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We obtain a unique common triple fixed point theorem for hybrid pair of mappings in metric
spaces. Our result extends the recent results of B. Samet and C. Vetro (2011). We also introduced a
suitable example supporting our result.

1. Introduction

The study of fixed points for multivalued contraction mappings using the Hausdorff metric
was initiated by Nadler [1].

Let (X, d) be a metric space. We denote CB(X) the family of all nonempty closed and
bounded subsets of X and CL(X) the set of all nonempty closed subsets of X. For A,B €
CB(X) and x € X, we denote D(x, A) = inf{d(x,a) : a € A}. Let H be the Hausdorff metric
induced by the metric d on X, that is,

H(A,B) = max{supd(x,B),supd(y,A)}, (1.1)
X€EA y€B

for every A, B € CB(X).
It is clear that for A, B € CB(X) and a € A, we have d(a, B) < H(A, B).

Definition 1.1. An element x € X is said to be a fixed point of a set-valued mapping T : X —
CB(X) if and only if x € Tx.
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In 1969, Nadler [1] extended the famous Banach contraction principle [2] from single-
valued mapping to multivalued mapping and proved the following fixed point theorem for
the multivalued contraction.

Theorem 1.2 (see, Nadler [1]). Let (X, d) be a complete metric space and let T be a mapping from
X into CB(X). Assume that there exists ¢ € [0,1) such that

H(Tx,Ty) <cd(x,y), (1.2)

forall x,y € X. Then, T has a fixed point.

Lemma 1.3 (see, Nadler [1]). Let A,B € CB(X) and a > 1. Then for every a € A, there exists
b € B such that d(a,b) < aH (A, B).

Lemma 1.4 (see, Nadler [1]). Let a > 0. If A, B € CB(X) with H(A, B) < a, then for each a € A,
there exists b € B such that d(a,b) < a.

Lemma 1.5 (see, Nadler [1]). Let { Ay} be a sequence in CB(X) with lim,, _, ..o H(A,, A) = 0, for
A€ CB(X). If x, € Ay and limy, _, 4o, d(x,, x) = 0, then x € A.

The existence of fixed points for various multivalued contractive mappings has been
studied by many authors under different conditions. For details, we refer the reader to [1, 3—
11] and the references therein.

The concept of coupled fixed point for multivalued mapping was introduced by Samet
and Vetro [12], and later several authors, namely, Hussain and Alotaibi [13], Aydi et al. [14],
and Abbas et al. [15], proved coupled coincidence point theorems in partially ordered metric
spaces.

Definition 1.6 (see, Samet and Vetro [12]). Let F : X x X — CL(X) be a given mapping. We
say that (x,y) € X x X is a coupled fixed point of F if and only if

x€F(x,y), ye€F(yx). (1.3)

Definition 1.7 (see, Hussain and Alotaibi [13]). Let the mappings F : X x X — CB(X) and
g: X — Xbegiven. An element (x,y) € X x X is called

(1) a coupled coincidence point of a pair {F, g} if gx € F(x,y) and gy € F(y, x);

(2) a coupled common fixed point of a pair {F, g} if x = gx € F(x,y)and y = gy €
F(y, x).

Berinde and Borcut [16] introduced the concept of triple fixed points and obtained a
tripled fixed point theorem for single valued map.
Now we give the following.

Definition 1.8. Let X be a nonempty set, T : X x X x X — 2% (collection of all nonempty
subsets of X). f : X — X.

(i) The point (x,y,z) € X x X x X is called a tripled fixed point of T if

xeT(x,y,z), yeT(yxy), zeT(zyx). (1.4)
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(ii) The point (x,y,z) € X x X x X is called a tripled coincident point of T and f if

fxeT(xyz), fyeT(y,xy), fzeT(zyx). (1.5)

(iii) The point (x,y, z) € X x X x X is called a tripled common fixed point of T and f if

x=fxeT(x,y,z), y=fyeT(yxy), z=fzeT(zyx). (1.6)

Definition 1.9. Let T : X x X x X — 2% be a multivalued map and f be a self map on X. The
Hybrid pair {T, f} is called w-compatible if f(T(x,y,z)) C T(fx, fy, fz) whenever (x,y, z)
is a tripled coincidence point of T and f.

2. Main Results

Theorem 2.1. Let (X, d) be a metric space and let T : X x X x X — CB(X)and f : X — X
mappings satisfying

(21.1) H(T(x,y,2), T(u,v,w)) < jd(fx, fy) + kd(fy, fo) + ld(fz, fw), for all x,y,z,
u,v,weXand j,k,1€[0,1) with j+k+1< h <1, where h is a fixed number,

(21.2) T(X x X x X) € f(X) and f(X) is a complete subspace of X.

Then the maps T and f have a tripled coincidence point.
Further, T and f have a tripled common fixed point if one of the following conditions holds.

(2.1.3) (a) {T, f} is w-compatible, there exist u,v,w € X such that lim,_f"x = u,
lim, o f"y = v and lim,, . o f"z = w, whenever (x,y, z) is a tripled coincidence point
of {T, f} and f is continuous at u,v, w.

(b) There exist u,v,w € X such that lim,_,f"u = x, lim,_f"v = y and
lim, o f"w = z whenever (x,y,z) is a tripled coincidence point of {T, f} and f is
continuous at x,y, and z.

Proof. Let xo, yo,z0 € X. From (2.1.2), there exist sequences {x,}, {y,}, and {z,} in X such

that fxn+1 € T(xn/ ]/n/ Zn)/ f]/n+1 € T(]/n/ Xn, ]/n) and fzn+1 € T(an ]/n/ xi’l)/ n= O/ 1/2/ 3/ s
For simplification, denote

&= d(fxes fra), i =d(fyur fyn),  di=d(fzur fz). Q1)
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From (2.1.1), we obtain
dy = d(fx1, fx2)
< H(T(x0,Y0,20),T(x1,y1,21)) +h
< jd(fxo, fx1) + kd(fyo, fy1) +1d(fzo, fz1) +h
= jdy + kd/ +1d; +h,
dy = d(fyi, fy2)
< H(T (yo,x0,y0), T (y1,x1,y1)) +h

< jd(fyo, fy1) + kd(fxo, fx1) +1d(fyo, fin) +h
=kd; + (j+1)d! +h,

d; = d(fz1, fz2)
< H(T(z0,y0,%0),T(z1,y1,x1)) + h
< jd(fzo, fz1) + kd(fyo, fy1) +1d(fxo, fx1) +h
=1d} + kd” + jd; +h,

di = d(fxz, fx3)
S H(T(x1/y1/Zl)/T(xZIyZIZQ)) + h2

< jd(fx, fx2) + kd(fyr, fy2) +1d(fz1, fz2) + B
= jd5 + kd} +1d5 + h?

< j(jebs + K} + 15 + ) + k (ke + (j + )} + h)

+ l<ldf +kd? + jdz + h) + 12
= (P41 +B)d; + (24K +20k)d} + (2j1)di + B + (j+ k + )
= <J'2 +k* + lz)d;‘ + (2jk +21k)d! + (2j1)d; + 2k,

d3 = d(fy2, fys)
< H(T(y1,x1, 1), T(y2, %2, y2)) + h?

< jd(fyu fy2) +kd(fx, foxa) +1d(fyr, fya) +h
=kdy + (j+1)dj + h?

< k(jay + k! +1d + 1) + (j +1) (kdi + (j+ D)} + h) + b
= Qjk +lk)d; + (G +1)% + 2|4} + Kld + (j + k + 1) + 2

< Qjk+1K)d; + [+ 1) + k2] + klds + 212,

@)

(ii)

(iii)

(iv)

V)
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di = d(fz, fzs)
< H(T(z1,11,%1),T(22,y2,%2)) + h?

< jd(fz1, fz2) + kd(fyr, fy2) +1d(fx1, fxz) + B2
= jd5 + kdy +1d5 + h*> = 1d5 + kd) + jd5 + h*

< 1(;d§+kd{+ld;+h)+k(kd§+(;+1)d;/+h> (vi)
+ (1 + ke + i + ) + 2
= (241 +K?)d +2[jk + K] d} + (2 + B)d5 + (j+ k + D)+

< (21 +K2)d +2[jk + K] d} + (7% + ) d5 + 2h%

j okl a; by ¢
Let A= [kj+lo] denoted by [ah el fl].
1 k] g1b1h1
Clearly, a1 + by +ci=di+er+ fi=g1+bi+hi=(+k+])<h<1.
Then,

j2 + k2 + 12 Z]k + 21k 2]1 ap b2 Co
A’=| 2jk+lk (j+1)>+k* kI | denote A®Dby [dz e le : (2.2)
2]1 + kz 2]k + 21k j2 + 12 D bz I’lz

Itisclearthat ay + by +cy=da+er+ fo= @ +br+hy = (j+k+1)* <h* < 1.
Now we prove by induction that

a, b, c,
A= |d, en ful, (2.3)
8n bn hn
where
An+bytcp=dnten+ fu=gu+bya+th,=(G+k+1)"<h" <1 (2.4)

Equation (2.3) is true forn =1, 2.
Assume that (2.3) is true for some n. Consider

an by ¢, [j] k 1
A = A" A= 1d, e, ful |k j+10

Sn by byl Ll kK

. . ) (2.5)
jan + kb, +1c, kay+ (j+1)b, + ke, la,+jcy

= |jdn+ken+1fy kdy+ (j+1D)en+kfn ldy+jfnl-
jgn + kb, +1hy kgu+ (j+1)by + khy, 1g, + jhy,
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We have

Apit + byt + Cna1 = (J+k+1)(an + by +cy) = (j+k+l)"+1 <h™l<1.

Similarly, we have

dpit + ens1 + fue1 = Guat + byt + hypy = (] +k+ l)n+l <H™ <1

Thus (2.3) is true for all +¢ integer values of n.
Now from (i)—(vi) and continuing this process, we get

ax dy

e a, b, c, ! nh"

dZ+1 < [dn en fn] d{ + [nh”],
gn bn hy nh"

) di

foralln=1,2,3,.... Thatis,

x x Yy z n
dy,q < apdy +b,yd] +cpdi +nh",

dy

X Yy z n
o1 S dpdi +end] + fudi +nh",

dZ

n+l

< gudf +bud) + hyd; +nh’",

Yn=123....

For m > n, we have

A(fxm, fxn) < A(FXm, fXm1) +A(fXm, fXm2)
+ e 4 d(fxn+2,fxn+1) + d(fxn+l/fx1'l)
= dfn'f'dfn_l +"'+dZ+2+dZ+1

< oy + by d? + CppydZ + (m - 1R

+ Amod] + byodd + Cuodi + (m —2)h™

+oot A d] + byad, +cpadi + (n+ )R

+ andy + byd) + cudf +nh"

(2.6)

(2.7)

(2.8)

(2.9)
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S (Amat1 + Auep + - + Api1 + Ay)dY
+ (bt + bya + -+ + byt + by)dy
+ (Cm1 + Cz + -+ + Cpy1 + Cp)d]

+ [(m DR (= 2R 4+ (n+ DR+ nh"]

m-1
S <hm—1 + hm_2 + oo+ hn+1 —+ hn> (dic + d¥ + df) + Z]h]
j=n
W m-1 .
< g (el )+ S jh —0asn— oo,
j=n

because 0 < h < 1.
(2.10)

Hence { fx,} is a Cauchy. Similarly, we can show that { fy,} and { fz,} are Cauchy.
Suppose f(X) is complete, the sequences {fx,}, {fy.}, and {fz,} are convergent to
some a, B,y in f(X), respectively. There exist x,y,z € X suchthata = fx, p = fy,and y = fz.
Now, we have

d(T(x,y,z),a) <d(T(x,y,2), fxp) +d(fxma,a)
< H(T(x,9,2),T(Xn, Y 20)) + d(f X1, )
< jd(fx, fxa) + kA(Fy, Fyn) +1d(f Fzn) + d(fn, )
= ja(a, fxa) + kd(B, fyn) +1(y, fz2) + d(f X, ).

(2.11)

Letting n — oo, we get d(T(x,y,z),a) < 0so that a € T(x,y,z). Thatis, fx € T(x,y, z).
Similarly, we can show that fy € T(y,x,y) and fz € T(z,y,x). Thus (x,y,z) is a tripled
coincidence point of T and f. Suppose (2.1.3) (a) holds.

Since (x, y, z) is a tripled coincidence point of T and f, there exist u, v, w € X such that
limy, o f"x = u, lim, o, f"y = v and lim,, ., "z = w.

Since f is continuous at #, v and w, we have fu =u, fo =vand fw = w.

Since fx € T(x,y,z), we have f>x € f(T(x,y,z)) CT(fx, fy, fz).

Since fy € T(y, x,y), we have f2y € f(T(y,x,y)) CT(fy, fx, fy).

Since fz € T(z,y,x), wehave f?z € f(T(z,y,x)) CT(fz, fy, fx).

Then (fx, fy, fz) is tripled coincidence point of T and f.

Similarly, we can show that (f"x, f*y, f"z) is a tripled coincidence point of T and f.

Also it is clear that

fnx c T(f”_lx, fn—ly, fn_12>,
fryeT(f "y f7x ), (212)

fnZ c T(fnfl z, fnfl v, fnfl x> .
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From (2.1.1), we have

d(fu,T(u,v,w)) <d(fu, f
<d(fu,f
<d(fuf

Letting n — oo, we obtain

which implies that

Abstract and Applied Analysis

"x) +d(f"x, T(u,v,w))
"x) + H(T(f"‘lx,f"_ly,f"_lz>,T(u, v,w)) (2.13)

"x) +jd(f"x, fu) + kd(f"y, fo) +1d(f"z, fw).

d(fu,T(u,v,w)) <0, (2.14)

fueT(u,v,w). (2.15)

Thus u = fu € T(u,v,w). Similarly, we can show that v = fv € T(v,u,v) and w = fw €
T(w,v,u). Thus (u,v,w) is a tripled common fixed point of T and f. Suppose (2.1.3) (b)

holds.

Since (x, y, z) is a tripled coincidence point of {T, f}, there exist u,v,w € X such that
limy, o f"u = x, lim, . o, f"v = y and lim,, . o, f"w = z.

Since f is continuous at x, y and z, we have fx = x, fy =y and fz = z. Thusx = fx €
T(x,y,2z),y = fy € T(y,x,y) and z = fz € T(z,y,x). Hence (x,y, z) is a tripled common

fixed point of (T, f}.

The following example illustrates Theorem 2.1. O

Example 2.2. Let X = [0,1], T: X x X x X — CB(X) and f : X — X defined as T(x,y,z) =
[0,(1/8)sinx + (1/4)siny + (1/3) sinz] and fx = (7/8)x. Then

H(T(x,y,z),T(u,0,w)) = |<%sinx + }Lsiny + % sinz)

- 1 inu+1sin +1sin
8° g SmoTgsmw

1, . . 1, . .
< —lsinx —sinu| + —|siny - sino|

8 4

1, . .

+ §|s1nz —sinw| (2.16)
<l|x—u|+l| —v|+1|z—w|
=3 i 3
_17x 7u+27 7U+8 7Z 7w
T 718 8" T 7|8Y 87| T 21|87 B

= ZA(fx, fu) + 2d(fy, fo) + o d(fz fw).
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It is clear that all conditions of Theorem 2.1 are satisfied and (0,0, 0) is the tripled common
fixed point of T and f.

The following example shows that T and f have no tripled common fixed point if
(2.1.3) (a) or (2.1.3) (b) is not satisfied.

Example2.3. Let X = [0,4], T(x,y,z) = [1.5,2] and fx =2-(1/2)x. Then (0,1/2,1) is a tripled
coincidence point of T and f. Clearly T and f have no tripled common fixed point.
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