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We introduce certain type of weighted variant of Riemann-Liouville fractional integral on R” and
obtain its sharp bounds on the central Morrey and A-central BMO spaces. Moreover, we establish a
sufficient and necessary condition of the weight functions so that commutators of weighted Hardy

operators (with symbols in A-central BMO space) are bounded on the central Morrey spaces. These
results are further used to prove sharp estimates of some inequalities due to Weyl and Cesaro.

1. Introduction

Let 0 < a < 1. The well-known Riemann-Liouville fractional integral 1, is defined by

_ 1 f®
lof (x) = L) Jo (x-1)'™

dt, x>0, (1.1)

for all locally integrable functions f on (0,0). The study of Riemann-Liouville fractional
integral has a very long history and number of papers involved its generalizations, variants,
and applications. For the earlier development of this kind of integrals and many important
applications in fractional calculus, we refer the interested reader to the book [1]. Among
numerous material dealing with applications of fractional calculus to (ordinary or partial)
differential equations, we choose to refer to [2] and references therein.
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As the classical n-dimensional generalization of I,, the well-known Riesz potential
(the solution of Laplace equation) 0, with 0 < a < n is defined by setting, for all locally
integrable functions f on R”,

f(#)

e dt, xeR", (1.2)

Duf(x) = cf

where C,, = x"22%[T(a/2))/(T((n — «)/2)). The importance of Riesz potentials lies
in the fact that they are indeed smoothing operators and have been extensively used in
many different areas such as potential analysis, harmonic analysis, and partial differential
equations. Here we refer to the paper [3], which is devoted to the sharp constant in the
Hardy-Littlewood-Sobolev inequality related to J,.

This paper focused on another generalization, the weighted variants of Riemann-
Liouville fractional integrals on R". We investigate the boundedness of these weighted
variants on the type of central Morrey and central Campanato spaces and also give the sharp
estimates. This development begins with an equivalent definition of I, as

1
x 1
X af(x) = J‘O f(tx)wdt, x> 0. (13)

More generally, we use a positive function (weight function) w(t) to replace 1/(I'(a)(1- 1))
in (1.3) and generalize the parameter x from the positive axle to the Euclidean space R”
therein. We then derive a weighted generalization of |x|*I, on R", which is called the
weighted Hardy operator (originally named weighted Hardy-Littlewood avarage) H,,.
More precise, let w be a positive function on [0, 1]. The weighted Hardy operator H,,, is
defined by setting, for all complex-valued measurable functions f on R"” and x € R",

1
Hyof (x) = fo F(tx)w(b)dt. (1.4)

Under certain conditions on w, Carton-Lebrun and Fosset [4] proved that H,, maps L?(R"),
1 < p < oo, into itself; moreover, the operator H,, commutes with the Hilbert transform when
n = 1, and with certain Calderén-Zygmund singular integrals including the Riesz transform
when n > 2. Obviously, forn = 1and 0 < a < 1, if we take w(t) := 1/ (T'(a)(1 - £)'™), then as
mentioned above, for all x > 0,

Hof (x) = x T f (x). (15)

A further extension of [4] was due to Xiao [5] as follows.

Theorem A. Let 1 < p < oo. Then, H,, is bounded on LF (R") if and only if

1
A= f P (t)dt < oo. (1.6)
0
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Moreover,
||wa||LP(R")—>LP(R") = A (1.7)

Remark 1.1. Notice that the condition (1.6) implies that cw is integrable on [0,1] since
f; w(t)dt < f; t/Peo(t)dt. We naturally assume w is integrable on [0, 1] throughout this paper.

Obviously, Theorem A implies the celebrated result of Hardy et al. [6, Theorem 329],
namely, forall0 <a<land1<p < oo,

r(1-1/p)

: o ra-1p) 1.8
Ml ) — 1 (o I(l1+a-1/p) -

The constant A in (1.6) also seems to be of interest as it equals top/(p—-1) if w=1and n = 1.
In this case, H,, is precisely reduced to the classical Hardy operator H defined by

Hf(x) = %L f(hdt, x>0, (1.9)

which is the most fundamental integral averaging operator in analysis. Also, a celebrated
operator norm estimate due to Hardy et al. [6], that is,

p
+ +y = T
I1H N r r) = 17 r b1 (1.10)

with 1 < p < oo, can be deduced from Theorem A immediately.
Recall that BMO(R") is defined to be the space of all b € Ljo.(R") such that

1
1bllgpmo = sup—f |b(x) — bp| dx < oo, (1.11)
BCR"|B| B

where bg = (1/|B|) fB b and the supremum is taken over all balls B in R" with sides parallel
to the axes. It is well known that L*(R") € BMO(R"), since BMO(R") contains unbounded
functions such as log |x|. Another interesting result of Xiao in [5] is that the weighted Hardy
operator H,, is bounded on BMO(R"), if and only if

1
f w(b)dt < o. (1.12)
0

Moreover,

1
1 Heollsymo ) — BMOR?) = Jo p(t)dt. (1.13)

In recent years, several authors have extended and considered the action of weighted Hardy
operators on various spaces. We mention here, the work of Rim and Lee [7], Kuang [8], Kruli¢
et al. [9], Tang and Zhai [10], Tang and Zhou [11].
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The main purpose of this paper is to make precise the mapping properties of weighted
Hardy operators on the central Morrey and A-central BMO spaces. The study of the central
Morrey and A-central BMO spaces are traced to the work of Wiener [12, 13] on describing the
behavior of a function at the infinity. The conditions he considered are related to appropriate
weighted L9 (1 < g < o) spaces. Beurling [14] extended this idea and defined a pair of dual
Banach spaces A7 and B7, where 1/q +1/4' = 1. To be precise, A7 is a Banach algebra with
respect to the convolution, expressed as a union of certain weighted L7 spaces. The space B7 is
expressed as the intersection of the corresponding weighted L7 spaces. Later, Feichtinger [15]
observed that the space BY can be equivalently described by the set of all locally g'-integrable
functions f satisfying that

£l = skgg(Z"‘”/ N fxxlly) < oo, (1.14)

where Yy is the characteristic function of the unitball {x € R" : |x| < 1}, y is the characteristic
function of the annulus {x € R" : 25! < |x| <2k}, k =1,2,3,...,and | - ||; is the norm in L7.
By duality, the space A, called Beurling algebra now, can be equivalently described by the
set of all locally g-integrable functions f satisfying that

0

1Al ae = 222N f el < o (1.15)

Based on these, Chen and Lau [16] and Garcia-Cuerva [17] introduced an atomic space HA?
associated with the Beurling algebra A7 and identified its dual as the space CMOY, which is
defined to be the space of all locally g-integrable functions f satisfying that

sup

1/q
< q
R21 <|B(0,R)| B(OR) 160 = foon] >

By replacing k € NU {0} with k € Z in (1.3) and (1.6), we obtain the spaces A9 and
BY, which are the homogeneous version of the spaces A7 and B7, and the dual space of A4
is just B7. Related to these homogeneous spaces, in [18, 19], Lu and Yang introduced the
homogeneous counterparts of HA? and CMOY, denoted by HA? and CMO?, respectively.
These spaces were originally denoted by HK? and CBMO, in [18, 19]. Recall that the space
CMO7 is defined to be the space of all locally g-integrable functions f satisfying that

1/q
1 q
sup( === x) - dx < oo. (117)
p<|B(O,R)| B(O,R) |f( ) fB(O,R)| >

R>0

It was also proved by Lu and Yang that the dual space of HA is just CMO?.
In 2000, Alvarez et al. [20] introduced the following A-central bounded mean
oscillation spaces and the central Morrey spaces, respectively.
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Definition 1.2. Let A € Rand 1 < g < oo. The central Morrey space B7*(R") is defined to be the
space of all locally g-integrable functions f satisfying that

1/q
1 J‘ g
o1 = SUP| ————— x)|'dx < oo. (1.18)
I R>§<|B<0,R>|w o @) >

Definition 1.3. Let A < 1/nand 1 < g < o0. A function f € L?OC (R™) is said to belong to the
A-central bounded mean oscillation space CMOq’J\(R") if

1/q
= I 1 q
a1 =su x)—f dx < oo. (1.19)
”f”CMo“ R>I()D<|B(O, R)|1“‘7 J‘B(O,R) |f( ) B(O,R)| >

We remark that if two functions which differ by a constant are regarded as a function

in the space CMO™, then CMO™" becomes a Banach space. Apparently, (1.19) is equivalent
to the following condition:

1/q
1
sup inf —I (x) —c|"dx < o0. (1.20)
R>€ C€C<|B(O,R)|1+)“7 B(0,R) |£0) = el >

Remark 1.4. B%* is a Banach space which is continuously included in CMO™". One can easily
check B (R") = {0} if A < -1/q, B?°(R") = B1(R"), B#~Y4(R") = L1(R"), and B¥*(R") D
Li(R™) if A > —1/q. Similar to the classical Morrey space, we only consider the case —-1/g <
A < 01in this paper.

Remark 1.5. The space CMO™ when A = 0 is just the space CMOY. It is easy to see that

BMO ¢ CMO? for all 1 < g < oo. When A € (0,1/n), then the space CMO™ is just the central
version of the Lipschitz space Lip, (R").

Remark 1.6. If 1 < g1 < g2 < oo, then by Holder’s inequality, we know that B4 ¢ B+ for
A € R, and CMO™" ¢ CMO™ for A < 1/n.

For more recent generalization about central Morrey and Campanato space, we refer
to [21]. We also remark that in recent years, there exists an increasing interest in the study of
Morrey-type spaces and the related theory of operators; see, for example, [22].

In this paper, we give sufficient and necessary conditions on the weight w which
ensure that the corresponding weighted Hardy operator H,, is bounded on B%*(R") and
CMOq’)”(R"). Meanwhile, we can work out the corresponding operator norms. Moreover, we
establish a sufficient and necessary condition of the weight functions so that commutators
of weighted Hardy operators (with symbols in central Campanato-type space) are bounded
on the central Morrey-type spaces. These results are further used to prove sharp estimates of
some inequalities due to Weyl and Cesaro.
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2. Sharp Estimates of H,,

Let us state our main results.

Theorem 2.1. Let 1 < g < coand =1/ < A < 0. Then H,, is a bounded operator on B9*(R") if and
only if

1
B:= f " w(t)dt < oo. (2.1)
0

Moreover, when (2.1) holds, the operator norm of H,, on B#*(R") is given by
||Hw||BqJ(RW)_>B‘1M\(RW) =B. (2.2)

Proof. Suppose (2.1) holds. For any R > 0, using Minkowski’s inequality, we have

1 »
o w y
<|B(0,R)|1”'1 fB(O,R) |(Hof) (x)] x>

1 1 q /g
v d d
< fo <|B(0, R L;(o,m | (tx) | x> w(t)dt

(2.3)
1 1 1/q
= — (x)|%dx ) w(t)dt
-[0 (lB(O, tR)|FHM IB(O,!R) £ G0l
1
< Wl J, oyt
It implies that
1
1 Heoll o2 (gn) — ot ey < fo " w(t)dt. (2.4)

Thus H,, maps B4*(R") into itself.
The proof of the converse comes from a standard calculation. If H, is a bounded
operator on B9 (R"), take
fo(x) = |x|™, xeR™ (2.5)
Then

) 1
Il foll g ey = 20" (2.6)

" (ngh + n)l/q/

where Q, = 72 /(T(1 + n/2)) is the volume of the unit ball in R".
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We have
1
H, fo = fof ™ (t)dt, (2.7)
0
1
[ Heoll o gy — o e zJ‘ " w(t)dt. (2.8)
0
(2.8) together with (2.4) yields the desired result. O

Corollary 2.2. (i) ForO<a<1,1<g<oo,and -1/g< 1 <0,

ra+a)
el go: () — B9 (x-92a1) = TA+a+ ) (2.9)
(ii) For 1 <g<ooand -1/g < A <0,
1
| H || gas _ gar = T (2.10)

Next, we state the corresponding conclusion for the space cmo® (R™).

Theorem 2.3. Let 1 < g < oo and 0 < A < 1/n. Then H,, is a bounded operator on CMOq’A(R”)

if and only if (2.1) holds. Moreover, when (2.1) holds, the operator norm of H,, on cmo™ (R™) is
given by

1 Heollcatoa (rry — cyvtoa gy = B- (2.11)

Proof. Suppose (2.1) holds. If f € CMOq’J\(R”), then for any R > 0 and ball B(0, R), using
Fubini’s theorem, we see that

1 1 1
(wa)B(O,R) = I <W BOR f(tX)d.X')(U(t)dt = fo fB(O,tR)(U(t)dt. (212)

0
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Using Minkowski’s inequality, we have

1 g 1/q
<W IB(O,R) '(wa) (x) - (wa)B(O,R)| dx>

1 1 q 1/q
) <W JB(O R) Jo (f (%) = fooum))dt dx>
1 . o
. .[o <W IB(O % | f(tx) - fB(O,tR)lqu> w(t)dt 2.13)

1 1 I 1/q
= _ x) - iR | Tdx ™ () dt
fo <|B(0, tR)|7 ) Bosr) ¢ foom]

1
< ”f”CMo“(Rn) fo " w(t)dt,

which implies H,, is bounded on cmo™ (R™) and
”Hw“CMOq"\(Rﬂ)—>CMO‘7’A(R") <B. (214)

Conversely, if H,, is a bounded operator on CMOq’A(R"), take

™, x €RY,

2.15
—|x™, x R}, 2.15)

fo(x) Z{

where R} and R} denote the right and the left halves of R", separated by the hyperplane
x1 = 0, and x; is the first coordinate of x € R".
Thus, by a standard calculation, we see that (fo)pg(r = 0and

1ol S
0 109 Ry — - a7
CMOT(E " (ng\ + n)l/q
(2.16)
1
He fo = fof " eo(t)dt.
0
From this formula we have
”Hw”CMOq'A(R”)—>CMO‘”(]R") > B. (2.17)

The proof is complete. O
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Corollary 2.4. (i) For1 < g <ooand 0 < A <1, we have

1

1H | cypor — cmor = 751 (2.18)

(ii) For 1 < g < oo, we have || H||cx109  catot = 1

3. A Characterization of Weight Functions via Commutators

A well-known result of Coifman et al. [23] states that the commutator generated by Calderén-
Zygmund singular integrals and BMO functions is bounded on L?(R"), 1 < p < o. Recently,
we introduced the commutators of weighted Hardy operators and BMO functions introduced
in [24]. For any locally integrable function b on R" and integrable function w : [0,1] —
[0, 00), the commutator of the weighted Hardy operator HY, is defined by

HYf :=bH,f - H,(bf). (3.1)

It is easy to see that when b € L*(R") and w satisfies the condition (1.6), then the
commutator HY, is bounded on LP(R"), 1 < p < oo. An interesting choice of b is that
it belongs to the class of BMO(R"). When symbols b € BMO(R"), the condition (1.6) on
weight functions w can not ensure the boundedness of H’, on L?(R"). Via controlling HY,
by the Hardy-Littlewood maximal operators instead of sharp maximal functions, we [24]
established a sufficient and necessary (more stronger) condition on weight functions w which
ensures that HY, is bounded on LP(R"), where 1 < p < oo. More recently, Fu and Lu [25]
studied the boundedness of HY, on the classical Morrey spaces. Tang et al. [26] and Tang and
Zhou [11] obtained the corresponding result on some Herz-type and Triebel-Lizorkin-type
spaces. We also refer to the work [27] for more general m-linear Hardy operators.

Similar to [24], we are devoted to the construction of a sufficient and necessary
condition (which is stronger than B = oo in Theorem 2.1) on the weight functions so that
commutators of weighted Hardy operators (with symbols in A-central BMO space) are
bounded on the central Morrey spaces. For the boundedness of commutators with symbols
in central BMO spaces, we refer the interested reader to [28, 29] and Mo [30].

Theorem 3.1. Let 1 < g1 < q < oo,1/q1 =1/9+1/q2, -1/q < X < 0. Assume further that w
is a positive integrable function on [0,1]. Then, the commutator Hfj, is bounded from B3 (R") to
BaA(R™), for any b € CMO™ (R™), if and only if

1
C:= f " w(t) log %dt < oo. (3.2)
0

Remark 3.2. The condition (2.1), that is, B < oo, is weaker than C < oo. In fact, let

1
D= f o (t) log %dt < o0, (3.3)
0
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By C = Blog2 + D, we know that C < co implies B < co. But the following example shows
that B < oo does not imply C < oo. For 0 < < 1, if we take

s 0<s<1,
e V()= 351, 1<s<oo, (3.4)

0, s=0, 00,

and w(t) = w(log(1/t)), where 0 <t <1, then B < oo and C = co.

Proof. (i) Let R € (0, o0). Denote B(0, R) by B and B(0, tR) by tB. Assume C < co. We get

1 1/q . "
<®J‘B| f(x)| ) <<|B|f <J|(b(x) b(tx)) f (x) |w(t)dt> dx>
T 1/q1
< <|B|J‘ (J | (b(x) - bB)f(fX)|w(t)dt> dx>
1 1 @ 1/q (3.5)
+GEL<LH%—mmwmew>cu>
q 1/(11
<IBII <I |(b(tx) = bip) £ ( tx)|w(t)dt> dx)

=5+ + Is.

By the Minkowski inequality and the Holder inequality (with 1/g; = 1/g+1/q2), we
have

I _J‘ <|B|J‘ |(b(x) - bB)f(tx)|qldx>1/qlw(t)dt

< fo <% IB |b(x) - b)_c;|‘72dx>1/qz (% IB |f(tx)|qu>1/qw(t)dt

1 1 1/q
< |BIMIbllcyion fo <— LB |f (x)l"dx> " ew(t)dt

|tB|1+qA

(3.6)

1
QWWWMWWLWMMt
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Similarly, we have

I3 Sf <|B|,[ |(b(tx) - st)f(tx)|q‘dx>l/qlw(t)dt

o G o) (i o)

) ) , 14 (3.7)
< |B|*||b <qJ‘ —f x)|7dx "o (1) dt
IBI* |6l cnior o<|tB|“‘“ tBlf( )| ) ()
\ 1
< CIB bllcxion |1 f | o jo Feo(t)dt.
Now we estimate I,
1 1 1 1
I < f (—I | f(tx)|" dx> |bg — byg|w(t)dt
o \IBlJg
1
<Nl j LB b — by leo(t)dlt
0
oo (3.8)
Nl [ 1B - bkttt
k=0 Y 21
) 2-k \ k
<Al Dl f ) [tB] { <Z|bm - bz,-13|> + |bykap — bt3|}w(t)dt.
k=07 271 i=0
We see that
> 5 Ib(y) - brgl "y )
|b213—b2113|<C < = J b y bZ’B dy)
pay 2B (3.9)
< ClIblleyion (k +1).
Therefore,
! 1
L < CIBMBllexion || £ || gon f " w(t) log ?dt. (3.10)
0

Combining the estimates of I;, I, and I3, we conclude that Hfj, is bounded from
B7Y(R™) to BT (R").

Conversely, assume that for any b € CMO®, H?, is bounded from B#*(R") to B4 (R").
We need to show that C < oo. Since C = Blog2 + D, we will prove that B < co and D < oo,
respectively. To this end, let

bo(x) = log|x| (3.11)
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for all x € R". Then it follows from Remark 1.5 that by € BMO c CMO*, and

bo
”Hw I (3.12)
Let fo(x) = |x|™, x € R". Then
1
foll s = Q' ———7
Il =65
(3.13)
1
1
H,lf,ofo(x) = |x|")‘j " w(t) log gdt.
0
For A > -1/g > -1/qg1, we obtain
”Hb“ f o ! fl e (t) log Lt (3.14)
whl, = ————— —dt. )
Bt (ngi\ + n)l/q‘ 0 t
So,
b ! 1 1
| st g > Cdaa IO Meo(t) log . (3.15)
Therefore, we have
D < oo. (3.16)
On the other hand,
1/2 1/2 1
I e (t)dt < CI " w(t) log gdt < oo,
’ ° (3.17)

1
I " (t)dt < oo,
1/2

since ' and w(t) are integrable functions on [1/2,1]. Combining the above estimates, we get
B < oo. (3.18)

Combining (3.18) and (3.16), we then obtain the desired result. O

Notice that comparing with Theorems 2.1 and 2.3, we need a priori assumption
in Theorem 3.1 that w is integrable on [0, 1]. However, by Remark 1.1, this assumption is
reasonable in some sense.
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When b € CMO™" (R™) with A, > 0, namely, b is a central A-Lipschitz function, we
have the following conclusion. The proof is similar to that of Theorem 3.1. We give some
details here.

Theorem 3.3. Let 1 < g1 < g < oo, 1/q1 =1/g+1/q2, -1/g < L <0, -1/q1 < M1 <0,
0< Xy <1/mand Ay = A+ Ay If (2.1) holds true, then for all b € CMO™ (R™), the corresponding
commutator HY, is bounded from B (R") to B4 (R™).

Proof. Let Iy, I, and I3 be as in the proof of Theorem 3.1. Then, following the estimates of I;
and I3 in the proof of Theorem 3.1, we see that

1

I < B bl ey [ f e f Moty dt,
0
1

I5 < [BIMIbll g £ gon J ™Mo (t)dt (3.19)

0
1 1

< B 1Bl o [ £ 1] jo o) dt.

For I, we also have

k

o) 2k
I < |l Zf k |tB|*{ <Z|b2i3 - b2~3|> +lbysip - bml}w(t)dt- (3.20)
k=07 2751 i=0

Since now 0 < A, < 1/n, we see that

k k 1 1/q2
> Ibyip —byiip| <CD (ﬁ J b(y) - bZ"'quzdy>
i=0 i=0 | | Jo-ig
ko (3.21)
< CY[b | yonea |BI'2 > 272
i=0
< C|bll o= |BI*™
Therefore,
1
L < CIBM[1bll gz || f Il gon f " w(t)dt. (3.22)
0

Combining the estimates of Iy, I, and I3, we conclude that Hfj, is bounded from
BIA(R™) to BIM (R?). O

Different from Theorem 3.1, it is still unknown whether the condition (2.1) in
Theorem 3.3 is sharp. That is, whether the fact that HY, is bounded from B%4(R") to B7-1 (R")

for all b € CMO™"* (R") induces (2.1)?
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More general, we may extend the previous results to the kth order commutator of the
weighted Hardy operator. Given k > 1 and a vector b= (by,...,br), we define the higher
order commutator of the weighted Hardy operator as

R 1 k
HY f(x) = fo <H(b]-(x) - bj(tx))> fltx)w(t)dt, x e R™ (3.23)
j=1

When k = 0, we understand that HE] = H,,. Notice that if k = 1, then HE, = H?.

Using the method in the proof of Theorems 3.1 and 3.3, we can also get the following
Theorem 3.4. For the sake of convenience, we give the sketch of the proof of Theorem 3.4(i)
here.

Theorem 3.4. Let k > 2,1 < q1 < 4,qG2,..., Gk < 0, 1/q1 = 1/q+ 35,1/q;, -1/q < A < 0,
—1/q1<)t1<0,0§)tz,. )Lk<1/1’l Eli’ld)q .A,+le.)L

(i) Assume further that w is a positive integrable function on [0,1]. The commutator Hf, is
bounded from B4 (R") to B1A(R"), for any b = (by, ..., bx) € CMO%(R") x - -- x CMO% (R"), if
and only if

f oty <log %)H dt < oo. (3.24)

0

(i) Let Aoy ..., e > Qand b = (by, ..., by) € CMO™™(RM) x .- x CMOW % (R"). If (2.1) holds
true, then the corresponding commutator HY, is bounded from B (R") to B (R™).

Proof. Let R € (0, o0). Denote B(0, R) by B and B(0, tR) by tB. Assume C < co. We get

(i s "a) ™
< {|}3|j U: <g(b,-(x>—bj<tx))>f<tx>
: CI [;,k}]c[z Lk} jmr=(z){|1FI JB UOl

x(bj(x) = (b)) ) (b (tx) - (bm>t3>>f(tx>

¢ 1/q
w(t)dt] dx}

q /¢
w(t)dt] dx} .

(3.25)
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Then, applying the Minkowski inequality and the Holder inequality (with 1/q1 = 1/q +
>k ,1/q;), and repeating the arguments in the proof of Theorem 3.1, H?, b is bounded from
B7(R™) to B4 (R") for any b = (by, ..., bx) € CMO™ (R") x - - - x CMO™ (R"), provided

1 2 k-1
f ™ e (t) <log ?> dt < oo. (3.26)
0

Conversely, assume that H, E, is bounded from B%'(R") to B%(R") for any b =
(by, ..., bx) € CMO®(R") x - - - x CMO™ (R™). We choose b = (bs, .. ., by) with bj(x) = log|x| for
allx e R"and j € {2,...,k}. Then b € CMO®(R") x - - - x CMO™ (R™). Repeating the argument
in the proof of Theorem 3.1 then yields the desired conclusion. O

We point out that, it is still unknown whether the condition (2.1) in Theorem 3.4(ii) is
sharp.

4. Adjoint Operators and Related Results

In this section, we focus on the corresponding results for the adjoint operators of weighted
Hardy operators.
Recall that the weighted Cesaro operator G,, is defined by

Gof (x) = f: f@)t-nw(t)dt, x e R". (4.1)

If0<a<1n=1and wt) = 1/(T(a)((1/t) - 1)'™), then Guwf(+) is reduced to
(~)1_“ Jof (-), where ], is a variant of Weyl integral operator and defined by

ty d
Jaf(x) = a)f (t f ( )MTt (4.2)

forall x € (0,00). Whenw =1and n =1, G,, is the classical Cesaro operator:

- %d}/, x>0,
Gf(x)=4"%« (4.3)
- f, %dy, x <0.

It was pointed out in [5] that the weighted Hardy operator H,, and the weighted
Cesaro operator G,, are adjoint mutually, namely,

 8@Hf(dx= | f()Cug(x)dx (4.4)

for all admissible pairs f and g.
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Since A7 and B7 are a pair of dual Banach spaces, it follows from Theorem 2.1 the
following.

Theorem 4.1. Let 1 < g < co. Then G,, is bounded on A9(R™) if and only if

1
E:= J w(t)dt < oco. (4.5)
0

Moreover, when (4.5) holds, the operator norm of G,, on A1(R") is given by
||GW||Aq(R”)—>A4(R") =E. (4.6)

Corollary 4.2. (i) ForO<a<land1 < q < oo,

I'(1)
1 Jall As () — As (xa0-0 ax) = TA+a) (4.7)
(ii) For 1 < g < oo, we have
Gl A rry - Aagny = 1 (4.8)

Since the dual space of HAY(1 < q < oo) is isomorphic to cMo’ (see [18, 19]),
Theorem 2.3 implies the following result.

Theorem 4.3. Let 1 < g < oo. Then G,, is a bounded operator on HAI(R™) if and only if (4.5) holds.
Moreover, when (4.5) holds, the operator norm of G,, on HA1(R") is given by

”Gw”HAq(R”)HHAq(R") =E. (4.9)
Corollary 4.4. For 1 < g < oo, we have
Gl as — pas = 1 (4.10)

Following the idea in Section 3, we define the higher order commutator of the
weighted Cesaro operator as

GLf(x) = f <]£[(b]<’t—c) - b,-(x))>f(§)t‘”w(t)dt, x eR". (4.11)

0 j=1
When k =0, GE, is understood as G,,. Notice that if k = 1, then GE, = Gb,. Similar to the proofs
of Theorems 3.1 and 3.3, we have the following result.

Theorem 4.5. Let k > 2,1 < q1 < q,q2,...,9x < 0, 1/q1 = 1/q+zl’;21/qi, -1/g <A <0,
~1/g1 <\ <0,0< Ay, A <1/mand Ay = A+ 35, A,
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(i) Assume further that w is a positive integrable function on [0,1]. The commutator GE) is
bounded from B4 (R") to B1A(R"), for any b = (by, ..., bx) € CMO™ (R") x --- x CMO™(R"), if
and only if

1 2 k-1
J t—n()ﬁl)w(t) <1Og ?) dt < 0. (4.12)
0

(ii) Let Aa, ..., M > 0and b = (b, ..., bx) € CMO%A2(R") x - - - x CMOT (R™). Then the
corresponding commutator GY, is bounded from B4 (R™) to BiA1 (R™), provided that

1
j "D () dt < oo. (4.13)
0

We conclude this paper with some comments on the discrete version of the weighted
Hardy and Cesaro operators.

Let Ny be the set of all nonnegative integers and 27 denote the set {27 : j € Ny}.
Let now ¢ be a nonnegative function defined on 27 and f be a complex-valued measurable
function on R”. The discrete weighted Hardy operator H,, is defined by

(Fuf ) (x) = if"f (2*x)w(2*), xer, (4.14)
k=0
and the corresponding discrete weighted Cesaro operator is defined by setting, for all x € R”,
(éw f) (x) = i f <2kx)zk<"-1>w<z-k>. (4.15)
k=0

We remark that, by the same argument as above with slight modifications, all the results
related to the operators H,, and G,, in Sections 14 are also true for their discrete versions H,,
and éw.
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