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We consider the nonlinear eigenvalue problems for the equation —u" (f) + sin u(t) = Au(t), u(t) > 0,
t el =(0,1),u(0) =u(l) =0, where A > 0 is a parameter. It is known that for a given ¢ > 0,
there exists a unique solution pair (g, 1(¢)) € C? (T) x R, with [l ll,, = & We establish the precise
asymptotic formulas for bifurcation curve A(¢) as ¢ — oo and { — 0 to see how the oscillation
property of sin u has effect on the behavior of 1(¢). We also establish the precise asymptotic formula
for bifurcation curve A(a) (a = |juy||,) to show the difference between A(¢) and A(a).

1. Introduction

We consider the following nonlinear eigenvalue problem:

—u"(t) +sinu(t) = Au(t), tel=:(0,1), (1.1)
u()>0, tel, (12)
u(0) = u(1) = 0, (1.3)

where A > 0 is a parameter. This problem comes from sine-Gordon equation and has been
investigated from a view point of bifurcation theory in L*-framework. Indeed, by using
implicit function theorem, it has been shown in [1] that for ¢ > 0, there exists a continuous
function A = A(¢) such that (1, A(¢)) € C2(I) x R, satisfies (1.1)-(1.3) with lluell, = é.
Moreover, the solution set of of (1.1)—(1.3) is given by I' := {(ug, A(¢)) € C2(I) xR,; ¢ > 0}.



2 Abstract and Applied Analysis

Furthermore, it is well known that u¢(t) ~ ¢sinart for ¢ > 1 and 0 < ¢ < 1. Therefore, we
have

A@G) —a® (§— o), (1.4)

e —m?+1 (2 —0). (1.5)

Equations (1.1)—(1.3) are the special case of the following semilinear equation:

—u'(t) + f(u(t)) =u(t), tel, (1.6)
u(t) >0, tel, (1.7)
u(0) = u(1) =0. (1.8)

The structures of the global behavior of the bifurcation curves of (1.6)—(1.8) have been studied
by many authors in L*-framework. We refer to [2-6] and the references therein. In particular,
if f(u)/u is strictly increasing as u — oo, then we know from [3] that A(¢) is also strictly
increasing for ¢ > 0 and the asymptotic behavior of A(¢) as ¢ — oo is mainly determined by
f(&)/¢. For example, if f(u) =u” (p>1)in (1.6), thenas ¢ — oo (cf. [7]),

A =g +0(eV), (L9)

where 6 > 0 is a constant. However, since (sinu)/u is not strictly increasing but oscillating
as a function of u > 0, it is interesting to study whether the oscillation property of sinu has
effect on the asymptotic shape of A(¢) for ¢ > 0 or not.

Motivated by this, we first establish the precise asymptotic formula for 1(¢) as ¢ — oo.

Theorem 1.1. As¢ — oo,

A@) = 7%+ 2\/%@3/2 cos (g - Z]r)

+ 2\/%@5/2{—3 sin<§ - Z]Z') - \[21”2 cos <2§ - }lyr) (1.10)
+ ,7% cos§c05<§ - }1.71'> } + o<§*5/2>.

The local behavior of A(¢) as ¢ — 0 can be obtained formally by the method in [8].
However, it seems rather hard task to obtain the higher terms of the asymptotic expansion
of A(¢), since it is necessary to solve the equations derived from the asymptotic expansion of
A(¢) step by step.

Here, we introduce a simpler way on how to obtain the asymptotic expansion formula
for A(¢) as ¢ — 0.
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Theorem 1.2. Let an arbitrary integer N > 0 be fixed. Then as & — 0,

1 1 1 J
I v 4 2n 2N
A=x"+1 Sg +192<1+8 2>§ +n§=3an§ +o<§ >, (1.11)

where {a,} (n =3,4,...) are the constants determined inductively.

Next, since (1.1)—(1.3) is regarded as an eigenvalue problem, we focus our attention
on studying the structure of the solution set in L>-framework. Suppose that f (1) = u”(p > 1)
in (1.6). Then we know from [9] that, for a given a > 0, there exists a unique solution pair
(e, M(@)) € C2(I) x R, of (1.6)—(1.8) satisfying ||us||, = a. Furthermore, A(a) is an increasing
function of a >0 and asa — oo,

Ma) = aP™' + Coa? D2 £ O(1). (1.12)

We see from (1.9) and (1.12) the difference between the asymptotic formulas for 1(¢)
and A(a) when f(u) = u” in (1.6). We refer to [4, 7, 9] for the works in this direction.

Motivated by this, it seems interesting to compare the asymptotic behavior of A(a) and
A(¢) of (1.1)-(1.3) when ¢ > 1 and a > 1.

Now we consider (1.1)-(1.3) in L?>-framework. Let & > 0 be a given constant. Assume
that there exists a solution pair (i, A(a)) € C*(I) x R, satisfying ||u4||» = a. Then, it is natural
to expect that for t € T, asa — oo,

u“T(t) —s /2sinrt. (1.13)

Therefore, we expect that ||is]lee ~ V2 |[a]l2 for @ > 1. To obtain the existence, we apply
the variational method to our situation, namely, we consider the constrained minimization
problem associated with (1.1)—(1.3). Let

M, = {v e HA(I) : o], = a}, (1.14)

where ||v||» is the usual L?>-norm of v, a > 0 is a parameter, and H; (I) is the usual real Sobolev
space. Then consider the following minimizing problem, which depends on a > 0:

1
Minimize K (v) := =||o/ 24 (1 -=cosv(t))dt under the constraint v € M,. 1.15
2 2
I

Let

pla) := minK(v). (1.16)

Then by Lagrange multiplier theorem, for a given a > 0, there exists a pair (u,, A(a)) € M, x
R, which satisfies (1.1)—(1.3) with K(u,) = f(a). Here, A(a), which is called the wvariational
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eigenvalue, is the Lagrange multiplier. By this variational framework, we parameterize the
solution (u, 1) of (1.1)—(1.3) by «, thatis, (1, 1) = (4, A(a)) € M, x R,. Then we know from
the arguments in [10, 11] that A(a) is continuous function for 0 < a « 1 and a > 1. Our next
aim is to study precisely the asymptotic behavior of A(a) as & — oo.

Theorem 1.3. Asa — oo
Ma) = o2 + 28/ 471/2473/2 cos<ﬁa - ZJI')

73 sin(x@zx — Z]Z') cos<\f2a - Z]r)

1 1
+ 21/471'*1/2(1’5/2{—% sin<\f2a - Z?I‘) - o Ccos <2\6a - Z]Z')

1 1 1 5 4 3
+PCOS< 2a>cos<\/§a—17r>—17r COS <\/§0{——.71'>}

+ o<u‘5/2>.

(1.17)

By Theorems 1.1 and 1.3, we clearly understand the difference between A(¢) and A(«x).

The remainder of this paper is organized as follows. In Section2, we prove
Theorem 1.1. We prove Theorem 1.2 in Section 3. Section4 is devoted to the proof of
Theorem 1.3.

2. Proof of Theorem 1.1

In what follows, C denotes various positive constants independent of ¢ > 1. We write A = A(¢)
for simplicity. We know from [1] that if (i, A(¢)) € C?(I) x R, satisfies (1.1)—(1.3), then

w(t) = uy(1-1), 0<t<1, (2.1)
(5 ) = maxu) =& 2)
Ut >0, 0<t< % (2.3)
By (1.1), fort €1,
[ug () + Aug (t) - sin ug(t)]u'g(t) = 0. (2.4)

This implies that for t € T,

a1

= Euj;(t)2 + %Au;(tf +COs ug(t)] =0. (2.5)
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By this, (2.2) and putting t = 1/2, we obtain

1 1 1
Eu’g(t)2 + E)Lug(t)z +cosu(t) = constant = E)ng + cosé.

By this and (2.3), for0 <t <1/2,

uy(t) = \/.)L ug(t) +2(cos¢ —cosu(t)).

Then by putting s = u;(t) /¢, we obtain

/ / !
(' 2alt f ’ 40 dt
\/A —ug(t)? +2(c0s§ —cosug(t))

1
2

1 1
=— ds
VA fo /1 =52 +2(cos ¢ — cos¢s)/ (A&2)
1 1 1
_ L J';dﬁ I;ds_f L
A Jo vV1-g? 0V1-s52+B 0V1-g2
1 /o
—7;<§+V>'
where
1
V::—f B ds,
0\/1—52+B\/1—52<\/1—52+B+\/1—52>
B := i(cosg —Cos¢s)
= .
We put

Vi

7

LJ‘l cos¢ —cosés
A2 o (1-s2)%2

V=V -V

Lemma 2.1. For¢ > 1

Vi= Jz_r)u;lm [(1 121852(1 ’ 0(1)))COS<§ - Z >

s s 20

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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Proof. By putting s = sin 6 in (2.11), integration by parts and 1'Hopital’s rule,

1 (™2 1 :
-Vi = )t—éz jo m(cos ¢ —cos(¢sinB))do

1 ar/2
j (tan 0)'(cos ¢ — cos(¢ sin 0))d0

S
I . ¢
= A—‘?tl}g}z[tamt(cosg cos(¢sint))], (2.14)
1 7[/2
-— tan 6 cos 0 sin(¢ sin 0)d0O
A8 Jo
1 ][/2
=—-— sin 0 sin(¢ sin 60)d0.
By [12, page 962],
gr/2 T
f sin 0 sin(¢sin 0)dO = 5]1(‘;), (2.15)
0

where J;(¢) is Bessel function of the first kind. For ¢ > 1, by [12, page 972], we have

2 15 3
]1(§) = E[<1+@(1+0(1))>COS<§—1.71'>
(2.16)
3 . 3
_8_§(1 +0(1)) sm(g - ZJZ‘)] .
By this, (2.14) and (2.15), we obtain (2.13). Thus, the proof is complete. O
Remark 2.2. Taking (1.4) into account, (2.13) is written as
Vi = 27V273/263/2(1 4 o(1)) [(1 P 1+ o(l)))cos<§ - §yr>
128¢2 4
(2.17)
3 . 3
_8_§(1 +0(1)) sm<§ - Z]l‘)] .
After we obtain (2.31) later, then (2.13) will be improved in the form (2.32).
Lemma 2.3. For¢ > 1,
“1/2, -7/2 52 1 1 1
Vo ==-2"""x7""“(1+0(1))¢ — cos 2§—Zyz' — cos ¢ cos §—17r
V2 (2.18)

+ o<§’5/z>.
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Proof. For ¢ > 1 and 0 < s <1, by mean value theorem,
B <CE(1-5) <C&! (1 - s2>. (2.19)

By this and Lebesgue’s convergence theorem, we have

2 ' cos¢ —cos¢s
] v e
1 B 1 ds
VI +B(VI-2+B+v1-5) Vi-s2(2v1-52)
_ cos ¢ —cos¢és
1ol g [ S
2(1-s%) - (1-s2+B+v1-5VI-52 +B)
x d
\/1—52+B<\/1—52+B+\/1—52>\/1—522\/1—s2 ’
cosg —cosés 1-s2-B-vV1-52V/1-5>+B
- - ds
a +O(1))A§ZI Vi-¢? 4(1 - 82)? (2.20)
! cos¢ - cosés (1-s2-B)’ = (1-)(1-5*+B)
1 1 . d
ol ))2)@2J VI-$ (1-92?[(1-s2-B)+VI-s2Vi-s2+ B| ’
_3 cosg—cosés (1-s*)B
= (1 + 0(1)))“;2 f Ep; 1-9)
1 (cos ¢ — cos és)?
(1+O(1))A2§4 1-2)"
3 1 (™2 (cosé — cos (¢sin 9))
_§(1+o(1)))L2§4J‘ p—
- —(1+o(1)))t2§4
where
/2 . 2
B (cos ¢ — cos(¢sin0))
Vs = _[0 Y de. (2.21)
We know

1 1. 1 2
_[ cos46d6 - 58m6<c0s3 0 " cos6>‘ (2.22)
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Taking (2.22) into account and integration by parts in V3, we obtain that

0

. 1. 1 2 . 2
V3—GE%2 §51n9<m+m>(cos§ cos(¢sin 0)) .

/2
- %g L sin@(@ + 2) (cos ¢ — cos(¢ sin 0)) sin(¢ sin 0)d60

1 2
= =Vy - =¢(V5+V,
3 Vs 3§(5+ 6)s

where

Vy:= lim sir19<i3 + >(cos§ — cos(¢sin 9))2
cos30

0=x/2 cos B

T/2 sin@
Vs = f ——~(cos g — cos(§ sin0)) sin(¢ sin 0)d0,
o cos?0

ar/2
Vg = 2j sin B(cos ¢ — cos(¢ sin 0)) sin(¢ sin 0)dO.
0

Then by 'Hopital’s rule,
Vy= lim sin@(L + L) (cos & — cos (¢ sin 0))?
T 0w cos30  cos O

. (1+2c0s%0)(cos 0 — cos(¢sin B))?
= lim
0x/2 cos’0

~ lim (cos & — cos(¢ sin 6))?

) cos’0
2 ¢(cos ¢ — cos(¢sin 0)) sin(¢ sin )

= m -

0—m/2 3cosBsinO
3 _ 2¢sin¢ (cos§ — cos(§sin6))
C0—x)2 3 cos O'sin 0
L 2¢%sin¢ sin(¢sin6) cos 0
B egr}rl/z 3 cos(20) =0.

We next calculate V5. We know from [12, pages 442 and 972] that for z > 1,

ar/2 T
f cos(zcos0)do = EJO(Z)

0
= \/g(l +0(1))z 712 cos<z - }Lﬂ'),

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
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where Jy(z) is Bessel function. Integration by parts in (2.25), applying the I'Hopital’s rule,
putting 0 = or/2 — 1 and taking (2.28) into account, we obtain

1

0
Vs = 61_13_1/2 [cos 5 (cos ¢ — cos(¢ sin 0))sin(¢ sin 9)] .

a/
-¢ j ’ <sin2(§ sin 0) + cos ¢ cos(& sin B) — cos?(& sin 9)) dae
0
/2 /2
=¢ j cos(2¢ sin 0)d6 — & cos & J‘ cos(¢ sin 0)do (2.29)
0 0

/2 /2
=¢ J‘ cos(2¢ cosn)dn — écosé f cos(¢cosn)dn
0 0

= \/ggl/z(l +0(1)) <% cos <2§ - %ﬁ) — 0S¢ cos <§ - }LJZ'>>

Clearly,
Ve =0O(1). (2.30)

By (1.4), (2.20), (2.23), (2.27), (2.29), and (2.30), we obtain (2.18). Thus the proof is complete.
O

Proof of Theorem 1.1. By (2.8), Lemmas 2.1 and 2.3,

A=a? + 47V +4V2 = 22 +4xV; + o(§-5/2> =2+ o(g-3/2). (2.31)

By this and Lemma 2.1,

Vi = \/?53% (w+0E*)"
x (Cos<§ - Z]r) - %(1 +o(1))¢™ sin<§ - Zyr> + o(g*)) (2.32)

=27 1/2573/243/2 (cos<§ - Zm‘) - g;l sin<§ - Z?I‘)) + o<§’5/2>.
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By this, (2.31) and Lemmas 2.1 and 2.3,

A =2+ 47 (Vi + Vo) + o(vz)

=+ 471'{2*1/271'*3/2@*3/2 (cos <§ - ZJZ‘) - gé’l sin <§ - ZJZ'))

. ) . (2.33)
n-1/2,_-7/2.-5/2( L _ 2 _ _Z
27T <ﬁ cos <2§ 4.71') cos ¢ cos <§ 4.71'>)}
+ 0(5‘5/2>.
By this, we obtain (1.10). Thus, the proof is complete. O

3. Proof of Theorem 1.2

We write A = A(¢) for simplicity. We prove (1.11) by showing the calculation to get a,. The
argument to obtain a, (n > 3) is the same as that to obtain a,. The argument in this section is
a variant used in [11, Section 2]. By (2.8) and (2.10), we have

1 1 (1

2 xJovi-s2+B
Since 0 < ¢ < 1, by Taylor expansion, for 0 < s < 1, we obtain
cos¢ —cosés = ;%g”‘ (1 - sZk>. (3.2)
By this and (3.1),
t 2 1 & u 2k s
- il - ) 3.3
VA ZIO T 1+)L§21—52kz:;(2k)!§ <1 S > ds (3.3)

By using this, direct calculation gives us Theorem 1.2. For completeness, we calculate (1.11)
up to the third term.

Step 1. We have

2 1 &DF 5 2%\ _ 1.1 1-5", 2
1+A_§21—52é(2k)!§ <1—s >‘1‘X+m1_52‘5 +o<§ ) (3.4)
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By (3.3), (3.4), and Taylor expansion,

11 ) N
Vi = zj — ( Lo e (1+59)2 +o(2 )) ds
(3.5)
2v/1 1 1
_ 1- 1+ ¢2)&2 2 )d )
Ji=1Jo 1_sz< g ()8 ro() )as
By this, (1.5) and direct calculation, we obtain
1 2
Vi-l=m-——¢ +o(8). (3.6)
This implies
Neatelotey o<§2>. (3.7)
8
Step 2. Now we calculate the third term of A(¢). First, we note that
1145246t 15 1(1+52)2 19
2T T de= = == 3.8
fo T ds 67 Io 1_52ds " (3.8)

By this, (1.5), (3.3), (3.7), Taylor expansion, and the same calculation as that to obtain (3.5),

1 1
VAST= zf m{ (a0
- —360(1_1) (1 +5° +s4>§4> + gWL()Ll——l)Z(l +s2)2§4+o<§4>}ds
1 1 1 15, 19,
_”_F§2< 8 2§2+O<§2)> 360w 6% 1927r316§ +o(&!)
= __§2

Tox®  384r (1 - %)éL} +o(¢").

(3.9)

By this, we obtain (1.11) up to the third term. Thus, the proof is complete.
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4. Proof of Theorem 1.3

In this section, we assume that & > 1. We write A = A(a) for simplicity. We consider the
solution pair (A(a), 1y) € R x M,. We obtain from the same argument as that in [10, Theorem
1.2] that

u“T(t) —s /2 sinrt (4.1)

uniformly on [0,1] as @ — co. By this, we have

l4all., = V2a(1+0(1)). (4.2)

Furthermore, by [13, Lemma 2.4], we see that f(«a) is continuous for & > 0. By multiplying u,
by (1.1) and integration by parts, we obtain

1
Ma)a? = |[u]|3 + f 1y () Sin 1, (t)dt. (4.3)
0
By this and (1.16), for a > 1,
1 1
Ma)a? = 2p(a) + f Uy (t) sinu, (t)dt — 2f (1 — cos u,(t))dt. (4.4)
0 0

This along with (4.1) implies that A(«) is continuous for a > 1.

Lemma 4.1. For a > 1,

2 _ 2 B 2
e, = (1-=(F+u)) o, 5)
where
! 1-s?B
U=—f ds. (4.6)
0 \/1—52+B<\/1—52+B+\/1—52>
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Proof. By (2.7), (2.10), and putting 6 = u, and s = 0/||u4/|..,

(lueall?, = 20 ()2 (1)

1/2
a2, - o =2j it
0 \/)L<

14all3, - u,,,(t)2> +2(cos |[tallo, = cOS Ua(t))

2
[14all5, — 62

llttalloo
_ ZJ
" Al - 2) + 2(cos ., - cos©)

do

47
plally, (P 1-52 7
Vi JovV1-52+B
2 Tl 1 2
a 1-
= o lltellz [ Vimsas [ (2 - VIm )as
VA [Jo 0 1-s2+B
_ el g
-2 (7 +U)-
Now, the result follows easily from (4.7). Thus, the proof is complete. O
Lemma 4.2. Fora > 1,
ltall,, = V2a —273/475/2971/2 cos<\f20c - Z]Z') + o(a‘1/2>. (4.8)
Proof. By (2.10) and (4.6),
C ! 008 [tallo, — cOS(|[14all05) -
uj s —<— f ds| < C(Juall2). (49)
Mluallss |0 1-¢?
By this, (2.8), Lemma 2.1, and Taylor expansion,
2 4o B 1/
1- 71<Z+u> =1-2(x +2V) (Z+u)
1 2 1% 1 1 (410
= E — ;(u - 5(1 + 0(1))> = E + ;V(l + O(l))
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By this, (4.5), (2.12), (2.13), (2.18), Taylor expansion, and (4.2),

-1/2
o= (5 + 5V +o))
= \6(1 - %va - o(l)))a (4.11)

=20 - 273452712 Cos<\6a - Zyr) + o(a*1/2>.

Thus, the proof is complete. O

Proof of Theorem 1.3. By Lemma 4.2, we put

lttall s = V2a+ Aa”V? + o<a_1/2>,
3 (4.12)
A= =273 4y5/2 cos<\f2a - Zm‘)

Then substitute (4.12) for (1.10) and use Taylor expansion to obtain

A=a?+ 2\/%(\60( + AaV? 4 o(a*1/2>>_3/2 COS<\/§“ + Aa 2 4 o(a’1/2> - Zm‘)

+ 2\/%(\@0() _5/2{—2 si <\f2zx - %]Z‘) - \/;71_2 cos <2\f20c - iﬁ)
+ J% cos( 21x> cos<\f2a - %1.71'> } + o<zx’5/2>

-3/2
= g% + 234129732 <1 + iAch“”/2 + o<ai3/z>>
V2

X {cos<\f2a - ZJZ‘) cos(Aa—l/Z(l + o(1))>

- sin(x@a - ZJZ') sin(Aa_l/z(l + 0(1))>}

+ 2\/%(\@0{) 75/2{—% sin<\f2a - Zyr) - \[217[2 cos (2\f2a - %x)

+ . cos(x@zx) cos(ﬁa - %”) } + o<a‘5/2>

2
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15
=% + 2341282 <1 _ 3 Aay o<a‘3/2>>
2v2
1, 4 3
x 1—§Aa (1+0(1)) ) cos *@“‘z’f
_1/2 . 3
- Aa V(1 +0(1)) sin( v2a - e
3 3 1 1

21/4 -1/2 —5/2{__ . < Do — = )_ <2 Do — = )

+2 % g sin V2a i ﬁﬂ_zcos V2a i
1 1 -5/2
+ Pcos(x@cx) cos<\f20c - Z]Z')} +o(a >
= g2 + 23/ 1/273/2 cos(x/icx - Z]l‘)
3.2 3 3
- a " sin \@a—zﬂ cos \/ELX—Z.F
+21/4.n"1/2a‘5/2{—§ sin(ﬁa— §Jz'> — cos(Zﬁa— 1Jz'>
8 4 22 4
1 1 1 5 4 3
+ Pcos( 2a> cos<xf2a - Zar) — 4 cos <\f2a - Zﬂ)}
+o<zx‘5/2>.
(4.13)
Thus, we obtain (1.17) and the proof is complete. O
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