dt #0, we have the following theorem.

Theorem 2.5. Suppose that f, p, g, p are continuous for their variables, respectively, p(t + T) =
p(t) > 0, and meet the condition (a) of Theorem 2.1 and furthermore suppose as follows:

(@) limyy - 4o g(x)] = + o
(b) Ja,b,c > 0, such that |g(x)| < ag(x) + b|x| + ¢;
(©) fi =sup,plf(X)| (am—kT"™ " = kT™2 = kT = fLT" = bpi T™)/T™,

where k = max{|a;|}, i=1,2,...,m—1,and ay, > kT™ ™ + kT™ 2 +--- + kT + fiT™ ' + b, T™,
then (%) has at least one T-periodic solution.

Proof of Theorem 2.5. Banach spaces X, Y and the mappings L, P, Q, and N are the same to
Theorem 2.1, and their property are equal to Theorem 2.1, then the corresponding equation
of Lx = AN(x, ) is

> aixD () + Lf (x(£)x(H) + AB(t) g (x(x(F))) = \p(t). (2.36)
i=1

Suppose that x = x(t) € X is an arbitrary T-periodic solution of (2.36), put x(t) into
(2.36), and then integrate both sides of (2.36) on [0, T], so

T T
f ﬁ(t)g(x(x(t)))dt=f Ap(t)dt. (2.37)
0 0

For the continuity of B, g, x, there must exist a number t; € [0, T], such that

)LfoTp(t)dt
t =_0r7 2.38
g(x(x(t1))) foT (hat ( )

Combing the condition (a) of Theorem 2.5, there must exist A; > 0, such that

lx(x(t1))| < As. (2.39)
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Similarly to Theorem 2.1, we have

1,2,...,m-1, (2.40)

T
|x<i>| ng-<i+1>j |x<m>(t)(dt, i
«© 0

T
|x<°>| = |x|,, < A + T"Hf |x<m>(t)| dt. (2.41)
© 0
By (2.36), (2.37), (2.39), and (2.41) and the conditions (b), (c) of Theorem 2.5, we have

T T T T
f |amx("‘)|dt§ f |Af(x(t))5c(t)|dt+f |Aﬁ(t)g(x(x(t)))|dt+f |/\2p(t)|dt
0 0 0 0
T T
+ kT - 7 (D f |x™ (t)|dt + kT - T @V f |x™ (t)|dt
0 0
T
+ oo 4 kt - T f |x™ () |dt
0
T
< fiT|x|, + (kT'ﬂ-1 +KT™ 2 40+ am_1T> f |x™(t)|dt
0

T T
+ fo ap(t)g(x(x(t)))dt + f bp(8) [Ix(x(8))| + cldt + pi T

0

T T (2.42)
< flTT'"’zf |x<m>(t)|dt+ (kT’"’l +kTm*2+.--+k:r)f xm@E)dt
0 0

T
+ apiTp + bpiT|x|, + bpiTc +piT < T f | ()]t
0
T
+ (kTm-1 KT 2 4ot kT> f |x™(t)|dt
0
T
+ bﬁ1T<A1 + -1 f |x<m>(t) |dt> +apiTp + bpiTc +piT
0

T
< (kTm-1 + kT2 4+ KT+ fiT™ )+ bﬂle> f |x™ (1) dt
0

+ bﬁlTAl + aﬁlTpl + bﬁlTC + plT
So

T
[am - (kTm-1 +KT™ 2 4o+ kT + fiT™ ) + bﬂlT’”>] L ™ (£)|dt o)

< bﬂlTAl + aﬂlTpl + bﬁlTC + plT
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Let

bﬂlTAl + aﬂlTpl + bﬁlTC + P1T A
am — (KTM=1 + KTm=2 4 .- + kKT + fiTm-1 + b Tm)

A, (2.44)

that is,
T
J‘ [x™(t)|dt < Aj. (2.45)
0

Noting (2.40), (2.41), and (2.45), we have

|x<0>| = ||, SA+T™ 1Ay 2 wy,
o (2.46)
|x<i>| <T" VA 2w, i=1,2,...,m-1.

For condition (a), there exist My > 0 and Ag > 0, such that |x| > M, |g(x)| > Ao; let
w = maxo<i<m{wi + 1, My}, and we take Q = {x | x € X : ||x|| < w}; then Q is an open and
bounded set in X.

Similarly to Theorem 2.1, we prove easily that L is a Fredholm mapping of index zero
and N is L-compact on Q and the conditions (a), (b), and (c) of Lemma 1.3 hold.

From above all, the requirements of Lemma 1.3 are all satisfied, so (x) has at least
one T-periodic solution under the condition of Theorem 2.5, so the proof of Theorem 2.5 is
completed. O

Remark 2.6. In Theorem 2.5, if §(t) < 0 and the condition (a) of Theorem 2.1 is when |x| > A,
xg(x) < 0, and the rest are unchangeable, then () has at least one T-periodic solution.
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