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Waulan et al. (2009), Wulan et al. characterized the compactness of composition operators on the
Bloch space in the unit disk by the nth power of the induced analytic function. This paper will
generalize the result to the Bloch type space in the polydisk.

1. Introduction

Let D" be the polydisk of C" with boundary oD". The class of all holomorphic functions on
the domain D" will be denoted by H(D"). Let ¢(z) = (¢1(2),...,¢n(z)) be a holomorphic
self-map of D". The composition operator is defined as follows:

Co(f)(2) = f(9(2)); (1.1)

forany f € H(D") and z € D".

The study of the composition operator dates back to the late 60s. From then on,
the boundedness and compactness of composition operators between several spaces of
holomorphic functions have been studied extensively. We refer the interested readers to the
books in [1-3]. Recently, there has been lot of work for Bloch type spaces. For example, see
[4-9], as well as the related references therein. There are still many unsolved problems of
interest to numerous mathematicians.
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For p > 0, the Bloch type space B? consists of those f € H(ID") such that

o )

6zk

171, = 1£ @+ sup 35 (1~ 1) | 52 2)| < o 12)
Z€D" k=1

with this norm, it becomes a Banach space. When p = 1, it is the classical Bloch space.
In [10], Wulan et al. obtained a new result about the compactness of the composition
operators on the Bloch space in the unit disk. We state it as follows.

Theorem 1.1. Let ¢ be an analytic self-map of the unit disk D. Then C,, is compact on the Bloch space
if and only if

Tim [l ]|, =0, (1.3

where @™ here means the mth power of .

Along with the further research, it is natural to consider the higher-dimensional case.
The goal of this paper is to extend the above result in the unit disk to the polydisk.

Throughout this paper, let N be the set of the positive integers, I = {i € N : [|¢;|| , = 1}
and J = {j € N:[lg;]| , <1}.

2. Some Lemmas

In this section, we present some lemmas which will be used in the proofs of our main results
in the next section.

The proof of the following lemma can be found in the proof of Theorem 1.1 in [8], see
also Lemma 2.2 in [7].

Lemma 2.1. Let p > 0, m € Nand 0 < x < 1. And let Hyp(x) = x™ (1 - x¥)P, 1 =
(m-1)/(m-1+ 2p))1/2 (m > 2). Then for m > 2, Hy, ,(x) is decreasing on [ty, "ys1], and

29\ P
lim m” min Hy,,(x) = <?p> . (2.1)

m—ow  x€[rm ]

Lemma 2.2 (see Corollary 3, [6]). Let p > 1 and q > 0. Suppose that ¢ = (¢1,...,¢,) is a
holomorphic self-map of D". Then C,, : BP — B4 is compact if and only if

1) pi(z)eBq, le(l,...,n};
(2) Timy(z)—omn 2f 1q 1091/ 02k) (2)|(1 = |24 )7/ (1 = [gu(2) )P = 0.

Lemma 2.3 (see Corollary 4, [6]). Let 0 < p < 1 and q > 0. Suppose that ¢ = (¢1,...,p,) i5a
holomorphic self-map of D". Then C,, : BP — B4 is compact if and only if

() C, is bounded;
(4) Timygp,z))—1 2 o 1091/ 021) (2)|(1 = 12T/ (1 = |@u(z) )P =0, L€ (1,...,n}.
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The following lemma is the crucial criterion for the compactness of C,, whose proof is
an easy modification of the proof of Proposition 3.11 in [1].

Lemma 2.4. Assume that ¢ is a holomorphic self-map of D". Then C,, : B? — B9 is compact if and
only if C,, is bounded and for any bounded sequence { f, } ,,er in BP which converges to zero uniformly
on compact subsets of D", we have

Iy finll, — O, (22)

asm — oo.

3. Main Theorems

In [6, 8], the authors characterized the boundedness and compactness of composition
operators between different Bloch type spaces in the polydisk. In this section, we will give
some new results about the old problems.

Theorem 3.1. Let p > 1 and q > 0. Suppose that ¢ = (¢1,...,¢,) is a holomorphic self-map of D"
Then C,, : BY — B is compact if and only if

5) pi(z) eBI, le(l,...,n};
(6) hmmaoomp_lll()o;m”q =0,iel;
(7) limy(z)—oapr Dpoq [(09;/0zk) (2)|(1 - |zx[*)T =0, j € J.

Proof. Foranyl € {1,...,n}, set

o )| (1-l=F)"
6zk <1 B |(,01(Z)|2>P

(3.1)

n
(p(z) Ha]D" Zl

For the proof of the sufficiency, by Lemma 2.2, we only have to show that a; = 0 for every
1€{1,2,...,n}. There are two cases to consider.
Case 1. If j € J with |lg;| <1, we have

n

dw:
lim Z sl
p(z) - oD" £| 0z

) (1-1=F)"
(1= loill2)’

Therefore, for any j € J, limy(z)—opr 251 [(0¢j/0zk) (2)|(1 - |z« [*)T = 0is equivalent to a; = 0.
Case 2. If i € I with [|¢;]| , = 1, then for each m > 2, let

%9;
6zk

(2)

q n
11—z 2) <a; < lim
< 2] 7= p(z)—opn é

Ami={z=(z1,...,20) €D" 1 1y, < |zi| < a1}, (3.3)

wherer, = ((m-1)/(m-1+ 20())1/2.
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For each fixed i € I and every ¢ > 0, there exists a 6y with 0 < &y < 1 such that

Opi (1- |Zk|2>q
a_Zk(Z)‘W >a;—¢, (3.4)

)

n
k=1

whenever dist(p(z), 0D") < 6.
Since r,, — 1asm — oo, we may choose sufficiently large m such that r,, > 1 — &¢. If
p(z) € Ay i, then

tm < |9i(2)| < i,

(3.5)
1=t <1-|gi(z)| <1-1m <8,
thus
dist(¢pi(z), OD) < . (3.6)
There exists w; with |w;| = 1 such that
dist(¢i(z), w;) = dist(¢p;(z), OD) < &y. (3.7)
Letw = (¢1(2),...,9i-1(2), Wi, 9is1(2), ..., pu(2)). Then
dist(p(z), 0D") < dist(p(z), w) < dist(pi(z), w;) < 8. (3.8)
So we have
sup S %(z)‘% >a;— €. (3.9)
P(2)€AR, k=11 9%k (1 - |gi(2)] )
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Letting ¢ — 0 and by Lemma 2.1, we have

n
a; < lim sup

) (1=l

M=% ) A ko | OZK (1 - |<Pi(Z)|2>p
— q
. wiog | el (1= 1=d)
< hln sup E)_( )‘ 1 2\P
" Pp)eAn k=11 OFk - Lmp ¢ <1—|<Pi(Z)|> (3.10)

. n m— q
11mm_>oosup(ﬂ(z)eAm/i Sio| (09 /0zi) (z) |mP | ¢i] 1(1 - |Zk|2>

limmaminftp(z)eAm,,-mp |(,01 |m—1 (1 - |‘Pl(z) |2>p

e\’ : p-1 m
< (52) Jim m ol

p m— oo

From which and (6), we know a; = 0. Combining the two cases, thus (2) holds. Note that
conditions (5) and (1) are the same, it follows from Lemma 2.2 that C,, : B — B7 is compact.

Now we turn to prove the necessity. The result (5) follows by Lemma 2.2. Using
Lemma 2.1, we see that

2p\?
: p-1|| -m —
rr}llrlom |EA ||p ( e ) , (3.11)

foranyl e {1,...,n}.

For any i € I, we consider the test functions f,,,(z1, 22, ...,2n) = z["/||Zz]"||p. It is clear
that || |, = 1and f,, — 0 uniformly on compact subsets of D" as m — oo. If C,, is compact,
then

¢’
0= lim ||C,,,fm||q = lim u

m— oo m—>oo||zf”||
t lip

- lim mp%”‘PIan (3.12)
m=emt[z7]],

— € p1~ p-1 m
= () sim gl

p m— oo

This shows that (6) holds.

For any j € J, from the discussion of Case 1 in the proof of the sufficiency, it follows
that a; = 0. And this fact implies that condition (7) holds. Now the proof of the theorem is
completed. O

Remark 3.2. Forn = 1,if p = q = 1, it is well known that C,, is always bounded on the Bloch
space, which implies that (5) is true. Note that in this case, conditions (6) and (7) are the
same. Thus, we immediately obtain the result on the Bloch space in [10] by Theorem 3.1.
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Theorem 3.3. Let 0 < p < 1and q > 0. Suppose that ¢ = (1, ...,¢py) is a holomorphic self-map of
D". Then C,, : BP — B1 is compact if and only if

(8) C, is bounded;
(9) limy,— om? @[, =0,i € I.

Proof. Suppose first that C, : B — B9 is compact. It is clear that C, : B — B7 is bounded.
Taking the test functions f,,(z) = zI"/||z"||,, and using the same arguments as in the proofs
of Theorem 3.1, we obtain

lim m"™ ||o"||, =0, (3.13)

m— oo

foranyi € I.
This proves the necessity.

Conversely, by Lemma 2.4, it suffices to show that (4) holds. In fact, for any j € |
with [[gjlle < 1, there exists some positive number 6 close enough to 1, such that the set
Ej={zeD": |pj(z)|> 6} is empty. Without loss of generality, we may assume that

" | Op; <1 - |Zk|2>q
—L(z ‘— =0 (3.14)
3 P . )
los ()| =151 | OFk <1— lpi(2)] >
Foranyi € I,and m > 2, let
Ami={z=(21,...,20) €D" 1 1y, <|zi| <11}, (3.15)

wherer, = (m-1)/(m-1+ 2a))1/2.
Therefore, we have

n

2. ) (1-l=sF)’
0z <1 _ I‘Pi(z)|2>p

N\ 49
% z)'—<1 ~ )
0z <1 B |(Pi(Z)|2>p
e q
me i " (1= |z (3.16)

m? g™ (1= Jgu(2) )

li n . m-1 2\1

My — 00SUP (2)eA,,; S| (09i/ 0zi) (2) [m? | i <1 = |2k >

limy, - coinfy e, m? [oi] " (1 |gi(2) |2>p

< (£ tim w1 g
—= 2. (Pi q’

p m— oo

loi(2)| =15

n
< lim  sup
m—oe ‘P(Z)EAm/i k=1

n

99 .

< lim  sup 5z
k

=0 (2)€Ami k=1
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This along with condition (9) yields that

()

n a‘/’z
(z ‘— =0 (3.17)
lpi(2)| =151 02k (1 - |(/)i(Z)|2>p
foranyie€ I
Combining the results of the two cases for j € J and i € I, we get (4). By Lemma 2.3, we know
that C, : B? — B1 is compact. This completes the proof of the theorem. O
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