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We study analytic properties of the Poincaré return map and generalized focal values of analytic
planar systems with a nilpotent focus or center. We use the focal values and the map to study
the number of limit cycles of this kind of systems and obtain some new results on the lower and
upper bounds of the maximal number of limit cycles bifurcating from the nilpotent focus or center.
The main results generalize the classical Hopf bifurcation theory and establish the new bifurcation
theory for the nilpotent case.

1. Introduction and Main Result

Consider an analytic system of the form:

x=y+ax+X(x,y,6), y=-x+ay+Y(x,y,6), (1.1)

where a € R, 6 € R", and X, Y = O(]x, y|2) for (x,y) near the origin. A Poincaré map can be
defined on a cross-section with an endpoint at the origin using positive orbits of the above
system and can be written in the form:

P(r,a,6) =1+ > vj(a,6)r, (1.2)

j>1
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where the series converges for small r. A well-known fact is that for any k > 1vy;_1(a,6) = 0
forall j = 1,...,k imply that vy (a,6) = 0; that is, only odd values of the expansion are
important for determining the behavior of trajectories near the origin. The value vy.1(a, 5)
is called the kth focal value or the kth Lyapunov constant. For quadratic systems, Bautin [1]
proved that the Poincaré map can be written in the form:

4
P(r,a,8) =1+ D> v3j1(a,8)r 7 (1 + Pi(r,a,6)), (1.3)
j=1

where P; (r,a,6) = O(r) € C*. This implies that there are at most 3 limit cycles near the origin.
Suppose now that the origin is a nilpotent singular point, so the system is written in
the form:

x=y+X(xy), y=Y(xy), (1.4)

where X, Y = O(]x, ylz) for (x,y) near the origin. The following criterion for the existence of
a center or a focus at the origin of (1.4) has been established in [2—4].

Theorem 1.1 (see [2-4]). Let (1.4) have an isolated singular point at the origin. Let

Y(x,F(x)) = ax® 1 + O<x2">, a#0,

(1.5)
B (0 F0) + 5 F2) = b+ 00,

where y = F(x) is the solution to the equation y + X (x,y) = 0 satisfying F(0) = 0. Then the origin
of (1.4) is a center or a focus if and only if a is negative and b* + 4an < 0.

Introducing the generalized polar coordinates:
x =rCs(0), y =r"5n(0), (1.6)
where (Cs(t), Sn(t)) is the solution of the initial problem
f=y, y=-" (x(0),y(0) = (1,0, (1.7)

Liapunov [3, 4] proposed a method to solve the center-focus problem for (1.4). Sadovskil [5]
(see also [6]) and Moussu [7] investigated the problem using Lyapunov functions and normal
forms, respectively. Other few approaches for computing focal values, Lyapunov constants or
equivalent values and methods for studying bifurcations of local limit cycles were suggested
by Chavarriga et al. [8], Giacomini et al. [9], Alvarez and Gasull [10, 11], and Liu and Li
[12-15]. From [16] we know that (1.4) can be formally transformed into a formal normal
form:

=y, y=-g(x) -yf(x), (1.8)
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where g(x) = ax™ + O(x™!), m > 2 (system (1.8) is a generalized Liénard system). Str6zyna
and Zotadek [17] proved that this formal normal form can be achieved through an analytic

change of variables. Thus, if (1.4) has a center or focus at the origin, then it can be changed
into (1.8) with

g(x) = x*"ag-1 + O(x)), n>2, ap,1>0. (1.9)

According to [11] under (1.9) by a change of variables x and ¢ of the form:

"= [2;1 IO g(x)dx] Y sgn) = u(), % _ ”2;;()") (1.10)
system (1.8) is transformed into
=y, y=-x""-yf(x), (1.11)
where
Fog= 2 S@) Ly
g(u(x)) (112

x 1/2n
u(x) = [Zn .[0 g(x)dx] (sgnx) = (azn_1)'/*" (x + O<x2>>.

Then, by Theorem 1.1 system (1.11) has a center or a focus at the origin if and only if the
function f given in (1.12) satisfies

feo= Y b, by —4n<0. (1.13)

j>n-1

By Filippov’s theorem (see, e.g., Ye et al. [18]) under (1.13) system (1.11) has a stable
(unstable) focus at the origin if there exists an integer [ with 2] > n — 1 such that

by > 0(<0), sz =0 for j< I, (1.14)

and it has a center at the origin if by; = 0 for all 2j > n - 1.
Passing to the generalized polar coordinates (x, y) = (r Cs(0), r" Sn(0)) we obtain from
(1.11) the following equation:

dr _ Z]'Zn—l bj(sn(g))Z(Cs(Q))frZ—rHj

— = - . 1.15
d9 1+ 3%,,,,b;Sn(0)(Cs(6)) "' r!-mi (19
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The function on the right hand side of (1.15) is periodic of the period T =
2v/ o /nl'(1/2n)/T((n+1)/2n). Let r(6, rg) denote the solution of (1.15) with the initial value
7(0) = rp. Then the Poincaré map of (1.15) has the form:

r(T,r) = Zeré. (1.16)
i1
Assuming that V; = 1,V, = --- = Vi =0 Alvarez and Gasull [11] called the constant Vi

the kth generalized Lyapunov constant of (1.15) (we will see that this definition is too rough
since a half of the constants cannot be used to determine the stability of the origin of (1.8) or
(1.11)). They also studied the normal form (1.11) and proved the following theorem.

Theorem 1.2 (see [11]). Let (1.13) and (1.14) be satisfied. Then

(1) Vi = exp(=2bpyor/m\f4n - b> ) if 2l =n - 1;

RVi=1,V;=0for1<j<2-n+2land Vo .5 = —Kjby if either b, 1 = 0 or b1 #0
and n is even, where K is a positive constant.

In the case n = 2 Liu and Li [12] introduced different generalized polar coordinates of
the form x = r cos 0, y = r? sin 0 to change (1.4) into the form:

dr doe
i R0, 1), i Q,r), (1.17)

where it is assumed that the origin is a center or a focus. Let 7(6, k) denote the solution of the
27r-periodic system

dr  R(0,r)

o — Q(o,r)

(1.18)

satisfying 7(0) = h. Note that the initial value problem is well defined also for negative h.

Let D be a simply connected domain. Denote by R the ring of analytic functions on
D and by (¢, ..., ¢x) the ideal in R generated by the functions ¢, ..., ¢ from R. Liu and Li
[12] found the following facts.

Theorem 1.3 (see [12]). Consider system (1.4). Let the conditions of Theorem 1.1 be satisfied with
n =2 (or m = 3) so that the origin is a center or a focus. Then

(1) 7(6,-7(ar, h)) = -7 (or — 6, h).
(2) A(h) =7(-2m,h) — h = 35, vich*, where

Uoks1 € (02,04, ..., 02k), k21 (1.19)

In particular, vo; = 0, j = 1,..., k imply that vor,1 = 0.
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(8) The origin is a stable (unstable) focus if

Dk < 0(> 0), Uy = 0 fOT’ ] <k. (1.20)

In the latter case the origin is called a kth order weak focus of (1.4).

We remark that the conclusions of Theorem 1.3 provide new and useful information on
the property of the coefficients vx. Liu and Li [12] also gave some new methods to compute
the focal values v>,vy, ..., v, or equivalent values and studied the problem of limit cycle
bifurcations near the origin (using the second conclusion of the above theorem). They found
a new phenomenon: a node can generate a limit cycle when its stability changes.

In this paper we study the problem of limit cycle bifurcations near the origin of the
analytic system

x=y+X(x,y,6), y=Y(x,y,6), (1.21)

where 6 = (61,...,6,) € D C R™, D is a simply connected domain, and X, Y = O(|x,y|2) for
|x| small and 6 € D.

To perform our analysis we first introduce a novel Poincaré map using a specific
transversal section, study its analytical properties (Theorems 1.5 and 1.6), and then give a
new definition of generalized focal values (or generalized Lyapunov constants) following
[12]. Second, using the Poincaré map together with the generalized focal values we establish
new bifurcation theory of limit cycles from a nilpotent focus or center and obtain conditions
for finding a lower bound and an upper bound of the maximal number of limit cycles
bifurcated directly from the nilpotent point (Theorems 1.7 and 1.8). Third, we provide a
new method to compute the generalized focal values using the normal form (Theorems
1.10 and 1.11). Moreover, we prove that the normal form and the original system have
the same generalized focal values when the higher-order term has a sufficiently high order
(Theorem 1.12 and Corollary 1.13). For polynomial systems we prove that the maximal order
of a nilpotent focus is uniformly bounded (Theorem 1.14). All these results directly generalize
the classical Hopf bifurcation theory and establish the new bifurcation theory in the nilpotent
case.

We now state our main results more precisely. Let y = F(x, 6) be the solution to the
equation v + X(x, y, 6) = 0. We define the following two functions:

866 =Y F(56),8),  f(x6) = |5 (0 Fw.6),6)+ (0 F(x,6),8)|. (122

By Theorem 1.1, if

g(x,06) = Z aj(6)x!, n>2, ay-1(6) >0, (1.23)
j>2n-1
f(x,8)= > bj(6)x!, b, (6)—4naz, 1(6) <0, (1.24)

j>n-1
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then the origin is a center or a focus of (1.21) for all 6 € D. For convenience, we introduce the
following definition.

Definition 1.4. Let for all 6 € D (1.23) and (1.24) be satisfied for some n > 2 so that the the
origin is a center or a focus of (1.21). In this case we say that (1.21) has a singular point of
multiplicity n at the origin.

Next, let us define a Poincaré return map for the planar system (1.21). For each 6 €
D and x( #0 with |x| small consider the solution (x(t, xo,6), y(t, x0,6)) of (1.21) with the
initial condition (x(0), y(0)) = (xo, F(xo,6)). Then there is a unique least positive number
T = 7(x0,6) > 0 such that y(7, x9,6) = F(x(7, x0,0),6) and xox(7, x9,6) > 0 (see Figure 1 for
the case of small xy > 0).

Assume that for all 6 € D (1.23) and (1.24) are satisfied, so that the solution x(7, x¢, 6)
exists for 0 < |xp| < &y, where gy = £9(D) is a small positive constant. Define

x(7,x0,6), 0<|x0| < é&o,

P(x0,8) = { (1.25)

0, X0 = 0.

The map P(xo, 6) is the Poincaré map we will use for the remainder of the paper.

Obviously, the function P(x, 6) is continuous at xp = 0 if (1.23) and (1.24) hold. It is
easily seen that (1.21) has a periodic orbit near the origin if and only if the map has two fixed
points near zero: one positive and the other one negative. Moreover, we note that the function
is uniquely defined since the Poincaré section is chosen to be on the curve y = F(x, 6). This
enables us to obtain some nice analytical properties of this function at xy = 0, as stated in the
following theorem.

Theorem 1.5. Let (1.21) satisfy (1.23) and (1.24) for all 6 € D. Then there is a unique analytic
function P(xo,6) in xo at xg = 0, satisfying (0P /3x0)(0,8) > 0 and such that the displacement
function d(xg, 6) has the expansion

d(x0,6) = P(x0,6) — x0 = 30;(6)x) (1.26)

j>1

for |xo| sufficiently small, where

(1) if nis odd, then P(xo, 6) = ﬁ(xo,(‘i)for all |xo| small;

(2) if n is even, then for all |xo| small

P(xq,8)  for xo >0,

1 (1.27)
P (x0,6) forxp<0,

P(xo,0) = {

—-1 . =
where P~ denotes the inverse of P in xy.

It follows from the theorem that system (1.21) has a periodic orbit near the origin if
and only if the analytic function d defined by (1.26) has two zeros in xp near xy = 0, among
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y=F(x,06)

o Xo  P(xo,6)

Figure 1: The Poincaré map of (1.21) with xg > 0.

which one is positive and the other one is negative. The function d is called the displacement
function or the bifurcation function of (1.21).

The above theorem tells us that the function P(xo, 6) is analytic in xp at xo = 0 if n is
odd, and not analytic in xp at xg = 0 if 7 is even unless the origin is a center (in this case P is
the identity). The theorem is a natural generalization of the case of elementary center or focus
to the nilpotent case (n > 1), but it deals with two different cases (odd and even n), and the
phenomenon in the case of n even is new.

For the property of the coefficients v; in (1.26) we have the following theorem which
is more general than Theorem 1.3.

Theorem 1.6. Let (1.21) satisfy (1.23) and (1.24) for all 6 € D. Then

(1) for n odd we have vy € (v1,v3,...,0%-1), k> 1;

(2) for n even we have v1 = 0, Vpks1 € (V2, Vs, ..., V2k), k > 1.

Define p, = [1 + (-1)"]/2. Then the conclusions of the above theorem can be written
uniformly as

Vokapy € (Vlipys Usapps -+ -1 Vak—dap, )y k21 (1.28)

From the proof of Theorem 1.6 we will see that vy, depends on
Ul4p,s U3tpys - - - » V2k-14p, Soothly. Using Theorem 1.6 we derive the following two statements
on limit cycle bifurcations near the origin.

Theorem 1.7 (bifurcations from the focus). Let (1.21) satisfy (1.23) and (1.24) for all 6 € D.
Denote that p, = [1+ (-1)"]/2.
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(1) If there is an integer k > 1 such that

k+1
D |v2j-145,(8)| >0, V6 €D, (1.29)
j=1

then there exists a neighborhood U of the origin such that (1.21) has at most k limit cycles
in U forall 6 € D, where D is any compact subset of D.

(2) If there is 69 € D such that Voxi14p,(60) #0, then for all 6 € D near &y (1.21) has at most
k limit cycles in a neighborhood of the origin. If further,

‘02]-*1*}771 (60) = 0/ ] = 1/ cery k/

a(Ulern,Ungpn, .. '/UZk—ler,,) (130)

0(61,62,...,6m)

rank (60) =k,

then for an arbitrary sufficiently small neighborhood of the origin there are some 6 € D near
6 such that (1.21) has exactly k limit cycles in the neighborhood.

Theorem 1.8 (bifurcations from the center). Let (1.21) satisfy (1.23) and (1.24) for all 6 € D.
Assume

(i) there exist &y € D and an integer k > 1 such that (1.30) is satisfied,
(ii) the origin is a center of (1.21) if v2j_14p,(60) =0,j =1,...,k,

then there exists a neighborhood U of the origin such that (1.21) has at most k — 1 limit
cycles in U for all 6 € D near 6y, and also, for an arbitrary sufficiently small neighborhood
of the origin, there are some 6 € D near 6¢ such that (1.21) has exactly k —1 limit cycles in
the neighborhood. Hence, the cyclicity of the system at the point &y is equal to k — 1.

Now, different from [11-15], we give the following definition.

Definition 1.9. We call vzk.14p,(6) the generalized focal value of order k of (1.21) at the origin
and call the origin a focus of order k if vpk;14p,(6) #0 and vpj-14p,(6) =0forj=1,... k.

The above definition is very reasonable and natural, since by Theorem 1.7, we see that
a nilpotent focus of order k generates at most k limit cycles under perturbations which satisfy
(1.23) and (1.24).

By the above definition, condition (ii) of Theorem 1.8 means that the origin is a focus
of (1.21) of order at most k — 1. This condition alone is not enough to ensure the conclusion
of the theorem. For example, using Theorem 1.10 stated below one can prove that the system

X=y- <a1x3 - a%x5 + a2x7>, y= —x3 (1.31)

has exactly two limit cycles near the origin for 0 < a; < a, <« 1. But, the focus at the origin
has the order at most 1 for (aj, az) #0 (the origin is a center for a; = a, = 0).
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The generalized focal values v1yp,, U34p,, - -+, V2k+14p,, - - - Can be calculated using the
normal form of system (1.21). We will give a different method to compute them. From a
result of Str6zyna and Zotadek [17] we know that (1.21) has the analytic normal form:

x=y, y=-8(x,06)-yf(x,0). (1.32)

Note that f and g in (1.32) may be different from the ones given by (1.22). As before, let
6 € D c R™ where D is a domain. Also, suppose that for small |x| the function g(x,5)
satisfies (1.23). Define

F(x,6) = J:f(x,(‘)')dx, G(x,6) = J: g(x,6)dx. (1.33)

It is easy to see that for xy < 0 the equation G(x,6) = G(y,6) defines a unique analytic
function y = a(x, 6) = —x + O(x?). Set

F(a(x,5),6) - F(x,6) = > Bj(6)x/. (1.34)

>1

By Theorem 1.1, if (1.32) satisfies (1.23) and (1.24), then it has a center or focus at the
origin. Thus, under (1.23) and (1.24) the Poincaré map for (1.32) is well defined near the
origin.

Theorem 1.10. Lef (1.32) satisfy (1.23) and (1.24) for all 6 € D. Then, for xo > 0 small, the Poincaré
map P(xo,6) has the form:

P(x0,6) = X0 = D \0js14p,(8)%5 P (14 P} (x0,6)), (1.35)
>0

where P} (xo, 6) = O(xo),

V14p, (6) = K[ By,1(6) + (1 - p")o<B§l+1>’
i (1.36)
V2j+14p, (0) = K} ;Boi2j1(6) + Baiioj1 (6),  j 21,

I = [n/2], K7+]., j > 0 are positive constants and 1§21+2]~+1 € (Ba1,Bas, ..., Baroj-1). Thus,
Theorems 1.7 and 1.8 hold if vaj,14p, is replaced by Bojiji1, j > 0.

Let

f(x,8) = Y'b;(6)x. (1.37)

j>0

For system (1.32) we have the following result.
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Theorem 1.11. Let (1.32) satisfy (1.23), (1.34), and (1.37) for all 6 € D. Assume there exist &y € D
and k > [n/2] such that

Baks1(60) <0(>0), Baj-1(60) =0, j=1,...,k. (1.38)
Let one of the following conditions be satisfied:
(a) n=2,and

b0(60) =0, b%((ﬁo) - 8!13(60) <0; (1.39)

(b) n>2, g(-x,6) = —g(x,6), f(-x,6) = f(x,5), and

bj(6o) =0 forj=0,...,n=2, b’ (60) —4naz,_1(60) <O. (1.40)

Then

(1) for 6 = 6¢ (1.32) has a stable (unstable) focus at the origin.
(2) If further

O0(By, Bs, ..., Bok-1)

K 1 60 6

(60) =k, (1.41)

then for an arbitrary sufficiently small neighborhood of the origin there are some 6 € D near &y such
that (1.32) has at least k limit cycles in the neighborhood.

From Theorems 1.5-1.10, it seems that under (1.23) and (1.24) we have solved the
problem of limit cycle bifurcation for generic systems. Theoretically it is, but in practice it is
not. The reason is that in general we do not know what is the transformation from (1.21) to its
normal form (1.32). Here we give a method to solve the problem completely both theoretically
and in practice. It includes three main steps described below.

Under (1.23) and (1.24) by the normal form theory (see, e.g., [16]) for any integer
m > 2n — 1 there is a change of variables of the form:

(;) = (Z) + Hp(u,0,6), (1.42)

where H,,(1,v,6) = O(ju,v]) is a polynomial in u,v of degree at most m, such that it
transforms (1.21) into (1.43) (called the normal form of order m of (1.21), or the Takens
normal form; we still use (x, y) for the new variables u, v)

X =Y+ Xm1(x,,6),  Y=-8u(x,6) =Y fu-1(x,6) + Y1 (x,y,6), (1.43)
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where
m ) m-1 .
gn(x,6)= > aj(6)x),  fua1(x,6)= D bj(6)x! (1.44)
j=2n-1 j=n-1

with az,-1(6) > 0 and bfl_l(é) —4naz,—1(6) <0, and Xpa1(x, y,6), Yo (x,y, ) being analytic
functions satisfying X1, Y1 = O(|x, y|m+1). Here, we should mention that the functions
gm and f,,_1 depend only on the terms of degree at most m of the expansions of the functions
X and Y in (1.21) at the origin.

The Poincaré maps of (1.21) and (1.43) are essentially the same. Denote the Poincaré
map of (1.43) by P(xo, 6), and then the displacement function has the expansion

P(x0,6) - x0 = 3 0;(6)x), (1.45)

j=1

where the series converge for small |xp|.
Truncating the series (1.43) at terms of order m we obtain the polynomial system

=y, Y=-8n(x,0)=Yyfm1(x,06). (1.46)

In practice, for given system (1.21) it is not difficult to find the corresponding system (1.46).
For (1.46) we can use Theorem 1.10 to find its focal values at the origin up to any large order.
Let P, (xp, 6) denote the Poincaré map of (1.46). We write the expansion of the displacement
function as

Pu(x0,6) — x0 = 3.5,(6)x), (1.47)

21

where the series converge for small |x|.

We intend to use v;(6) instead of v;(6). To this end, we have to solve the following
problem. For any given k > 1 find m > 2n - 1 such that v;(6) = v;(6) for 1 < j < k. The
following theorem gives a solution.

Theorem 1.12. Consider (1.43) and (1.46). Then, for any integer k > 1, if m > (k + 2)n — 2, then
v;(6) =0j(6) for 1<j<kn. (1.48)

Therefore, we have the following.

Corollary 1.13. Under (1.23) and (1.24) for any integer k > 1 for (1.21) the coefficients
1,02,...,Ukn in (1.26) depend only on the terms of degree at most (k + 2)n — 2 of the expansions of
the functions X and Y at the origin.

In the case of elementary center or focus, the above conclusion is well-known.
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Finally, we consider the following polynomial system of degree k

x=y+ > agxyl,  y= Y byx'yl (1.49)

2<i+j<k 2<i+j<k

Theorem 1.14. For any k > 3 there is an integer N > 0 such that an arbitrary polynomial system
of the form (1.49) has a singular point of multiplicity at most Ny at the origin (i.e., one must have
2 < n < N if (1.49) satisfies (1.23) and (1.24), see Definition 1.4). Further, for each 2 < n < N,
if (1.49) satisfies (1.23) and (1.24), then there exists an integer K, (k) > 0 such that for (1.49) the
origin is a focus of order at most K, (k). Hence, the origin as a nilpotent focus of (1.49) generates at
most K, (k) limit cycles.

We organize the paper as follows. In Section 2 we give preliminary lemmas. In
Section 3 we prove our main results. In Section 4 few examples are provided.

2. Preliminaries

Consider system (1.21). In this section we will always suppose that (1.23) and (1.24) are
satisfied. Introducing the new variable v = y — F(x, 6) we obtain from (1.21) (reusing y for v)

x=y(1+Z(x,y,9)),

@2.1)
y = _g(x/6) _yf(xr6) +y222(xryr6)/

where the functions f and g are given by (1.22), Z; and Z, are analytic functions near the
origin with Z;(x, y, 6) = O(|x, y|). In the discussion below for convenience we will often omit
6. As suggested by Liu and Li in [15] we pass in (2.1) to the generalized polar coordinates

x =rcosH, y=r"sinf, r>0. (2.2)

Lemma 2.1. Let (1.23) and (1.24) be satisfied. Then the substitution (2.2) transforms (2.1) into the
system

n-1
6=5(6,r) = ﬁ[sow) +0(r)], s
r’ .

7=R(O,r) = @)

[Ro(0) + O(r)],
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where S and R are 2or-periodic in 6 and have the properties

S(r+(-1)"10,-r) = (-1)"'S@O,r),  R(r+(-1)"0,-r) = -R(,7),

H(6) = cos?6 + nsin?0 > 0,
Sp(0) = - [n sin’6 + b,_1cos"0sin O + azn_1C052n6] <0,

Ro(0) = cos 0sin 9<1 — ay,-1 08?7?20 — b, sin O cos"‘29>.

Proof. From (2.2) we have

x=cosOr —rsin00, v =nr""'sin6 +r" cos 00.

We solve the above equations for 6 and # and obtain (2.3) with

cos 0y — nr" ! sin 0x

S0 = ™ <c0526 +n sir126> '
RO, ) = sin 0y + r"! cos Ox .
rn-l (cos26 +n sin28>
Then noting that
cos(or £0) = —cos B, sin(or £60) = Fsinf

13

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

and that (2.2) is invariant as (8, ) is replaced by (o + (-1)""'0,-r) one can easily prove (2.4).

The other conclusions are direct. This ends the proof.

By (2.3) and (2.4) we obtain the following analytic 2sr-periodic equation

dr =
E = R(Q,r),

where

RO, =1 sin 0y + r"! cos Ox

cos 0y — nr"~! sin Ox

_ [Ro(0)
-7 [50(9)

" O<r>],

E<Jr +(-1)"e, —r> = (-1)"R(B, 1).

O

(2.9)

(2.10)
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Let 7(6, h) denote the solution of (2.9) with the initial value r(0) = h. For properties of
the solution we have the following.

Lemma 2.2. The solution (6, h) = O(h) is analytic in (6, h) for |h| small and satisfies the following:
(1) r(6,-r(, b)) = —r(r + (-1)""'6, h);
(2) (8 £27,h) =r(0, r(£2x, h)).

Proof. Let7(0) = —r(or + (-=1)"7'6, h). Then by (2.9) and (2.10) we have

% = (-)'R(7+ ()"0, (o + (-1)"6, 1))
= (-1)"R(r + (-1)"'0,-7(9) ) (211)
= R(6,7(6)).

This means that 7(6) is also a solution to (2.9). Then the first conclusion follows from the
uniqueness of the solution to the initial problem. The second one follows in the same way.
This completes the proof. O

Further we have the following.

Lemma 2.3. Let P(xq,6) be the Poincaré return map of (1.21) defined in Section 1. Then for |xg| > 0
small we have P(xo, 6) = (=27, x0) for xo > 0, and P(xo, 6) = r((=1)"2r, x0) for xo < 0.

Proof. First, it is easy to see that (1.21) and (2.1) have the same Poincaré map P(xy, 6). Then,
noting from (2.3) that 6 < 0 for small r > 0, by the definition of P and (2.2), we see that

P(xg,6) = x(1,x0) = r(-2r, %0) (2.12)

for xo > 0 small. Now consider the case of xy < 0. Let (6, h) denote the solution of (2.9)
satisfying r*(or) = h. Similarly as above we have

P(x9,6) = x(1,x0) = —=1r* (-, —X0), (2.13)

since under (2.2) the points (x,0) and (P(xo,6),0) on the (x,y) plane correspond to the
points (o, —x¢) and (-, —P(xo, 6)) on the (6, r) plane, respectively.
Further, by Lemma 2.2(1), we have

r*(6,-h) = -r(wr —60,h) for n even, (2.14)

r*(6,-r(2or, h)) = —r(xr +6,h) for n odd. (2.15)

Noting that, by Lemma 2.2(2), xo = r (27, h) if and only if h = (-2, x¢), we see that (2.15)
becomes

(0, —x0) = —r(or + 0, r(-20,x0)) for n odd. (2.16)
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Therefore, by (2.14) and (2.16) we have for xo < 0

r(2or,x9)  for n even,

P(xo,6) = { (217)

r(-2ar,x9) for n odd.

This ends the proof. O

Lemma 2.4. Let d(xo,6) = P(x0,0) — xo. Then there exists an analytic function K(h, 6) convergent
for small |h| with K(0,6) = (0r/0xy)(ar,0) > 0 such that

d(xo,6) = —K(x9,6)d(xo,6) (2.18)

for xo > 0 small, where Xy = —r (7, x0).

Proof. By Lemma 2.2, we have
r((-1)"2mr, Xo) = —r (-, x0) = —r (o1, 7(-27, X0)). (2.19)
Hence, by Lemma 2.3 for xg > 0

d(f0,6) = T((—l)nZJT,fo) - .;Clo

= —r(ar, r(=2, x0)) + 1 (77, X0)

(2.20)
= —-K(x9,06)[r(-2,x09) — x0]
= —K(.X'(), 6)d(XO, 5)/
where
1
K(xo,6) = jo aa_ag(yr,xo + 5(r (=27, x0) — x0))ds. (221)

It is obvious that K is analytic for |xo| small and K (0, 6) = (0r/0x¢)(or,0) > 0. This completes
the proof. O

3. Proof of the Main Results
In this section we prove our main results presented in Theorems 1.5-1.12.
Proof of Theorem 1.5. We take 1_’(x0,6) = r(-2m,x9) for |xo| small. Then by Lemma 2.2 Pis

analytic. Note that by Lemma 2.2, r (217, x¢) is the inverse of r (=247, x¢) in xp. Then Theorem 1.5
follows directly from Lemma 2.3. The proof is complete. O
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Proof of Theorem 1.6. There are two cases to consider separately.
Case A (n odd). By (1.26) and Theorem 1.5(1), we have

d(x0,6) = d(x0,6) = > v;(6)x} 3.1)

j>1

for all |xg| small.
By Lemma 2.4, we can suppose that

K(xg,6) = Zk]-xé, Xg = —r(a, x0) = lex{), (3.2)

720 21

where ko > 0, I; = —ko. Substituting (3.1) and (3.2) into (2.18), we obtain

j
ZU]' <Zl,x6> = —' Z kivjxf;j. (33)

>1 i>1

Comparing the coefficients of the terms x3, x; and x(z)j on both sides yields

Uzl% + vl = —(koZJz + k101),

041411 + 31)31%12 + 0y <l% + 21113) + o1l = —(koU4 + k103 + kovy + k3171),

(3.4)
0 2j-1
voil) +v2j1 Ly (I, b) + -+ valoj (I, b, ... jo1) + U1hj = —Z kivaji,
i=0

..,

where L;j(I1, I, ..., 1li1),i=1,2,...,2j — 2, are polynomials. Thus, from the above equations
we obtain

Uk € (V1,03,...,02k-1), k=1 (3.5)

Case B (n even). By (1.26) and xo = ﬁ_l (P(x0,6),8) we find that

ﬁ_l(xoﬁ) = D1X0 + Do X + Taxg + -+, (3.6)
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where
o1 = (01 +1)7,
Oy = —vy(v1 + 1),
(3.7)

~ —(j+1
0j =—U]'(Ul+1) (]+)+L]'(Uz,173,...,vj_1),

and each L; is a polynomial of degree at least 2. Now we suppose that xo > 0. Then (3.1)
holds by Theorem 1.5. Further, noting that Xy < 0 by Theorem 1.5 again

(%o, 8) = P(%0,8) - %o =P (%0, 6) - %o. (3.8)
Then, inserting (3.1), (3.2), (3.6), and (3.8) into (2.18) we obtain

(01 - 1)y = —kovy,

(’51 - 1)12 + 5212 = —(kovz + klvl),

(3.9)
@1 = V) + L (2, B3,...,01) + il = —(kov; + k1vj 1 +--- + kj101),
where
Li(%2,73,...,0j-1) € (D2,03,...,0j1). (3.10)
Finally, noting that l; = —k¢ and substituting (3.7) into (3.9) we easily see that
i1 € (V2,04,...,v25), j21. (3.11)
This ends the proof. O

Proof of Theorem 1.7. For the first part, suppose that the conclusion is not true. Then
there exists a sequence {6,,} in D such that for 6 = 6,, (1.21) has k + 1 limit cycles
L1, Lo, ., Link+1 which approach the origin as m — oo. Then by Theorem 1.6, the function
H(xo, 6m) has 2k + 2 nonzero roots in xy which approach zero as m — co.

Since D is compact, we can assume &,, — 6y € D as m — oo. By our assumption,
Zf:ll |02j-14p, (60)| > 0. Thus, for some 1 <I <k +1,

V21-14p, (60) 20, ©2j-14p,(60) =0 for 1 <j<I-1. (3.12)
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Therefore, by (1.26) and Theorem 1.6, we have

d(xo,60) = Uzz—1+pn(50)x(2)l_1+pn " O<xél+pn>‘ (3.13)

Note that d(0, 6) = 0. It follows from Rolle’s theorem (see [1]) that for some gy > 0 the function
d(xo,6) has at most 21 — 2 + pn NONZzero roots in (—&y, &) for all |6 — 6| < 9. We have proved
that the function H(xo, 6m) has 2k + 2 nonzero roots which approach zero as m — oo. It then
follows that 2k + 2 < 2I — 2 + p,,, contradicting to 2] - 2 + p,, < 2k + p, < 2k + 1. The first
conclusion follows.

For the second one, from the above proof one can see that for all 6 € D near 6
(1.21) has at most k limit cycles in a neighborhood of the origin. Then, by Theorem 1.6, the
displacement function d can be written as

d(xo,6) = > vaj-1up, (5)x§j_l+pn (1+ Pj(x0,6)), (3.14)

j>1

where P;(0,6) = 0. Like in [19] one can show that P; are series convergent in a neighborhood
of 6y (see also, e.g., [20, 21]). Further, by (1.30), we can take v1,p,, U34p,, - - -, U2k-14p, as free
parameters, varying near zero. Precisely, if we change them such that

0 < |O1ap, | < |V34p, | < -+ < |V2ko14pe | < 1, V1ip, Usap, <0,...,

(3.15)
Vok-14p, V2k+14p, < 0,

then by (3.14) the function d has exactly k positive zeros in xo near x; = 0, which give k limit
cycles. This finishes the proof. O

By Theorem 1.5 and (3.14) we immediately have the following.

Corollary 3.1. Let (1.21) satisfy (1.23) and (1.24) for a fixed 6 € D. Then, if
Vok+14p, (6) <0(>0), V2j-14p,(6) =0 for j=1,...,k, (3.16)
then the origin is a stable (unstable) focus of order k of (1.21). If
02j14p,(6) =0 Vj>1, (3.17)

the origin is a center of (1.21).

Proof of Theorem 1.8. Under (1.30) the values v14p,, U34p,,- .., V2k-14p, Can be taken as free
parameters. Further, by our assumption, the origin is a center of (1.21) as vz;-14,(6) = 0,
j=1,..., k. It then follows that

V2j-1+py, (6) € <7]1+pn, V3apprves vZk71+pn> V] >k+1. (318)
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Therefore, (3.14) can be further written in the form:

—_ k . J—
d(x0,6) = S105j 11, (6)%7 1+”"(1 + Pj(x0,6)>, (3.19)
j=1

where ﬁj (0,6) = 0 and P; are series convergent in a neighborhood of 6y [19]. Using the
reasoning of Bautin [1] (see also e.g., [20-22]) one can easily see that the conclusion of the
theorem holds. The proof is completed. O

Proof of Theorem 1.10. Now we consider (1.32), where g satisfies (1.23). Let
F(x,06) :J f(x,6)dx, G(x,0) = f g(x,6)dx. (3.20)
0 0

If f satisfies (1.24), then the origin is a center or focus of (1.32), and

F(a(x,6),6) - F(x,6) = D .B;(6)x) = Y B;(6)x/, (3.21)
j>n jzm
where
B, = (_1)—_11,”_1, m=21+1, 1= [g], (3.22)

and a(x,6) = —x + O(x?) satisfies G(a(x,6),8) = G(x,6) for |x| small. Note that (1.32) is
equivalent to the following system:

x=y-F(x,0), ¥ =-8(x,0) (3.23)

which has the same Poincaré return map P(xo,6) as (1.32). Introducing the change of
variables x and ¢

At (PZn—l (x)

ah = —g(x,6) (3.24)

u = [2nG(x, 6)]"*" (sgn x) = (az-1)"/*" (x + O(x2>> =¢p(x),
system (3.23) becomes
u=y-Fus), y=-u"", (3.25)

which is equivalent to

=y, v =-u""1—yf(u,ob), (3.26)
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where
— _ - oF
F(u,6) = F<(p 1(u),6>, f(u,6) = = (u,6). (3.27)

The systems (3.25) and (3.26) have the same Poincaré return map, denoted by P; (19, 6). One
can see that the maps P and P; have the relation P; o ¢ = ¢ o P. Hence,

P(x0,6) = xo = K(uo)(P1(uo,6) — uo), (3.28)
where K (1) = (azn_l)fl/zn + O(up) is analytic. By (1.26) and (3.14), for 1y > 0 small we have

P (u(), 6) — Uy = ZU]((S)u{) = szf—1+Pn (6)u§j_1+p" (1 + P]'(uo, 6)) (329)

j21 j21
Hence,

P(x0,8) = %0 = > 0sj14p, (6) (azut) ™20y 7" (1 + ﬁj(uo,ﬁ))
i1
(3.30)

i 2j-1+p, "
= ZUZj—1+pn(6)(a2n—l)(2] pn2ny TP (1 +P; (x0,6)>,
=1

where Pj(u,6) = O(up), P! (x0,6) = O(xo).
Since a satisfies G(a(x, 6),6) = G(x,6) and xa < 0 for |x| small, we have ¢p(a) = —¢p(x)

or a = ¢~} (-p(x)) = ¢! (-u), where u = ¢(x). Thus, we have

F(a(x,6),6) - F(x,8) = F((p-l(—u), 5) - F((p_l(u),6> = F(-u,6) - F(u,6). (3.31)

Let
fu,8) = j;f;wmﬂ (332)
Then
F(u,8) = Z@ul‘. (3.33)
i
Thus, by (3.31) we have
F(a(x,6),6) - F(x,6) = -2 ' wuzj”. (3.34)

21
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Substituting u = ¢(x) = (aZn_l)l/ 2 (x + O(x2)) into the above equality and comparing with

(3.21) we obtain

Baii1 = —Kibay, Baiyo = O<bzz),
Baii2j+1 = —=Kiyjbarsaj + Borsojsa,

Baliaji2 € <b21,b21+2,---,b21+z]' >, i>1,

where K, Kj1, ... are positive constants and §21+2]-+1 € <521,521+2, ... ,Egp,zj_z).
Then by Theorem 1.5 for 1y > 0 small we clearly have

Pi(uo,6) = uo + > v;(6)u) = > V;()u),

1 21

where V; are introduced before Theorem 1.2. Thus, by Theorem 1.2, we have

—K1+j521+2j, j=1

V1==03j1=0

— —2
v = —Kjby + O<b21)/ V2.1
forn=21+1 odd, and

= —K1+7521+2;', jz1

for n = 2l even, where K}, j > 0 are positive constants. Hence,

— —
Vtp, = —Kiby + (1 - Pn)o<bzl>r

D2js14p, = —Kisjbarzj + @(bzl, barsz, - --/b21+2j—2)/ ji>1,

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

where (0,0, ...,0) = 0. Note that (1.32) is analytic in each 1_7,-. It follows from Theorem 1.5
that ¢ is analytic in (521,5214.2, e, E2l+2j—2)/ which yields ¢ (S (521,521+2, e, Ezl+2]'_2>. Then (335)

and (3.39) together give

K
Ulapy, = %BZH +(1- Pn)O<B§1+1>’
I

2]+1+p,, 2l+2j+1 2l+2]'+1l - s

I+j

where §21+2]’+1 € (Bas1, Bz, - - -, Borsoj1)-
Then (1.36) follows from (3.30) and (3.40). This finishes the proof.

(3.40)
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Proof of Theorem 1.11. Let |6 — 6¢| be small. For n = 2 we have p,, = 1. Then the first conclusion
follows directly from Corollary 3.1 and (1.36)—(1.39). In fact, we have by Theorem 1.10

’ng((SQ) = K;B2k+1 (60), K;: >0, Uz]'(60) =0 for ] =1,... ,k -1. (341)

For the second conclusion, we first keep B;(6) = 0 and vary Bs(5), ..., Bok-1(6) near
zero to obtain exactly k—1 simple limit cycles near the origin. These limit cycles are bifurcated
by changing the stability of the focus at the origin k — 1 times. Then we vary B; such that
0 < |Bi| < |Bs|, and B1B; < 0. This step produces one more limit cycle bifurcated from the
origin by changing the stability of the origin which is a node now by [23]. The theorem is
proved for the case n = 2.

For n > 2 since g(—x,6) = -g(x,06), f(-x,6) = f(x,6) we have

bj(6)=0 forj=0,...,n-2, b, (6)-4naz1(6)<0 (3.42)
if
BZl+1 (6) < 0(> 0), B2j71 (6) =0, ] =1,... ,l (343)

for some [n/2] < I < k. In this case the origin is a stable (unstable) focus of (3.23) by
Theorem 1.10. If (3.43) holds for some 0 < I < [n/2], then by [23] again the origin is a stable
(unstable) node of (3.23). Thus, we can proceed similarly as above. The proof is complete. [

We remark that if g(-x,6) = —g(x,6), then a(x,6) = —x.

Proof of Theorem 1.12. Consider (1.43). Without loss of generality, we can assume X,,+1 = 0 in
(1.43) (otherwise, introduce the change of variables v = y + X,,.1(x, y)). In this case, we can
write (1.43) into the form:

=y, y=-g(x) - f)y+y D)y, (3.44)

j>0
where
() = gn(@) +O(IxI™"),  f(x) = frua(x) +O(™),  ;(x) = O(|xI""7). (3.45)

For the sake of convenience we rewrite the functions g, f, and (pj as follows:

2n-1

glx)=x [go(X)+x"g1(x)+x2"g2(x)+...],
f@) = 2" [folx) + X fr(x) + X fo(x) + -, (3.46)

@i(x) = @jo(x) + xn_l(/’jl(x) + xzn_l%'z(x) +e,

where f;, gj, and ¢;;, j > 0,1 > 1, are polynomials in x of degree at most n — 1, and ¢jo, j > 0,
are polynomials in x with degree at most n — 2.
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Now we change (3.44) using (2.2) to the system

X =r"sinb, Y= rz’HZVj(G, r)rin,
7>0

where by (3.46)

Vo(0,r) = —cosz’HGgo (rcos 0) —sin"@ fy(rcosB) +r sin26(p00(r cos 6),

Vi(0,r) = —cos2”‘1+j”6gj (r cos 0) —sin"0 cosj"ij (rcosO) +r sin2+j6<p,-o (r cos0)

j-1
+ Zsin2+k9 cos(f‘k)"_letpk,;‘fk(r cosB), j=1
k=0

This yields the equation

dr Z]‘zo Rj(G, T’)Tj"

ae 250 S;(6,r)rin’

where

So(B,1) = —nsin®0 + cos 8 Vy(6, 1), Ry(6,7) =sinBcos B +sinOVy(O,7),
Si(0,r) = cosOV;(0,1), R;(0,r) =sin0V;(0,r), j>1.

By (3.48) and (3.50) we can further expand S; and R; in r to obtain for j >0
n-1__ n-1__
Si(0,7) = D Sw®)r',  R;j(6,7) = > Rujn(0)r',
1=0 1=0

so that the above differential equation can be written as

dr Do Rj(©)7
d_Q =r——-—
ijo Sj(0)r!

Further, letting

1 ~ .
— =) 5;(O)r/,
S5 &

Ri(0) = > Re(0)S1(0), j>0

k+l=j

23

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)
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we obtain

d - .
d—; =) Rj(O)r. (3.55)

720
Note that for any j >0, S j depends only on Sk with 0 < k < j. Then by (3.54) one can see that,
forany j>0, ﬁ]- depends only on Ry and Si with0 < k < j- (3.56)

Let (6, ry) denote the solution of (3.55) with the initial value ry. The for ry small we

have
r(0,m0) = Xri(O)rg, (357)
i1
where ry, 1,13, ... satisty r1(0) =1, r2(0) = 73(0) =--- =0, and
r = Rory,

7y = Rory + Ri7?,
) 3 ) (3.58)
Té = Rorz + 2R, + Rzrf,

which implies that, for any j > 1, the function r; depends only on Ry with 0 < k < j—1. Hence,
by Lemma 2.3, (1.45), and (3.56) we come to the following conclusion.

Foranyj>1, 9;(6) dependsonly on Ry and Sy with0 <k <j—1. (3.59)

Further, by (3.48)-(3.51), one can observe that, for 0 <[ < n -1, S; and R, depend
only on the coefficients of degree I of the polynomials gy, fo, and x¢pq in x. Hence, by (3.59)
we see that for 1 < j < n, v; depends only on the coefficients of degree at most j — 1 of the
polynomials gy, fo, and x¢g in x.

Similarly, forj >1land 0<I<n-1l,orjn<I+jn<(j+1)n-1, §l+]-n and Eﬂ-n depend
only on the coefficients of degree [ of the polynomials g;, fj, x¢jo and ¢; ;; withi=0,...,j-1
in x. In other words, for jn+1<u < (j+1)n, S,-1,and R,1 depend only on the coefficients of
degree u — 1 — jn of the polynomials g;, f;, x¢jo, and ¢;;; withi=0,...,j —1in x. Let N4
denote the set of integers in the interval [a, b]. Then, for jn +1 < u < (j + 1)n, we have

-1
Niou-1] = UN[in,(i+l)n—1]UN[jn,u—l]- (3.60)
i=0
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Thus, for all k € Ny i+1)n-1], Sk and Ry depend only on g;, fi, x¢io, and ¢y ;—; with 1 =0,...,i—
1. And for k € Nijnu-1, Sk and Ry depend only on the coefficients of degree k — jn of the
polynomials g;, fi, x¢jo, and ¢y ;- with1=0,...,j - 1inx.

Therefore, by (3.59) for jn+1 < u < (j+1)n, v,(6) depends only on the functions g;, fi,
xpip and ¢y, with 1 =0,...,i-1,i=0,...,j—1 and the coefficients of degree at most u—1—jn
of the polynomials gj, f;, x¢jo, and ¢ ;- withl=0,...,j - 1in x.

We claim that if j > 0, m > (j + 1)n, then, for jn +1 < u < (j + 1)n, v,(6) depends only
on the functions g;, f;, withi =0,...,j — 1 and the coefficients of degree at most u — 1 — jn of
the polynomials g;, f; in x.

In fact, by the above discussion, we need only to prove ¢g = 0 in the case j = 0 and
;s =0forl+s<jand 0<!<j-1inthe casej> 0. This can be shown easily since

@jo = O(|x"™'7), @js = O(|x|™7™")  for s >1,
p=ol ) P ) (3.61)
degyjo<n-2, degyjs<n-1 fors>1

by (3.45) and (3.46).

By (3.46), the above claim can be restated as the claim that if j > 0, m > (j + 1)n, then
for jn+1<u < (j+1)n, v,(5) depends only on the coefficients of degree at most 2n + u — 2
of g and the coefficients of degree at most n + u — 2 of f in x. Thus, for any integers k and
m satisfying k > 1 and m > (k + 1)n, taking j = 0,...,k we see that, forall 1 < u < (k + 1)n,
v,(6) depends only on the coefficients of degree at most 2n +u — 2 of g and the coefficients of
degree at most nn +u — 2 of f in x.

Finally, by (3.45), if m > (k + 3)n - 2, then

2n+u-2<m, n+u-2<m-1 foru<(k+1)n. (3.62)

In this case, forall 1 < u < (k + 1)n, v,(6) depends only on g, and fy,-1 in (3.45). Then the
conclusion of Theorem 1.12 follows. O

Proof of Theorem 1.14. Let

X(x,y,6)= Y, agx'y/,  Y(xy,6)= > byx'y. (3.63)

2<i+j<k 2<i+j<k

Then (1.49) is equivalent to an analytic system of the form (2.1), where the functions f and g
are given by (1.22). We can write

8(x,6) = > a;x, (3.64)

j>2

where all a; are polynomials in a;; and b;;. Thus, by the well-known Hilbert basis theorem
there exists Ny > 0 such that a; = 0 for all j > 2Ny if ap = -+ = an,-1 = 0. Thatis, ay = - =
ayN,-1 = 0 imply that ¢ = 0. In this case, all points on the line ¥ = 0 and near the origin are
singular for (2.1). Thus, the origin has a multiplicity at most N as a nilpotent focus or center.
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Further, for any 2 < n < N let (1.49) have a nilpotent focus or center at the origin,
having multiplicity #. Then for any sufficiently large m, (1.49) is equivalent to a system of the
form (1.43), where the coefficients a; in g, and b; in f,, 1 are all polynomials in a;; and b;;.
Moreover, az,-1 > 0and b>_| — 4nas, 1 < 0. Let

F(x) = J:C fm-1dx, G(x) = J: gmdx, (3.65)

and a(x) = —x+ Y, j>2 a]-xj satisfies G(a) = G(x). Then, noting that

1/2n .
Gl/2n _ [% || <1 + Zﬂ]-x]>, (3.66)

j>1

. . |
where all f; are polynomials in a;j, bij, and ¢ = a,,

in a;j, b;j, and c. Therefore, if we let

_1, one can see that all a; are polynomials
F(a(x)) - F(x) = 3. Bl'xl = 3 B/'x, (3.67)
j2n j221+1

where | = [n/2], then all B]'." are polynomials in a;j, b;j, and c. By Theorems 1.10 and 1.12, for
any integer ko > 0 there exists an integer m1y > 0 such that B]’.”, j=2I+1,..., ko are independent
of m for all m > my, denoting B;." by B;. Then, we have defined a series of coefficients B; for
all j > 21 + 1, which are all polynomials in a;j, b;;, and c. Again, by the Hilbert basis theorem
there exists K, (k) > 0 such that

Baiy1 = Boiya = Bonya = -+ = Banak,(k)+1 = 0 = Boiyji1 =0, j > 2K, (k) + 1. (3.68)

Now, we take K and m such that 2K, (k) + 1 + Pn < Kn, m > (K +2n) — 2. Then by
Theorems 1.10 and 1.12 again, for (1.49) we have

Vtap, = U3ip, =" = V2K, (k)+1+p, = 0 (3.69)

yielding v;,,,, = 0, j > 1. Then the conclusion follows. O

4. Application Examples

In this section we provide some application examples based on the ones given in [11].
Consider a Kukles type system of the form

X=y, y= —(allxy + aozyz + a30x3 + azlxzy + alzxyz + a03y3>. (4.1)
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The authors of [11] proved that if azy > 0 and a%l —8az9 <0, thenfor (4.1) v, =vys =vs =v5 =0
if and only if ay = agz = a11402 = 0, which implies that the origin is a center. Moreover, there
can be 3 limit cycles near the origin. See Theorem 4.1 in [11] and its proof.

From this conclusion and Theorem 1.7 we have immediately the following.

Proposition 4.1. Let a1, an, as, ai, aiz, and agg be bounded parameters satisfying
2
az >0, aj; —8az <0, |az1| + |aos| + |a11aoz| > 0. (4.2)

Then there exists a neighborhood V of the origin such that the system (4.1) has at most 3 limit cycles
inVv.

Consider now the system
X=-y+Ax*+Bxy+Cy*,  y=x+xy’+y°. (4.3)

By Theorem 4.2 in [11] and its proof if A% < 2, then the origin of (4.3) is always a focus with
|v2| + |va| + |vs| + |vg| > 0. Moreover, there are systems inside (4.3) with at least 3 limit cycles
around the origin. Then by Theorem 1.7 again we have the following.

Proposition 4.2. Let A,B, and C be bounded parameters with A2 < 2. Then there exists a
neighborhood V of the origin such that the system (4.3) has at most 3 limit cycles in V.

Finally, consider the system

k
X=y, y= —<x3 + x5> - szjx2fy, (4.4)
j=0
where k > 2. By Theorems 1.8-1.11, we obtain the following.

Proposition 4.3. Let byj be bounded parameters. Then

(1) if by = 0, the system (4.4) has at most k — 1 limit cycles near the origin, and k — 1 limit
cycles can appear.

(2) If by #0, there are systems inside (4.4) which have at least k limit cycles near the origin.
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