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We introduce the class of (a, f)-hybrid mappings relative to a Bregman distance Dy in a Banach
space, and then we study the fixed point and weak convergence problem for such mappings.

1. Introduction

Let C be a nonempty subset of a Hilbert space H. A mapping T : C — H is said to be

(1.1) nonexpansive if |[Tx — Ty|| < ||x — y||, for all x,y € C;
(1.2) nonspreading if 2||Tx — Ty||2 <||ITx - y||2 +||Ty - x||?, for all x,y€C,cf [1,2];
(1.3) hybrid if 3| Tx — Ty||* < |lx — y|I* + ||Tx — y||* + || Ty — x|, for all x,y € C, cf. [3].
Recently, Kocourek et al. [4] introduced a new class of nonlinear mappings in a Hilbert
space containing the classes of nonexpansive mappings, nonspreading mappings, and hybrid

mappings and established some fixed point and ergodic theorems for mappings in this new
class. For a, p € R, they call a mappingT: C — H
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(1.4) (a, p)-hybrid if

allTx-Ty|P + A= @l -TyP < pITx-ylF+ G -pllx-ylF (D)

forall x,y € C.

Obviously, T is nonexpansive if and only if it is (1,0)-hybrid; T is nonspreading if and
only if it is (2, 1)-hybrid; T is hybrid if and only if it is (3/2,1/2)-hybrid.

Motivated by the above works, we extend the concept of (a, f)-hybrid from Hilbert
spaces to Banach spaces. For a nonempty subset C of a Banach space X, a Gateaux differentia-
ble convex function f : X — (-0, 0] and a,f € R, amapping T : C — X is said to be

(1.5) (a, B)-hybrid relative to Dy if there are &, § € R such that

aDs(Tx,Ty) + (1 - a)Ds(x,Ty) < pDs(Tx,y) + (1 - f)Ds(x,y) (1.2)

for all x,y € C, where Dy is the Bregman distance associated with f. Sections 3 and 4 are
devoted to investigation of the fixed point and weak convergence problem for such type of
mappings, respectively. Our fixed point theorem extends that of [4].

2. Preliminaries

In what follows, X will be a real Banach space with topological dual X*,and f : X — (—o0, o0]
will be a convex function. ® denotes the domain of f, that is,

D={xeX: f(x) <), (2.1)

and 9° denotes the algebraic interior of 9, that is, the subset of ® consisting of all those points
x € D such that, for any y € X\ {x}, there is z in the open segment (x, y) with [x, z] C D. The
topological interior of ®, denoted by Int(9D), is contained in ®°. f is said to be proper provided
that @ #0. f is called lower semicontinuous (Ls.c.) at x € X if f(x) < lim inf, . f(y). f is
strictly convex if

flax+ (1 -a)y) <af(x)+(1-a)f(y) (2.2)

forall x,y € Xand a € (0,1).
The function f : X — (—oo, 0] is said to be Gateaux differentiable at x € X if there is
f'(x) € X* such that

i ) - F@)

t—0 t

= (y.f' () (29)

forally € X.
The Bregman distance Dy associated with a proper convex function f is the function
Df:®xD — [0, 0] defined by

Ds(y,x) = f(y) - f(x) + f(x,x~y), (2.4)
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where f°(x,x —y) = lim;_o-(f (x + t(x —y)) = f(x))/t. Df(y, x) is finite valued if and only
if x € °, compare Proposition 1.1.2 (iv) of [5]. When f is Gateaux differentiable on 9, (2.4)
becomes

Dy, x) = f(y) = f(x) = (y = x, f'(x)), (2.5)
and then the modulus of total convexity is the function v¢ : 9° x [0,00) — [0, oo] defined by

ve(x,t) =inf{Ds(y,x) 1y €D,

y—x|| =t}. (2.6)
It is known that

vi(x,ct) > cvs(x,t) (2.7)

for all t > 0 and ¢ > 1, compare Proposition 1.2.2 (ii) of [5]. By definition it follows that

Dy (y,x) 2 vs(x, ||y - x||). (2.8)

The modulus of uniform convexity of f is the function 6¢ : [0,00) — [0, 00] defined
by

6;(t)=inf{ £+ F) ~27 (51 ) sy €2, Jx- vl 21 29)

The function f is called uniformly convex if 6¢(t) > 0 for all t > 0. If f is uniformly
convex then for any ¢ > 0 there is 6 > 0 such that

x+y\ _ f(x)  f(y)
f( 5 >S Sty 6 (2.10)

for all x,y € D with [[x - y|| > €.
Note that for y € @ and x € 9°, we have

s+ 1) -2 (52 = ) - gty - L DRI 2T

< f(y) - f(x) = f°(x,y —x) < Ds(y,x),

(2.11)

where the first inequality follows from the fact that the function t — (f(x +tz) — f(x))/tis
nondecreasing on (0, o0). Therefore

vr(x,t) > 6¢(t), (2.12)

whenever x € @° and t > 0. For other properties of the Bregman distance D, we refer readers
to [5].
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The normalized duality mapping J from X to 2X" is defined by
Jae={at e X" s g xt) = [l = 1)1 (2.13)

forall x € X.
When f(x) = ||x||? in a smooth Banach space, it is known that f'(x) = 2] (x) for x € X,

compare Corollaries 1.2.7 and 1.4.5 of [6]. Hence we have
Dy (y, %) = [lyll* - Il = (y - x, £ ()
= [lylI* = =l - 2(y - x, Jx) (214)
= llyll* + 1l - 2y, Jx).

Moreover, as the normalized duality mapping ] in a Hilbert space H is the identity operator,
we have

Dy (y,x) = |lylI* + IxI” = 2y, x) = ||y - x||*. (2.15)

Thus, in case f(x) = [|x||* in a Hilbert space, (1.5) coincides with (1.4). However, in general
they are different as the following example shows.

Example 2.1. Let f(x) = |x| for x € R. f is a continuous convex function with

0, ifx>0, y>0orx<0, y<0,
Ds(y,x) =4 -2y, ifx>0, y<0, (2.16)

2y, ifx<0, y>0.
Let C = [0,1] and define T : C — C by

x, ifxe€(0,1],
T(x) = (2.17)

, ifx=0.

N —

If T were (a, f)-hybrid for some a, § € R, then we would have

al|Tx - TO||* + (1 - a)||x — TO||* < B Tx - 0> + (1 - B)|lx - O, Vx € (0,1]. (2.18)
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Since
1 1) ) 2
(2.18)<:>ax—§ +(1—a)x—§ <Plx*+ (1 -p)x|°, VYxe(0,1]
112
=|x-3 <|xf, V¥xe(0,1] (2.19)
1
:>1Sx, VxG(O,l]/

we see that T is not (a, §)-hybrid for any a, p € R. But some simple computations show that
T is (1,0)-hybrid relative to Dy.

A function g : X — (—o0,00] is said to be subdifferentiable at a point x € X if there
exists a linear functional x* € X* such that

g(y) -g(x) > (y-x,x), VyeX (2.20)

We call such x* the subgradient of g at x. The set of all subgradients of g at x is denoted
by dg(x), and the mapping dg : X — 2X is called the subdifferential of g. For a lLs.c.
convex function f,df is bounded on bounded subsets of Int(®) if and only if f is bounded on
bounded subsets there, compare Proposition 1.1.11 of [5]. A proper convex ls.c. function f
is Gateaux differentiable at x € Int(®) if and only if it has a unique subgradient at x; in such
case Of (x) = f'(x), compare Corollary 1.2.7 of [6].

The following lemma will be quoted in the sequel.

Lemma 2.2 (see Proposition 1.1.9 of [5]). If a proper convex function f : X — (—oo, 0] is
Giateaux differentiable on Int(®) in a Banach space X, then the following statements are equivalent.

(a) The function f is strictly convex on Int(D).
(b) For any two distinct points x,y € Int(®), one has D¢ (y, x) > 0.
(c) For any two distinct points x,y € Int(D), one has

(x-y, f'(x)-f'(y))>0. (2.21)

Throughout this paper, F(T) will denote the set of all fixed points of a mapping T.

3. Fixed Point Theorems

In this section, we apply Lemma 2.2 to study the fixed point problem for mappings satisfying
(1.5).

Theorem 3.1. Let X be a reflexive Banach space and let f : X — (—oo, 0] be a Ls.c. strictly convex
function so that it is Gateaux differentiable on Int(®) and is bounded on bounded subsets of Int(D).
Suppose C C Int(D) is a nonempty closed convex subset of X and T : C — C is (a, p)-hybrid relative
to Dy. Then the following two statements are equivalent.
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(a) There is a point x € C such that {T"x},,cy is bounded.
(b) F(T) #9.

Proof. If F(T)#0, then {T"v},y = {v} is bounded for any v € F(T). Now assume that
{T"x},ey is bounded for some x € C, and for any n € N, let S,(x) = (1/n)ZZ;(1)Tkx. Then
{Snx} ey is bounded, and so, in view of X being reflexive, it has a subsequence {S,,x};cy SO
that S, x converges weakly to some v € C as n; — oo. Since T is (a, )-hybrid relative to Dy,
we have, for any y € C and k € NU {0},

0< pD; (T %,y ) + (1= B)Dy (Tox,y ) = [aDy (T4, Ty ) + (1 - ) Dy (TEx, Ty)].
(3.1)

Rewrite aDs(T*'x, Ty) + (1 — a)Ds(T*x, Ty) as

aDy(T'x,Ty) + (1 - @)Dy (T x, Ty) = a[f (T*'x) - f(Ty) - (T*'x = Ty, ' (Ty) )]
+ (1 -@[f(T"x) - f(Ty) - (T*x =Ty, f (Ty) )]
—a f(:rk“x) +(1-a) f(Tkx> — £(Ty)
~(a(Tx - Ty) + (1 - a) (T*x = Ty), f(Ty) )
- af(T"*lx) +(1- a)f(Tkx> - f(Ty)

- <aTk+1x +(1-a)T*x - Ty, f'(Ty) >

3.2)
Similarly, we also have
D (THx,y) + (1- B)Dy (T x,y)
= pf(T"2) + (1= ) f(T'x) = f(y) = (BT + (1= )T x -, £ (¥) ) -
Consequently, we obtain from (3.1) that
0< (p-a)[f(T"x) - F(T"x)| + [f (Ty) - f ()] .

+ <Tkx + a(Tk”x - Tkx> -Ty, f'(Ty) > - <Tkx + ﬂ<Tk+1x - Tkx> -y, f'(v) >



Abstract and Applied Analysis 7

Summing up these inequalities with respectto k =0,1,...,n -1, we get

0< (B-a)[f(T"x) - f(x)] +n[f(Ty) - f(y)]

(3.5)
+(nSyx + a(T"x — x) —nTy, f'(Ty)) — (nSyx + p(IT"x — x) - ny, f'(y)).
Dividing the above inequality by 1, we have
ﬁ —a n a rn '
0< EoR (@m0 - F@) + F(Ty) - F) + (Suxs ST -2 =Ty, £(T) )
(3.6)

- <Snx + ﬂ(T"x— x) = y,f'(y)>-

n

Replacing n by n; and letting n; — oo, we obtain from the fact that { f (T"x)}, oy is bounded
that

0< f(Ty) - f(y) +(v-Ty, f'(Ty)) - (v -y, f'(¥))- (3.7)

Putting y = v in (3.7), we get

0< f(Tv) - f(v) + (v-To, f'(Tv)), (3.8)

that is,
0<-D¢(v,To), (3.9)
from which follows that D¢ (v, Tv) = 0. Therefore Tv = v by Lemma 2.2. O
Since the function f(x) = ||x||*> in a Hilbert space H satisfies all the requirements of

Theorem 3.1, the corollary below follows immediately.

Corollary 3.2 (see [4]). Let C be a nonempty closed convex subset of Hilbert space H and Suppose
T :C — Cis (a, B)-hybrid. Then the following two statements are equivalent.

(a) There exists x € C such that {T"(x)},,ey is bounded.

(b) T has a fixed point.

We now show that the fixed point set F(T) is closed and convex under the assumptions
of Theorem 3.1.

A mapping T : C — X is said to be quasi-nonexpansive with respect to Dy if F(T) # @
and D¢ (v,Tx) < D¢(v,x) forall x € C and all v € F(T).

The following lemma is shown in Huang et al. [7].

Lemma 3.3. Let f : X — (—oo, 0] be a proper strictly convex function on a Banach space X so that
it is Gateaux differentiable on Int(®), and let C C Int(D) be a nonempty closed convex subset of X. If
T : C — C is quasi-nonexpansive with respect to Dy, then F(T) is a closed convex subset.
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Proposition 3.4. Let f : X — (—oo, 0] be a proper strictly convex function on a reflexive Banach
space X so that it is GAteaux differentiable on Int(D) and is bounded on bounded subsets of Int(D),
and let C C Int(D) be a nonempty closed convex subset of X. Suppose T : C — C is (a, p)-hybrid
relative to Dy and has a point xo € C such that {T"(xo) },cy is bounded. Then T is quasi-nonexpansive
with respect to Dy, and therefore F(T) is a nonempty closed convex subset of C.

Proof. In view of Theorem 3.1, F(T') #@. Now, for any v € F(T) and any y € C, as T is (a, f§)-
hybrid relative to Dy, we have

Ds(v,Ty) = aDs(v,Ty) + (1 - a)Ds (v, Ty)
=aDs(Tv,Ty) + (1 -a)Ds(v,Ty)
< pDs(Tv,y) + (1-p)Ds (v, y)

=pDs(v,y) + (1-B)Ds(v,y) = Ds(v,y),

(3.10)

so T is quasi-nonexpansive with respect to Dy, and hence F(T) is a nonempty closed convex
subset of C by Lemma 3.3. O

For the remainder of this section, we establish a common fixed point theorem for a
commutative family of (a, f)-hybrid mappings relative to Dy.

Lemma 3.5. Let X be a reflexive Banach space and let f : X — (—oo,00] be a Ls.c. strictly
convex function so that it is Gateaux differentiable on Int(®) and is bounded on bounded subsets of
Int(®). Suppose C C Int(D) is a nonempty bounded closed convex subset of X and {T1,T>,...,Tn}
is a commutative finite family of (a, B)-hybrid mappings relative to Dy from C into itself. Then
{T1, T, ..., Tn} has a common fixed point.

Proof. We prove this lemma by induction with respect to N. To begin with, we deal with the
case that N = 2. By Proposition 3.4, we see that F(T;) and F(T,) are nonempty bounded
closed convex subsets of X. Moreover, F(T;) is Tr-invariant. Indeed, for any v € F(Ty),
it follows from T4T, = T,T; that T1Thv = T, Thyv = Thv, which shows that Tov € F(Ty).
Consequently, the restriction of T, to F(T1) is (a,p)-hybrid relative to Dy, and so by
Theorem 3.1, T has a fixed point u € F(T}), thatis, u € F(T1) N F(Ty).

By induction hypothesis, assume that for some n > 2, E = n/'_; F(Tk) is nonempty. Then
E is a nonempty closed convex subset of X, and the restriction of T;41 to E is a (a, #)-hybrid
mapping relative to Dy from E into itself. By Theorem 3.1, T4 has a fixed point in X. This

shows that E N F(T,41) # 0, that is, OZ:%F (Tx) #0, completing the proof. O

Here we would like to remark that in the above lemma, the assumption f is bounded
on bounded subsets of Int(®) can be dropped by checking the proof of Theorem 3.1 and
noting that we have assumed C is bounded.

Theorem 3.6. Let X be a reflexive Banach space and let f : X — (—oo, 0] be a Ls.c. strictly convex
function so that it is GAteaux differentiable on Int(®). Suppose C C Int(®) is a nonempty bounded
closed convex subset of X and {T;},c; is a commutative family of (a, B)-hybrid mappings relative to
Dy from C into itself. Then {T;},c; has a common fixed point.
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Proof. Since C is a nonempty bounded closed convex subset of the reflexive Banach space X,
it is weakly compact. By Proposition 3.4, each F(T;) is a nonempty weakly compact subset of
C. Therefore, the conclusion follows once we note that {F(T;)};c; has the finite intersection
property by Lemma 3.5. O

4. Weak Convergence Theorems

In this section, we discuss the demiclosedness and the weak convergence problem of (a, §)-
hybrid mappings relative to Dy. We denote the weak convergence and strong convergence
of a sequence {x,} to v in a Banach space X by x, — v and x, — v, respectively. For a
nonempty closed convex subset C of a Banach space X, a mapping T : C — X is demiclosed
if for any sequence {x,} in C with x, — v and x, - Tx,, — 0, one has Tv = v.

The following Opial-like inequality for the Bregman distance is proved in [7]. For the
Opial’s inequality we refer readers to Lemma 1 of [8].

Lemma 4.1. Suppose f : X — (—o0, 0] is a proper strictly convex function so that it is GAteaux
differentiable on Int(®) in a Banach space X and {x,},cy is a sequence in D such that x, — v for
some v € Int(D). Then

lim inf D (x,, v) <lim inf D¢ (x,,y), Yy € Int(D) with y #v. (4.1)

n— oo

Proposition 4.2. Suppose f : X — (—oo,00] is a strictly convex function so that it is Gateaux
differentiable on Int(®) and is bounded on bounded subsets of Int(®) in a Banach space X, and
suppose C is a closed convex subset of Int(®). If T : C — X is (a, p)-hybrid relative to Dy, then T is
demiclosed.

Proof. Let {x,} be any sequence in C with x,, — v and x, - Tx, — 0. We have to show that
Tv = v. Since f is bounded, by Proposition 1.1.11 of [5] there exists a constant M > 0 such
that

max{sup{||f'(xn)| : 7 € N},

f(T)],

f @)} <M. (4.2)

Note that, for a € R,

aDf(Tx, Tv) + (1 = a)Dy(x,, To) = a[f (Txn) — f(Tv) = (Tx, - To, f(Tv))]
+ (1= @) [f(xn) = f(T0) = (xn = To, f'(T0))]
= a[f(Tx,) - f(T0) + f(Tv) = f(xn)]
~(Txy - To-x, + Tov, f(Tv))
+ f(xn) = f(T0) = (xu = To, f'(T0))

= a[f(Txn) - f(xn) - <Txn - xn,f,(TU)>] + Df(xn, Tv).
(4.3)
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Similarly, for § € R, we have
ﬂDf(Txan) + (1 - ﬁ)Df(xn,U) = ﬂ[f(Txn) - f(xn) - <Txn - xn/fl(v)>] + Df(xn/ U)'
Thus we obtain from the (a, )-hybrid of T that

alf(Txy) = f(xn) = (Txp = xp, f'(T0))] + Ds(x, To)

<BLf(Txn) = f(xn) = (Txp — xu, f'(0))] + D (x5, 0),
which implies that

Dy (xp, Tv) < Df(xn,0) + (a = B) (f (xn) = f(Tx)) + (Txy — xp, af ' (T0) = Bf' (v))

< Dy, + (& )~ T /) + (T~ 30,2 (T0) - B (0))
< Dy (x,0) + 3M(la] + | B]) |0 — Txul.

Consequently, if Tv # v, then Lemma 4.1 implies that

lim inf D¢ (x,,v) <lim inf D¢ (x,, Tv)
n—oo n— oo

= lim inf [Dy (x,, v) + 3M(la| + |B]) llxn — Txull]

= lim inf D¢ (xy,,v),

n—oo

a contradiction. This completes the proof.

(4.4)

(4.5)

(4.6)

(4.7)

O

A mapping T : C — C is said to be asymptotically regular if, for any x € C, the

sequence {T""!x — T"x} tends to zero as n — co.

Theorem 4.3. Suppose the following conditions hold.

(4.3.1) f : X — (—o0, 0] is Ls.c. uniformly convex function so that it is Giteaux differentiable
on Int(D) and is bounded on bounded subsets of Int(D) in a reflexive Banach space X.

(4.3.2) C C Int(®) is a closed convex subset of X.

(433) T : C — Cis (a, p)-hybrid relative to Dy and is asymptotically regular with a bounded

sequence {T"xg},,cy for some xy € C.

(4.3.4) The mapping x — f'(x) for x € X is weak-to-weak* continuous.

Then for any x € C, {T"x},,cy is weakly convergent to an element v € F(T).



Abstract and Applied Analysis 11

Proof. Let v € F(T) and x € C. If {T"x},y is not bounded, then there is a subsequence
{T"x},ey such that ||o — T"x|| > 1 foralli € Nand ||v - T"x|| — oo asi — oo. From (4.3.3),
for any n € NU {0} we have
Dy (v, T"+1x> = aDy <Tv, T"+1x> +(1-a)Dy (v, T"+1x>
< BD§(Tv,T"x) + (1 - B)Dys (v, T"x) = Df(v, T"x) (4.8)
< Dy(v,x),

which in conjunction with (2.7), (2.8), and (2.12) implies that

D¢(v,x) 2 Ds(v, T"x) 2 v(T"x, |lo - T"x]||)
> lo - T"x|lve(T"x,1) (4.9)
> ||lo-T"x||67(1) — o0, asi— oo,
a contradiction. Therefore, for any x € X, {T"x},y is bounded, and so it has a subsequence
{T"x} ;e which is weakly convergent to w for some w € C. As T"x — TH*1x — 0, it follows
from the demiclosedness of T that w € F(T). It remains to show that T"x — wasn — co. Let

{T™x} ey be any subsequence of {T"x},cy so that T"*x — u for some u € C. Then u € F(T).
Since both of {Df(w, T"x)} ey and {Dy(u, T"x) } ¢y are decreasing, we have

lim [D¢(w, T"x) — Dy (u, T"x)] = nlglgo [f(w) - f(u) —(w—-u, f(T"x))] =a (4.10)

n— oo

for some a € R. Particularly, from (4.3.4) we obtain

a

Jim [£(0) = f0) = (w =, f(T"))] = f(@) ~ ) ~ (w0~ u, f (w)),
(4.11)

[
Il

nliinw[f(w) —fu) = (w-u, f'(T"x))] = f(w) - f(u) - (w-u, f(u)).

Consequently, (w — u, f'(w) — f'(u)) = 0, and hence w = u by the strict convexity of f. This
shows that T"x — w for some w € F(T). O

5. Conclusion

In this paper, we have introduced the Bregman distance Dy and a new class of mappings,
(a, p)-hybrid mappings relative to Dy in Banach spaces. We also have given and proved
a necessary and sufficient condition for the existence of fixed points of the introduced
mappings and some properties of the mappings. In fact, our result properly extends the
Kocourek-Takahashi-Yao fixed point theorems for (a, f)-hybrid mappings in Hilbert spaces
in 2010 [4]. Since the Kocourek-Takahashi-Yao fixed point theorems can be applied to study
the nonexpansive mappings, the nonspreading mappings, and the hybrid mappings, our
theorems in this paper are also good for these famous mappings in the field of fixed point
theory.
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According to [7], the fixed point theorems in this paper can be expected to discuss
in a wider class of mappings, called point-dependent (a, §)-hybrid mappings relative to
Dy in Banach spaces. In a point-dependent (a, §)-hybrid mapping, the a and the § are not
constant again but two functions from a nonempty subset of a Banach space to real numbers.
Therefore, inequality (1.4) for point-dependent (a, §)-hybrid mappings becomes

a()||Tx - Ty|* + (1 - a(y) |x - Ty|* <@ |Tx - y|[* + @ - ) |x-y|* G

forall x,y € C.

In addition, Noor [9-11] provides algorithms to search the fixed points of nonexpan-
sive mappings and then combines the result with general variational inequalities to study
applied mathematical problems. We are motivated by that and expect to develop algorithms
from the theorems of this paper to approach the fixed points of the introduced mappings.
Through the combination of the fixed point theorems and the corresponding algorithms, the
introduced mappings of this paper would be able to be applied to more fields of applied
mathematics.
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