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We consider the existence of multiple solutions of the singular elliptic problem —div(|x|™"
IVulP2Vu) + |ulP2u/|x) P = flul 2w+ hlul*2u + x| [ul’ u, u(x) — 0as |x| — +oo, where
xeRN,1<p<N,a<(N-p)/pa<b<a+1lr,s>1p =Np/(N-pd),d= a+1-b.By
the variational method and the theory of genus, we prove that the above-mentioned problem has
infinitely many solutions when some conditions are satisfied.

1. Introduction and Main Results

In this paper, we consider the existence of multiple solutions for the singular elliptic problem

p-2
. _ _ u u _ _ _bp* *_
—d1v<|x| PVl 2Vu> + ||<—1> = flulu+ hlul2u+ |x| 7% ul" u, xeRV,
|xc|(@*P (1.1)

u(x) — 0 as |x| — +oo,

wherel<p<N,a<(N-p)/p,a<b<a+1,r>1,p*=Np/(N-pd),d=a+1-b. f(x)
and h(x) are nonnegative functions in R".

In recent years, the existence of multiple solutions on elliptic equations has been

considered by many authors. In [1], Assuncdo et al. considered the following quasilinear
degenerate elliptic equation:

- div<|x|’“”|Vu|’”’2Vu> + x| @R P2y = (x| |0+ f, (12)
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wherex e RN, 1<p < N, g=Np/[N-p(a+1-b)]. When A =0, f = eg, where0 < ¢ < gy and
0<ge (LZ (RN))*; the authors proved that problem (1.2) has at least two positive solutions.
Rodrigues in [2] studied the following critical problem on bounded domain Q € RY:

—div(|x|—“P|Vu|P-2Vu) = X P P x| P P, xeQ,
(1.3)
u(x) =0, on 0Q.

By the variational method on Nehari manifolds [3, 4], the author proved the existence of at
least two positive solutions and the nonexistence of solutions when some certain conditions
are satisfied. When p = 2 and a = -1, Miotto and Miyagaki in [5] considered the semilinear
Dirichlet problem in infinite strip domains

“Au+u=Af )T +h(x)uf!, xeQ,
(1.4)
u(x) =0, on 0Q.

The authors also proved that problem (1.4) has at least two positive solutions by the methods
of Nehari manifold. For other references, we refer to [6-11] and the reference therein. In fact,
motivated by [1, 2, 5], we consider the problem (1.1). Since our problem is singular and is
studied in the whole space RY, the loss of compactness of the Sobolev embedding renders a
variational technique that is more delicate. By the variational method and the theory of genus,
we prove that problem (1.1) has infinitely many solutions when some suitable conditions are
satisfied.

In order to state our result, we introduce some weighted Sobolev spaces. For r,s > 1
and ¢ = g(x) > 0in RN, we define the spaces L"(RY, ¢) and L*(RY, g) as being the set of
Lebesgue measurable functions u : RN — R?!, which satisfy

1/r
loal, = lell v g = ( j Ng<x>|u|rdx) <o,
R

1.
. (1)
Il = Wl g = ([ glutdx) <o
RN
Particularly, when g(x) =1, we have
1/r
lall, =y = ([ ) < oo (1.6)
RN

We denote the completion of C3?(RV) by X = WP (RN) with the norm of

1/p
||u||x=<f |x|‘“”|u|de) , (17)
RN

where 1 < p < N and a < (N - p)/p. It is easy to find that X is a reflexive and separable
Banach space with the norm ||u||x.
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The following Hardy-Sobolev inequality is due to Caffarelli et al. [12], which is called
Caffarelli-Kohn-Nirenberg inequality. There exist constants Sy, S, > 0 such that

ot p/r*
<f x| |ul? dx) <8 f x|~ |VulPdx, VueCP (RN>, (1.8)
RN RN
f | @ DP P dx < Szf PV dx, Ve C(RY), (1.9)
RN RN

where p* = Np/(N - pd) is called the Sobolev critical exponent.
In the present paper, we make the following assumptions:

(A1) f(x) € L2(RN, g1) N L (RN \ {0}) for 1 <7 < p, where g1 = ||V oy =p/(p -
r);

(A2) f(x) € L2(RN, ¢)N Lfgc(RN\{O}) forp <r < p*,where g, = |x|P72, oy = p*/(p*-r).

(A3) h(x) € LKRN, g3) VL= (RN \ {0}) for p < s < p*, where g3 = [x|"*P", u=p*/(p*-s).

loc

Then, we give some basic definitions.

Definition 1.1. u € X is said to be a weak solution of (1.1) if for any ¢ € CS"(RN) there holds

—ap p-2 |u|p72”‘/’ dx = r-2 d h 5-2 d
|x|"P|Vul"“Vu - Ve + —ay )AX = flul" " updx + |u|” e dx
RN || TP RN RN (1.10)

+ I x| 77" | P ugp dax.
RN

Let I(u) : X — R! be the energy functional corresponding to problem (1.1), which is
defined as

p 1 1 P
() =+ f [P |Tufp + — Jdx - E f Flul"dx - = I hlul*dx - — J' '”'b dx,
P Jry |x|(@ P T Jern S Jrw P* Jr~ |x|P

(1.11)
for all u € X. Then the functional I € C}(X, R!) and for all ¢ € X, there holds
i —a -2 |u|p_2u()0 r-2
(I'(w), p) = || Vul " VuVe + ——- ) dx - f () [ul " updx
RN || (1P RN (112)

- I h(x)|ulugp dx - J x| [P " ugp dax.
RN RN

It is well known that the weak solutions of problem (1.1) are the critical points of the
functional I (u), see [13]. Thus, to prove the existence of weak solutions of (1.1), it is sufficient
to show that I(u) admits a sequence of critical points in X.

Our main result in this paper is the following.
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Theorem 1.2. Let 1 <p < N,a< (N-p)/pa<b<a+1,r>1p" = Np/(N-pd),d=
a+1-b, max{r,p} <s < p*. Assume (A1)—(A3) are fulfilled. Then problem (1.1) has infinitely
many solutions in X.

2. Preliminary Results

Our proof is based on variational method. One important aspect of applying this method is
to show that the functional I (u) satisfies (PS). condition which is introduced in the following
definition.

Definition 2.1. Let ¢ € R' and X be a Banach space. The functional I(u) € C!(X, R) satisfies
the (PS), condition if for any {u,} C X such that

I(u,) —c¢, I'(u,) —0 inX*asn— o (2.1)

contains a convergent subsequence in X.

The following embedding theorem is an extension of the classical Rellich-Kondrachov
compactness theorem, see [14].

Lemma 2.2. Suppose Q C RN is an open bounded domain with C' boundary and 0 € Q. N >
3, a < (N —p)/p. Then the embedding Wg’p(Q,|x|’“”) — L"(Q,|x|™) is continuous if 1 < r <
Np/(N-p)and 0 < a < (1 + a)r + N(1 - r/p), and is compact if 1 < r < Np/(N - p) and
0<a<(Q+a)yr+N(1-r/p).

Now we prove an embedding theorem, which is important in our paper.
Lemma 2.3. Assume (A1)-(Ay) and 1 < r < p*. Then the embedding X — L™ (RN, f) is compact.

Proof. We split our proof into two cases.
(i) Consider 1 <r < p.
By the Holder inequality and (1.9) we have that

r _ "dx < 4 —(a+1)pd i o1 (u+1)ro‘1d Yo
oy = | FEOMldx < ([l lx P £ 7 dx
- RN RN RN
- i 2.2
— (IRN |u|p|x| (a+1)pdx) ”f”m N og) ( )

< S£/p||u||§<||f||m (RN, g1)”

where g = |x|@Dror oy = p/(p —r). Then the embedding is continuous. Next, we will prove
that the embedding is compact.

Let Bg be a ball center at origin with the radius R > 0. For the convenience, we denote
L™ (RN, f) by Z, thatis, Z = L" (RN, f). Assume {u,} is a bounded sequence in X. Then {u,}
is bounded in X(Bg). We choose a = 0 in Lemma 2.2, then there exist u € Z(Bg) and a
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subsequence, still denoted by {u,}, such that |lu, —u||;-(B;) — 0asn — oo. We want to prove
that

ll2ell 7 e
lim sup ——k — (2.3)
R—w exviop Nullx

where Bj, = RN\ Bg. In fact, we obtain from (2.2) that
/
||u||rZ(B;) < S; p||“||§(||f||L01(B;,g1)' (24)

The fact f € L9 (RN, g1) shows that

1 01 —
ngngQ . fo'qidx = 0. (2.5)
Then (2.4) and (2.5) imply that
||u||Z(Bf) 1/ 1
= <SP s gy (2.6)
”u”X 2 ”f L1 (Bg,81)

which gives (2.3).

In the following, we will prove that u, — u strongly in Z(RN).

Since X is a reflexive Banach space and {u,} is bounded in X. Then we may assume,
up to a subsequence, that

U, —u in X. (2.7)
In view of (2.3), we get that for any ¢ > 0 there exists R, > 0 large enough such that
[nllzsg ) < ellunllx  (m=1,2,...). (2.8)

On the other hand, due to the compact embedding X (Bg,) — Z(R,) in Lemma 2.2, we have
that

i [[un —ullz,,) = 0. (2.9)

Therefore, there is Ny > 0 such that

lun —ullzp,) <& (2.10)
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for n > Nj. Thus, the inequalities (2.8) and (2.10) show that

[n = ullz < ln = wllz g,y + ltn = vl 25 )
< lun —ull 7, ) + ||un||Z(B;E) + ||u||Z(B;E) (2.11)
< A+ [Junllx + llullx)e.
This shows that {u,} is convergent in Z = L"(RY, f).

(ii) Consider p < r < p*.
It follows from (1.8) and the Holder inequality that

ot r/p* b 1/0,
r _ r ~bp* P 02| [bro2
Il gy = [ ftarax< ([ wrax) ([ peiaar)
r/p 1/0,
ss;”’(f |x|_“’”|Vu|pdx) (J f02|x|b”’2dx> (2.12)
RN RN

< Sq/p”””;("f”LGZ(RN,gz)’

where ¢ = |x|""%2, 0, = p*/ (p* — ). Thus, the fact of f € L2(RN, ¢) and (2.12) imply that the

embedding is continuous. Similar to the proof of (i) we can also prove that the embedding

X < L (RN, f) is compact for p < r < p*. O
Similarly, we have the following result of compact embedding.

Lemma 2.4. Assume 1 <p < s < p* and (Aj3), then the embedding X — L*(RN, h) is compact.

The following concentration compactness principle is a weighted version of the
Concentration Compactness Principle II due to Lions [15-18], see also [19, 20].

Lemma2.5. Letl1<p <N, -o<a<(N-p)/p,a<b<a+l, p*=Np/(N-pd), d=a+1-b.
Suppose that {u,} C W;’p (RN) is a sequence such that
U, —u in W;'p <RN>,
lx|"|Vu,|P — p in _/K(RN>,
(2.13)
o P = in m(RY),
U, — u a.e.on }RN,

where p, 1 are measures supported on Q and M(RN) is the space of bounded measures in RN. Then
there are the following results.
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(1) There exists some at most countable set |, a family {x; € Q| j € J} of distinct points in
RN, and a family {n; | j € J} of positive numbers such that

rl = |x|_bp*|u|}’7* + 27’11‘635]-, (214)
jeJ

where 6x]. is the Dirac measure at x;.

(2) The following equality holds

p2 x|Vl + Y b, (2.15)
it

for some family {u; >0 | j € J} satisfying

/p* . /p*
Si)"" < viel, D ()"’ <o (2.16)
jel

(3) There hold

lim supf |x|"*|Vu,|Pdx = f dp + poo,
n— +oo Q Q

(2.17)
. by P
nlir?oo sup fg |x|”F |Vu, |V dx J; dn + e,
where
= i i -ap P
Moo = Rh—r}lo nlir}rloo sup QN By |X| |V”n| a
(2.18)

e := lim lim supf || |V [ dx.
QnBeg

R—ocon—+w

Lemma 2.6. Let 1 < p < r < s < p*. Then I(u) satisfies the (PS). condition with ¢ < (1/r -
1/p*)5§’*/(p‘_p), where Sy is as in (1.8).
Proof. We will split the proof into three steps.

Step 1. {u,} is bounded in X.
Let {u,} be a (PS), sequence of I(u) in X, that is,

I(u,) — ¢, I'(uy) — 0 in X" asn — oo. (2.19)
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Then, we have

1
1+c+ |Juallx > I(un) - ;(I’(un),un>

= (57 Mullor (7 = Yl oy + (5 = 5 o
“\p )X N\r s)VMEEYE) Ny pr )N

11 .
>(=-= .
> (p r)llunllx

Since p > 1, (2.20) shows that {u,} is bounded in X.
Step 2. There exists {u,} in X such that u,, — win LP"(RN).

The inequality (1.8) shows that {u,} is bounded in LF"(RN,|x|™""). Then the
above argument and the compactness embedding in Lemma 2.2 mean that the following
convergence hold:

.
" (RN) (2.20)

U, —u in Wé’p (RN>,
wy = in L7 (RN, [ 7), (2.21)

u, — u a.e.in RN,

It follows from Lemma 2.5 that there exist nonnegative measures y and 7 such that

ol P = = Pl + s o)
j€J
lx|"P|Vuy P > |x|"P|Vul” + Z.”j‘sx,-' (2.23)
jeJ

Thus, in order to prove u, — u in L' (RN) it is sufficient to prove that 77; = 7, = 0.
For the proof of 77; = 0, we define the functional ¢ € C*(R") such that

o IN

g=1, inB(xje), ¢=0, inB(x},2)", |Vg|< (2.24)

7

where x; belongs to the support of d. It follows from (2.1) that

nlgr;o<1,(un)/un(p> =0. (2.25)
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Since ||u,||x is bounded, we can get from (1.8)-(1.9), Lemmas 2.3 and 2.5 that

im | x| Vi 2V Vgputndac = lim (f le"””*lunl”*wdx—f ||~ VP ug, Py e
n— oo RN n—oo RN RN
[ g [ @y dx
RN RN
+J h(x)|un|5(pdx>
RN

—>f qfdn—f gdp=m;—pj (ase—0).
RN RN

(2.26)
On the other hand,
lim | x|V >V, Vu,dx
n—oo RN
(p-1)/p 1/p
< lim <J‘ |x|7“’”|Vun|’”dx> (I |x|7aplun|p|V<p|pdx>
n— oo ]RN RN
(N-p)/Np (2.27)

1/N
< C(J‘ |V(P_|Ndx> <J. |x|(—aNP)/(N—p)|u|NP/(N—P)dx>
Bze BZe

(N-p)/Np
< C<f |x|(—aNp)/(N—p)|u|Np/(N—p)dx> —0 (g N 0),
BZE

where By, £ B(xj,2¢). Then u; = 7;; furthermore, (2.16) implies that y; = 7; = 0 or n; >
S’f*/(p ) We will prove that the later does not hold. Suppose otherwise, there exists some
jo € J such that 7, > Si’*/(p ") Then (2.19) and Lemma 2.4 show that

c+o(1) = I(uy,) - %(I’(un),u,)

1 1 1 1 I
= (53l () J o e (229

1 1 1 1 )
S(2- =y > (=== \s/¥ P
‘(r p*)m“><r P*)l

which contradicts the hypothesis of c. Then y; = 77; = 0.
Similarly, we define the functional ¢y € C3° (RY) as

(2.29)

=1IS

p1=0, |x|<R, ¢1=1, |x|>2R, [Vg]<
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Then, the similar proof as above shows that 7., = po, = 0. Thus, we can deduce from (2.22)

that

I x| up [P dox — f x| P |ul"dx as n — oo,
RN RN

which implies that u,, — win LP" (RN, |x|™").
Step 3. {u,} converges strongly in X.
The following inequalities [21] play an important role in our proof:

o< { c(lePe-1er2e e~ ¢) for p >2,

(221622, 8- ¢) " (P + 16T for 1 <p <2

(2.30)

(2.31)

Our aim is to prove that {u,} is a Cauchy sequence of X. In fact, let ¢ = u,, — u,, in (1.12), it

follows from (2.19) that

Apn + J‘ |x|_(a+1)p<|un|p_2un - |um|p_2um> (Un — Up)dx
RN
= (I'(un) = I'(Um), U — U )

+ f f(x) (|un|r_2un - |um|r_2um> (Un — um)dx
RN

)l = il 210) (= )
RN

by . o
+ J‘ |x| v <|un|p 2un - |um|’[J 2”m> (Un = Um)dx,
RN

where

A, = J’ Il (17 sl 2Vt~ [V V) - ¥ 11— ).
RN

Using the inequalities (2.31), we can get by direct computation that

cj |x| ™|V (uy, — uy,) Pdx, p>2

Apn 2 RY 2/p

c(f |x|"*P|V (u,, — um)|pdx> , 1l<p<2,
RN

with some constant ¢ > 0, independent of n and m.
Then the Holder inequality together with (1.8) and (2.30) yield that

f |x|—bp* <|un|p*_2un - |um|p*_2um> (un —Up)dx — 0 (as n,m — o).
RN

(2.32)

(2.33)

(2.34)

(2.35)
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Similarly, we have from the Holder inequality, Lemmas 2.3 and 2.4 that

f(X)<|un|r‘2un - IumI"2um>(un —Up)dx — 0 (as n,m — o),
K (2.36)
I h(x)<|un|5_2un - |um|s_2um>(un —Up)dx — 0 (as n,m — ).
RN

Therefore, the above estimates imply that |lu, —un|lx — 0 (n,m — oo), thatis, {u,} is a
Cauchy sequence of X. Then {u,} converges strongly in X and we complete the proof. O

Similarly, we have the following lemma.

Lemma 2.7. Let 1 < r < p < s < p*. Then I(u) satisfies the (PS), condition with ¢ < (1/s —
/PSP 4+ (s =1/ (s =p)S) Y ((r = p)(s = 1) /prs) I f Ity ) where Sy, S5 are as
in (1.8), and (1.9) respectively.

Proof. Step 1. {u,} is bounded in X.
Let {u,} be a (PS), sequence of I(u) in X. Then we have from Lemma 2.3 that

1
c+1+ ”un“X 2 I(un) - g(I,(un)/un>

= (55 el = (5 = 5 Dt gy + (5 = 5
\p /)X \r s/)VMENS) s pr)t

> (-2 lunlle - (5 - 3 ) S5l

p

P
Lr* (RN) (237)

L1 (RN, g1)

Since 1 < r < p < s, (2.37) shows that |ju,]| is bounded in X.
Step 2. There exists {u, } in X such that u,, — win LP"(RN).

Similar to the proof of Lemma 2.5, we can get that y; = 7; = 0 or 77; > S’f*/@tp ) by

applying the functional ¢. Now we prove that there is no jo € J such that 7;, > S’lj*/(p*_p ).

Suppose otherwise, then
Lo
c+0(1) = () = - ('), )

1 1 1 1 1 1 ‘
= (53 et = (5 = 5 ol ey (5 = ol (239

1 1 p 1 1IN\ rp 1 1 /(5" =p)
> (5= 5 ol = (5= 5 )5 Ml g+ (5 = 7 )55

Let

1 1 1 1

10=(5-3)" = (7-3)5 Wl gt 120 (239
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Then g(t) has the unique minimum point at

r/p 1/(p-r)
I P 17 PR
o (2.40)
e (r-p)(s—r) P)(S /(pr)
g = (S5 R D e
Then it follows from (2.38) that
1 1Ny, (5= \""7(r-p)s-r /(p-r)
c+o(l) > <§ - —*>5;17 Py <q52> p—”f”i‘ﬁl(gRN,gl)’ (2.41)

which contradicts the hypothesis of c.
Step 3. {u,} converges strongly in X.

By Lemma 2.4, this result can be similarly obtained by the method in Lemma 2.6, so
we omit the proof. O

3. Existence of Infinitely Solutions

In this section, we will use the minimax procedure to prove the existence of infinity many
solutions of problem (1.1). Let «# denotes the class of A ¢ X \ {0} such that A is closed in
X and symmetric with respect to the origin. For A € &, we recall the genus y(A) which is
defined by

Y(A) :=min{m € N : 3¢ € C(A,R™\ {0}), p(x) = —p(-x)}. (3.1)
If there is no mapping ¢ as above for any m € N, then y(A) = +o0, and y(@) = 0. The following
proposition gives some main properties of the genus, see [13, 22].
Proposition 3.1. Let A,B € 4. Then
(1) if there exists an odd map g € C(A, B), then y(A) < y(B),
(2) if A C B, then y(A) <y(B),

)

)
(3) y(AUB) < y(A) +y(B).
(4) if S is a sphere centered at the origin in RN, then y(S) = N
)

(5) if A is compact, then y(A) < oo and there exists &6 > 0 such that Ns(A) € 4 and
¥Y(Ns(A)) = y(A), where Ng(A) = {x € X : ||lx - A|| < 6}.

Lemma 3.2. Assume (A1)—(Az). Then for any m € N, there exists € = e(m) > 0 such that

y({ue X : I(u) < —¢}) 2m. (3.2)
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Proof. For given m € N*, let X,,, be a m-dimensional subspace of X. If p < r < s < p*, then for
u € X,, we have

. 1 1
p P
b S Sl = Ll gy (33

1 » 1. 1, .
) = el = Ll = ey = el

The fact that all the norms on finite dimensional space are equivalent implies that for all
u € X,

1) < 5 = el 34
for some constant ¢ > 0. Then there exist large p > 0 and small € > 0 such that
Iw<-e, |ulx, =p. (3.5)
Denote
Sy ={ueXu:ulx, =p} (3.6)
Then S, is a sphere centered at the origin with radius of p and
SpclueX :I(u)<-e} 21" (3.7)

Therefore, Proposition 3.1 shows that y(I") > y(S,) = m.
Ifr <p <s<p*, wehave

1, » 1, 1, s 1, 1. 0 1
== - - - = S <= - =
160 =l = L oy = Sl ey = s S Sl = Sl 39)

Since ||u||i5(]RN p is also a norm and all norms on the finite dimensional space X,, are
equivalent, we have

1 S
1) < Zully = clully. (39)
Then there exist large 0 > 0 and small £ > 0 such that
I(u) < —¢, lullx, = o (3.10)

Denote

So={ueXy:|lulx, =0o}. (3.11)
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Then S, is a sphere centered at the origin with radius of o and
SeCclueX:I(u)<—€) 21°. (3.12)

Therefore, Proposition 3.1 shows that y(I7%) > y(S5;) = m. O

Let #,, = {A € A4 : y(A) > m}. It is easy to check that A1 C H(m =1,2,...). We
define

Cm = Aiel"ljmilélgI(u). (3'13)
It is not difficult to find that
1< < <oyt (3.14)

and ¢, > —oo for any m € N since I(u) is coercive and bounded below. Furthermore, we
define the set

Ke={ueX:I(u)=cI'(u) =0}. (3.15)

Then, K. is compact and we have the following important lemma, see [22].

Lemma 3.3. All the c,, are critical values of I(u). Moreover, if ¢ = Cp = Cma1 = *** = Cmer, then
y(Ke) >1+7.

Proof of Theorem 1.2. In view of Lemmas 2.6 and 2.7, I(u) satisfies the (PS). condition in X.
Furthermore, as the standard argument of [13, 22, 23], Lemma 3.3 gives that I (1) has infinity
many critical points with negative values. Thus, problem (1.1) has infinitely many solutions
in X, and we complete the proof. O
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