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Reset control systems are a special type of state-dependent impulsive dynamic systems, in
which the time evolution depends both on continuous dynamics between resets and the discrete
dynamics corresponding to the resetting times. This work is devoted to investigate well-posedness
of reset control systems, taking as starting point the classical definition of Clegg and Horowitz.
Well-posedness is related to the existence and uniqueness of solutions, and in particular to the
resetting times to be well defined and distinct. A sufficient condition is developed for a reset system
to have well-posed resetting times, which is also a sufficient condition for avoiding Zeno solutions
and, thus, for a reset control system to be well-posed.

1. Introduction

Reset control systems [1-3] are a type of impulsive hybrid systems, in which the system
state (or part of it) is reset at the instants it crosses some reset set. Impulsive hybrid systems
are an active area of systems theory that has been developed in the last years. Two classical
monographs are [4, 5], where reset control systems without external inputs are a particular

case of autonomous system with impulse effects.

In this work, reset control systems will be formulated as a particular type of
impulsive dynamical systems (IDSs), more specifically as state-dependent IDS, following the
impulsive/hybrid dynamic system framework developed in [6]. In this framework, existence
and uniqueness of solutions over a forward time interval is based on the well-posedness of

resetting times.
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The main goal of this work is to investigate well-posedness of reset control systems
taking as starting point the classical definition of Clegg and Horowitz. This formulation has
been also followed in several recent works, for example [7, 8] and references therein, and also
[9-12]. As it is well known, reset control systems and IDS in general can exhibit behaviors
that can be pathological from a control point of view. As it has been shown in [6], definition of
IDS solutions has to deal with the problem of beating, deadlock, and Zenoness. In general, a
reset control system will be considered well-posed if the resetting times are well-posed (they
are well defined and are distinct), meaning that a number of beating or pulse phenomena are
avoided, and in addition Zeno solutions do not exist.

As it will be shown, simple geometric conditions will be derived for avoiding the
presence of these pathological behaviours. In Section 2, preliminary material and basic results
are given. Section 3 develops a result for reset control systems to have well-posed resetting
times. Finally, Section 4 tackles with the problem of existence of Zeno solutions.

Notation. In this work, R* is the set of nonnegative real numbers, and (x,y) denotes the
column vector (). In addition, e; € R" stands for the unit vector (0 --- 0 1 0 --- 0)"
in which the ith-component is 1. For a set # C R", M is the closure of M. On the other
hand, for a linear and time-invariant system with state space matrices (A, C), the subspace of
unobservable states is given by the null space of the observability matrix O, where

C
o=| €4 | (1.1)

cA™!

2. Preliminaries and Problem Setup

This work deals with a special class of hybrid systems called impulsive dynamical systems
(IDSs, [6]). In particular, with state-dependent IDS having the form

X(t) = Ax(t), x(t) & M,
x(t7) = Agx(t), x(t) € M, (2.1)
x(0) = xo,

where x(t) € R", t > 0, is the system state at the instant {, ## C R" is the reset set, and A
and Ag are matrices of dimension n x n. The following material, including definition of IDS
solutions and well-posedness of resetting times, is strongly based on [6]. The first equation in
(2.1) will be referred to as the continuous-time dynamics or simply base system dynamics, while
the second equation in (2.1) will be referred to as the resetting law. When at some resetting
time t > 0, x(t) € M is true (the reset condition is active, and a crossing is performed), the
state x(t) jumps to x(t*) = Arx(t) € Mg; it will be assumed that resetting times are well-posed,
that is, they are well defined and distinct for any initial condition. Otherwise, the state x(t)
evolves with the base system dynamics. The set M will be referred to as the after-reset set.
A function x : Iy, — R" is a solution of the IDS system (2.1) on the interval I, C R,
with initial condition x(0) = xo, if x(-) is left-continuous, and x(f) satisfies (2.1) for all ¢t € I,.
For further discussion on solutions to impulsive differential equations and IDS solutions,
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see [4-6]. In general, there exists a unique solution ¢(t) = e?¢p of the (continuous) base
system with initial condition ¢(0) = ¢ on [0, o0), for any ¢y € R". Informally speaking, the
solution x of the IDS (2.1) from the initial condition x(0) = xq is given by x(t) = e?x for 0 < t <
t1, where t; is the first resetting time satisfying x(t;) € . Then, the state is instantaneously
transferred to Arx(t1) according to the resetting law. The solution x(t), 1 < t < f, (being
t, the second resetting time given by eA2"")x(t;) € M) is given by x(t) = eAt)x(t) =
eAlt=h) ApeAtixg, and so forth. Note that the solution x of (2.1) is left-continuous, that is, it is
continuous everywhere except at the resetting times f, and

x(te) = lim x(tk —€),

2.2)
x(t) = eli_)n(}x(tk +¢€) = Arx(tk).

2.1. Well-Posed Resetting Times and Zeno Solutions

Two standard assumptions for well-posedness of resetting times of state-dependent IDS [6],
that will be used in this work, are

(A1) x(f) € M\ M = there exists € > 0 such that x(t + 6) & M, for all 6 € (0, ¢).
(A2) x e M= Arx & M.

Note that for a particular solution x(:), the first resetting time t; is well defined since
min{t € R* : ¢5(t,0,x) = eAxg € M} exists (and thus, it is unique by uniqueness of solutions
of the base system). Analogously, for k = 2,3, ..., the resetting time ¢t is well defined since
again min{t € R* : ¢ (f,tx_1, Arx(tk-1)) € M} exists, and in addition 0 =ty < t; <t < ---, for
any xg € R". Here, ¢s(t, £, ¢50) is a solution of the base system with initial condition ¢ (ty) = g,
thatis, ¢ (¢, to, go) = eA(t‘tU)qfo. Therefore, if for any initial condition xg € R” the resetting times
are well defined, functions 7 : R" — [0, 00) are defined for k = 1,2,..., where t; = 7x(xg) is
the kth resetting time, and by definition 79(xg) = 0. Note that for a particular solution, there
may exist no crossings, a finite or a infinite number of crossings, and in a finite or infinite
time interval Iy, and that functions 7x(x¢) are single valued by uniqueness of the base system
solutions.

Since by assumptions Al and A2, the resetting times are well defined and distinct, and
since for a given initial condition, the solution to the base system differential equation exists
and is unique, it follows that the solution of the IDS (2.1) also exists and is unique over a
forward time interval [6]. For the IDS (2.1) with well-posed resetting times, a Zeno solution
xz(-) exists on the interval I, = [0,T] for some initial condition x,(0) = xo € R", if there
exists an infinite sequence of resetting times (7i(Xo))4—y, and a positive number T, such as
Tk(x9) — T as k — oo. Note that the solution is not defined beyond the time T. If there does
not exist Zeno solutions for any initial condition, then the solutions of the IDS (2.1) exists and
are unique for any initial condition on I, = [0, c0).

Note that conditions Al and A2 can be interpreted as: (i) states that belong to the
closure of _#, and does not belong to _#, evolve with the continuous base dynamics for some
finite time interval (A1); (ii) after-reset states are not elements of the reset set M (A2). In other
words, for resetting times to be well-posed a IDS system solution can only reach # through a
point belonging to both _# and its boundary 0_#; and if a solution reaches a point in _# that is
on its boundary, then it is instantaneously removed from _#. Roughly speaking, condition A1l
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avoids the presence of deadlock, while condition A2 avoids beating or livelock (using these
terms in the sense given in [6]).

In the following, two examples of ill-posed (not well-posed) second-order IDS are
shown to illustrate conditions Al and A2. In both cases, the base system corresponds to some
matrix A € R¥?, making the equilibrium point x = 0 a center, and the resetting law is x; (t*) =
X1 (t), XQ(F) =0.

(a) (Figure 1(a)), here the reset set M is the rectangle

./ﬂ“={<z1>eRzz—ISX1S1,0-7<x2S1}, (2.3)

2

and the after reset set is
ME = {<x1> eR?:-1<x <1, x2=0}, (2.4)

that is, the interval [-1,1] in the x;-axis. From an initial condition in the point A,
the trajectory reaches the reset set M at some point belonging to both #“ and its
boundary 0_#“. Thus, the first resetting time 71(A) is well defined, and then the
trajectory jumps to the point B. From the point B, the system trajectory evolves as
the base system until it reaches a point C that belongs to 0_#“ but not to _#*. Thus,
condition Al is not satisfied since the trajectory enters into M for any arbitrarily
small time after reaching the point C (the second resetting time 7, (A) is undefined).

(b) (Figure 1(b)), M is the grey region (it contains its boundary), and the after reset set
is Mm% = 5. Note that the PN = {C,D}. In this case, a trajectory starting from
the point A reaches " at the point B which belongs both to " and its boundary
(thus, Al is satisfied, and the first resetting time 7;(A) is well defined). After that,
the trajectory jumps to the point C that belongs both to _/Il;’a and " and then make
an infinite number of resets (condition A2 is not satisfied).

2.2, Reset Control Systems

In this work, reset control systems will be represented by the state-dependent IDS (2.1).
Consider the feedback system given by Figure 2, where the (single input-single ouput) plant
is described by the following:

: {*P(t) = Apxp(t) + Byu(t), x,(0) = xp0, 2.5)

y(t) = Cpxp(t)r
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Figure 1: Examples of ill-posed IDSs.

and the (single input-single output) reset compensator is given by the impulsive differential
equation:

X (t) = Arxr(t) + Bre(t), x:(0) = xr0, €(t) #0,
C 9 x(t+) = Ax(t), e(t)=0, (2.6)
v(t) = Crx.(b).

Here n, is the dimension of the state x,, and 7, is the dimension of the state x,. A, is a diagonal
matrix with (A,); = 0 if the state (x,); of the compensator is to be reset, and (A,); = 1
otherwise. In general, it is assumed that the last 7, compensator states are set to zero at the
resetting times. In the case of a full-reset compensator, all the elements of A, are 0. Consider
the closed loop autonomous unforced system given by e(t) = —y(t), u(t) = v(t), and define
the (closed loop) state x = (xp, ;) of dimension n = n, + n,, being n, = nz + n,. The result is
that the reset control system is given by the state-dependent IDS

x(t) = Ax(t), x(t) & M,
x(t7) = Apx(t), x(t) € M,
x(0) = xo,

y(t) = Cx(t),

(2.7)
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Figure 2: Reset control system.
where
_ A,  B,C,

A= <_Brcp A, ), (2.8)
Ar = diag(I,, A, ) = diag(Ly,, (L, 0s,)), (2.9)
C= [CP,O], (2.10)
M= {xeR":Cx=0}. (2.11)

In control practice, it is required that reset control system solutions x(f) will be well-
posed in the sense that they exist and are unique for t > 0. By definition, the reset control
system (2.7)—(2.11) is well-posed if for any initial condition xg € R”", a solution x exists and
is unique on Iy, = [0, 0). As a state-dependent IDS system, the reset control system is well-
posed if resetting times are well-posed, and in addition, there do not exist Zeno solutions
for any initial condition. In Section 3, the well-posedness of resetting times for reset control
systems will be investigated. The existence of Zeno solutions is explored in Section 4.

3. Reset Control Systems with Well-Posed Resetting Times

The reset control system (2.7)—(2.11) is a particular case of the state-dependent IDS (2.1),
with a reset set (it will be referred to as reset surface) M = N(C), the null space of C, and with
an after-reset set, or after-reset surface, Mix = Agr(M). Since Ag is a projector, it results that
in general Mz N _M#0, and thus, without any modification, the reset control system (2.7)—
(2.11) does not have well-posed resetting times. This problem was detected in [7, 8], and a
partial solution was given by redefining both sets as # = {x € R" \ Mg : Cx = 0}, and
Mr = {x e R" : Cx =0, (I - Ag)x = 0}, where after-reset states are simply removed from _#
as given by (2.11). Since Ag is a projector, then the set {x € R" : (I — Ag)x = 0} is the column
space of Ag, that is R(Ag). Thus, the above definitions are equivalent to

Mz = R(Ag) N N(C), M= _N(C)\ Mz. (3.1)

Proposition 3.1. The reset system (2.7), with M and Mg given by (3.1), has well-posed resetting
times if

Mr N ./U(Obase) = {0}/ (32)

where Ovpqse 15 the base system observability matrix.
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Proof. If they do exist, by (3.1), resetting times are distinct since # N _Mr = @ is equivalent
to A2, thus, the proof is centered in their existence. Note that by (3.1), M \ M = Mg in
Al. By time invariance, Al is equivalent to xo € Mg = x(t) ¢ M for t € (0,€) and some
€ > 0. Here € depends on xo, but the dependence will not be explicitly shown by simplicity. In
general, given xg € Mg, the first crossing with _ is at the instant t; = 71(Xp), and finally A1 is
equivalent to the existence of a lower bound € > 0 for t;, for any given xg € Mz. From (3.1),
t1 is simply given by t; = min{t > 0 | Ce?'xg = 0 A e'xp ¢ R(AR)}. If €1 > 0 is by definition a
lower bound of the set {t > 0 | Ce'xy = 0}, and €, > 0 is by definition a lower bound of the
set {t >0 | eMxy & R(AR)} (both depending on xp), then € = max{ei, 2} < t1. By simplicity,
consider in first instance that A has distinct eigenvalues; in this case (see the Appendix)

{t >0 | Ceftxg = 0} - {t >0 fi(t) = e U (L) Opasexo = 0}. (3.3)

Since f1(-) is a sum of exponentials (in fact it is a Bohl function [13]), and thus, it is an
analytical function, it is true that fi(t) is either zero for all + > 0 or has isolated zeros.
As a result, two options are possible as follows e; = 0 if xg € N(Opase) (f1(t) = 0O, for
all t € [0,00)), or there exist an interval (0, e1) in which fi(t) #0 for some e; > 0. Now, if
condition (3.2) is satisfied then for any xy € #z only the second option is possible, and thus,
t; > max{ej, e2} > €3, thatis, Al is satisfied (condition (3.2) is sufficient for Al). Finally, in the
case in which the eigenvalues of A may be repeated, similar expressions may be found for f;
(see the Appendix), and the above arguments are again applied. O

Remark 3.2. Note that, in particular, well-posedness of resetting times is obtained if the base
system is observable, since in this case /N(Opase) = {0}. But some unobservable base linear
systems can also produce reset systems with well-posed resetting times, as far as the after-
reset surface does not contain unobservable states (different to 0).

Remark 3.3. Note that, in general, Proposition 3.1 may be applied to reset systems given
by (2.7) with arbitrary values A, Ag, and C as far as the developed conditions apply (not
necessarily reset control systems).

Remark 3.4. For the reset and after-reset sets given by (3.1), functions (), k = 0,1,2,... are
homogenous (of degree 0), that is 7k (ax) = 7k (Xo) for any real number a, since Ce!(axg) =
aCeltxg = 0 at a resetting time ¢.

Example 3.5 (Ill-posed reset system). Consider a reset system (2.7), with the following system

matrices
-1 0 0 100
A= 0 -1 -1, Ar=101 0 ), C=(100), (3.4)
0 1 -1 000

where the sets Mz and M are defined according to (3.1) as Mz = R(Agr) N N(C) =
span{(0,1,0)"}, and # = A(C) \ Mr = span{(0,1,0)",(0,0,1)"} \ span{(0,1,0)"}. This is
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due to the fact that the after-reset surface fz is a subset of the unobservable subspace of the
linear base system, which is given in this case by

C 1 00
./U<<CA>>=./U<<—1 0 0>>=./U(C)D,/KR. (3.5)
CA? 1 00

As a result, from any initial condition xo = (0, a, O)T € Mz, the condition Al is not satisfied.
Note that the origin is a stable focus in the plane x, — x3, and that the first resetting time
71((0, a, O)T) is not well defined; in fact, the reset system is not well-posed.

Example 3.6 (Unobservable base system and well-posed resetting times). This example,
adapted from [8], shows how an unobservable base system may define a reset system with
well-posed resetting times, as far as the unobservable subspace does not contain after-reset
states. Consider a reset control system (2.7) with

0 0 1 100
A={1-02 1 ]}, Ar=(010 ), C=(010), (3.6)
0 -1 -1 000

that has a unobservable mode corresponding to a stable pole-zero cancellation in the linear
base system, where the plant has a transfer function P(s) = (s + 1)/(s(s + 0.2)), and the
base compensator is C(s) = 1/(s + 1) (the reset compensator is a first-order reset element
-FORE). In addition, the after-reset and reset surfaces are given by Mz = R(Ag) N N(C) =
span{(l,O,O)T} and M = N(C)\ Mz =span{(1,0, 0)7, (0,0, 1)T}\span{ (1,0,0)7}, respectively.
In this case, the set _f(z is not a subset of the linear base system unobservable subspace, given

by
C o 1 0
./U<<CA>> =./v<< 1 -02 1 >> :span{(1,o,—1)T}. (3.7)
CA2 0.2 -0.96 —0.2

As a result, Proposition 3.1 may be used to ensure that the system has well-posed resetting
times (see Figure 3 for system solutions corresponding to two initial conditions).

4. Zeno Solutions of Reset Control Systems

In this Section, the existence of Zeno solutions is investigated for reset control systems
described by (2.7)—(2.10), and with reset and after-reset surfaces given by (3.1). In principle,
as discussed in Section 2.2, the reset control system may exhibit Zeno solutions even in the
case in which resetting times are well-posed, that is, they are well defined and are distinct.
However, as it will be shown in the following, well-posedness of resetting times is sufficient
to avoid the existence of Zeno solutions in reset control systems, and thus, for reset control
systems to be well-posed.
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Figure 3: System solutions for the well-posed reset control system example.

Proposition 4.1. The reset control system (2.7)—(2.10), with reset and after-reset surfaces given by
(3.1), will not have Zeno solutions if it has well-posed resetting times.

Proof. It will be assumed that xg € Mg, and that there exist an infinite number of crossings
for xo (otherwise no Zeno solution may exist), then reset intervals are given by Ax(xp) :=
Tr(X0) — Tk-1(x0) 20, k = 1,2,.... In the following, the notation f, = Ti(Xo) is used, and the
argument Xy is dropped by simplicity. Note that reset intervals Ay are well defined and Ay #0,
k=1,2,... by well-posedness of the resetting times. The proof will be based on the fact thatin
general there can only exist a finite sequence of reset intervals (A k);":]l suchas A1 < Ao <
- < Ay = ¢, for some ¢ > 0 arbitrarily small but fixed, and some finite positive integer m,
being m the dimension of the after reset surface M. Thus, the sequence of resetting times
(tk = tk-1 + Ak) oy, with £y = 0, will not be a Cauchy sequence, and thus, tx — oo, as k — oo.
As a result, Zeno solutions does not exist. Assume that the plant state equations (2.5) are
given in observer form (note that the plant has not to be necessarily observable), that is,

00 ---0 —ap b()
10---0 —aq b1
A, = B, =
p . . . . 7 p . 7
I . . (4])
00 ---1 —anp_l bnp—l
sz(O 0 --- 1),
then C = (0,0,...,1,0,...,0), and Op,se is
/O 0 -+ 0 0 1 0o --- O\
0 0 -+ 0 1 —Qp,1 * e ok
0 0 1 —ap, * * eee %
Ovase = | © ¢ Do R P (4.2)
1 —an,— * % * Kk e %
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where * stands for a non(necessarily) zero term. By simplicity, the case of full reset is
approached in first instance. An after-reset state x € z is given by

T
X = (xl,xz,...,xnp_z, xnp_l,0,0,...,0> , (4.3)

for some values xy, ..., Xn,-1 € R, being 7, the number of plant states. Thus, m = n, — 1 in the
case of full reset.

Let us start with the case m = 1. In this case, for any xo = (x1,0,0, .. .O)T, it is clear that
T1(Xo) = A for some constant A > 0, since 71(+) is homogenous (see Remark 3.4). In addition,
ty = A + 71 (Age?tixg) = 2A since Aref'xg = axg for some real number a. As a result Ay = A,
k =0,1,..., that is, resetting times are periodic with period A, and no Zeno solution may
exist.

The case m = 2 is analyzed in the following. Consider an initial condition x(0) = xo €
Mz, that is, xg = (x1,x2,0,0,... O)T. If the solution x(t,0,xg) crosses the reset surface Mz at
time t; = €; for some €; > 0 arbitrarily small, and thus, A; = €1, then

2
€
0=Ce?x! = Cx! + e;CAX" + %CAle T (4.4)

Now, since the control system (2.7)—(2.10) has well-posed resetting times, then the right hand
of (4.4) is not identically zero for any xg € Mg. Now, using the special structure given in (4.2),
it is obtained that

€1
0=n+3m+o@3, (4.5)

for arbitrarily small e; > 0. In addition, the following after-reset state is x; =
Arx(t1,0,%0) = (x1 + O(€2), x2 + e1x1 + O(€2),0,0, . .. ,O)T. Repeating the above argument, the
solution x(t, t1,x1) will cross again # at the instant t, = t; + Ay. If A, = €> < €; for some €, > 0,
then

€
0:@+qm+§m+o@3, (4.6)

where the properties O(e3) = O(€?) for e; < €1 and O(ke) = O(e), for a real constant k, have
been used. Now, using (4.5) and (4.6), the result is that given some e; > 0 arbitrarily small,
then e; = —€1 + O(e%) < 0, which is absurd. Thus, by contradiction, it is true that e, > €1, and
thus any initial condition in the set Mz that produces a first reset interval ¢; > 0 arbitrarily
small, gives a larger second reset interval e, > 0. Thus, Zeno solutions does not exist in this
case either.
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In the rest of the proof, the terms O(ef") are directly neglected by simplicity.
For the general case in which the dimension of M is m, with initial state xp =
(x1,%2,---,%m,0,0,.. .O)T, a similar reasoning results in the set of equations

-1

Z(m+1 k=0

i i ey ell k 0
Py 1(m+1—1)'(1—k)' (4.7)
i L emi(e +oo o+ em—l)i_kxk 0
Pt (m+1-i)!@i-k)!
which leads to an algebraic equation of order m in €,,, being its solutions €,, = —€m-1, € =

—(Em-1+€m=2), .-, €m = —(Em-1+ Em—z +- -+ €1). And again, it can not exist a sequence of reset
intervals (e1,€,...,€m), With €1 > €, > -+ > €, > 0 and ¢ arbitrarily small, showing that a
Zeno solution is not possible in the full-reset case.

The case of partial reset can be conveniently transformed into the full-reset form
by a change of coordinates, by a simple resorting of coordinates so that the bijectivity is
guaranteed. We will consider the system structure decomposition by writing the states as
x = (Xp, X5,X,), Wwhere x, € R™ stands for the states of the plant, x; € R" for the nonresetting
compensator states and x, € R™ for the resetting compensator states. Define the linear
transformation T from R” to R" such that

Tx =T (xp,%5,%,) = (X5,Xp,X,) = 2, (4.8)
that is,

Onﬁxnp Inﬁxn; Ongxnp
T= Inpxnp Onpxn; On,,xnp . (4.9)

Onpxnp NpXng Npxn,

Note that T is a square matrix, all of whose entries are 0 or 1, and in each row and column of
T there is precisely one 1. This means that T is a permutation matrix. Clearly, such a matrix
is unitary, hence orthogonal, so TT = T~!. The nonsingular matrix T allows to rewrite the
dynamical system via a similarity transformation (congruence transformation):

2(t) = Az(t), z(t) ¢ M,

z(t) = Agz(t), z(t) € M, (4.10)

y(t) = Cz(t),
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where A = TAT', Ar = TARTT, and C = CT7, and in addition, the reset surface is
transformed into M = {z € R" : TTz € _it}. Note that C = CTT = €n,+n, 5O that the output is
not changed by the transformation, that is, y(t) = z,+n,(t) as expected. Henceforth, (4.10) is
in full-reset form. Since observability is invariant under similarity transformations, it is clear
that (2.8) is well-posed if and only if (4.10) is well-posed. Finally, to complete the proof it is
necessary to show that the observability matrix has the structure given in (4.2) (using state
transformations if needed). This is simply done by considering the substate z; = (xz,x,). In
general, there always exists a state transformation of z = (z1,x,) to w = (wy,X,), such that
the state submatrix corresponding to z; is in the observer form, and thus, the observability
matrix has the structure given in (4.2) once unobservable states are eliminated. O

4.1. Example: Well-Posed Reset Control System with Partial Reset

Consider a reset control system, where the plant, with state x, = (x; xz)T, is given by
01 1
Ap = <1 _1>, B, = <0>, Cp= (0 1), (4.11)
and the reset compensator, with state x, = (x3 X4)T, by

A, = (8 8), B, = G) C,=(11), A,-= (é 8), (4.12)

that is the reset control system has a partial reset compensator: it is a parallel connection of an
integrator and a Clegg integrator, where only the state x4 is set to zero at the resetting times.
The closed-loop system is given by the matrices

,  C=(0100), (4.13)

S O O
[N e ]
SO = OO
o O O O

and the closed-loop state x = (x1 x2 x3 x4)T. This reset control system is well-posed, since

1 0 0
0 0 0

Mg = span ol |1 , Opase = Span 1 , (4.14)
0 0 1

and then, Mz NN (Opase) = {0}. Following the reasoning given in the proof of Proposition 4.1,
the closed-loop state x can be transformed into a state z in which the observability matrix
has the form (4.2). In this case, this is obtained with z = (x3 x1 x x4)T. Thus, the initial
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CeM(4,0,1,00T=0

-0 -8 -6 -4 -2 0 2 4 6 8 10
Figure 4: First resetting time as a function of a.

conditions that produces a crossing in a arbitrarily small time e > 0 are of the form z! =

(1 —¢e/2 0 0)" or equivalently
X! = (—5 01 o)T. (4.15)
2
Now, the second after-reset state is given by
> ne(_€ T_(E ! 4.16
x* = Age*(=5 01 0) =(5 010), (4.16)

and according to Proposition 4.1, x* cannot produce a new crossing in a time less than
or equal to e. This fact can be verified by computing solutions to the implicit equation
0 = Cea 01 O)T for t, given a € R. The solution is shown in Figure 3, where t =
7i((@ 01 0)7)is given.

Note that for ¢ to be arbitrarily small, the initial condition x! in the after-reset surface
must be given by (4.15), that is, « = —e/2. Then, as a result, the state after the first reset
x? is given by (4.16). And then the value of the second resetting time can be obtained from
Figure 4 with a = €/2. The result is that if the first resetting time is arbitrarily small, then the
second resetting time is arbitrarily close to a number t* = 3.1698 - - - (it can be approximately
computed by numerically solving the implicit equation).

5. Conclusions

Well-posedness of reset control system has been investigated using a state-dependent
impulsive dynamic system (IDS) representation. Reset systems have been shown to be well-
posed, in the sense that resetting times of the IDS are well defined and are distinct for any
initial condition, and in addition, no Zeno solutions do exist. A sufficient condition for the
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well-posedness of resetting times has been elaborated, based on the observability of after-
reset states. In addition, it has been shown that reset control systems do no exhibit Zeno
solutions if resetting times are well-posed. On the other hand, it has also been revealed several
properties related with the structure of the resetting times: (i) an initial condition in the after-
reset surface (having dimension m) will have sequences of decreasing reset intervals with
length at most m — 1; (ii) resetting times as a function of the initial condition, is in general
a discontinuous mapping, which explains to certain extent the complexity in the analysis of
reset control systems.

Appendix
In the following, it is shown that Ce?fx, = e’\tlTU(l)Obasexo.
By simplicity, consider in first instance that the closed-loop state matrix A has distinct

eigenvalues, then the matrix exponential may be computed by use the Caley-Hamilton
method, that is,

eM=al + A+ +a, 1 AV, (A1)
where a;,i=0,...,n -1, are given by

et = ap + oy + e+ AT,

ej\ztl =ay+ Otl)tz + -+ an_l)tg_l,
(A.2)
e*"“ =ag+a A+ + zxn_l)tﬁ"l.
Using the notation A = (A; Ay -+ A,),al =(ap a1 -~ a,1)and et = 37, elitie;, where
e; stands for the unit (0 --- 0 1 0 --- 0)T in which the i-component is 1, (A.2) can be
compactly written as
e =v)a, (A.3)

where V(1) is a (nonsingular) Vandermonde matrix. Now, by eliminating & from (A.1) and
(A.3), the equation Ce?fixg is transformed into

C

a [ CA ko = e TU ) Opaeexo = e TU (1) Opaeexo, (A.4)

CA™1
where U(1) = V(1)L

In the case in which the eigenvalues of A may be repeated, a similar argument may
be applied. Note that e/ may be written as the infinite series D(A) = 3, At /i!. Thus, the
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polynomial D(1) = 3%, Ait!/i! can be factorized by D(A) = Q(L)P()A) + R(1), with R(\) = 0
or degree (R) < degree (P) = n. In addition, R has degree no greater than n — 1, and thus,
R() = Z;‘;Ol a;M. Since the characteristic polynomial is zero for the eigenvalues of A, then
D(\x) = R(\) for k = 0,1,...,n — 1. And then D(\¢) = 32 Ajf /il = e = R(Ay) =
Z}Cg zx]-/\{( para k =0,1,...,n — 1. This can be compactly expressed as VT (1)a = eM, and the
expression (A.3) is obtained. Now, if A has r different eigenvalues with multiplicity order
n,, and as a consequence, the characteristic polynomial is p(1) = [T\_; (X — A;)™. Again, there
exists unique polynomials Q and R such as D(1) = Q(A)P(1)+R(X), where D(\) = e y R=0
or deg (R) < deg (P). Here, R can be expressed as R(\) = Z:'Z:_ol a;\, where the coefficients are
unique. Since p and its derivatives up to order n, are zero at \;, then

dD(\i) _ dR(L)
dv o du

Vi=1,2,...,r,¥%=0,1,...,m; - 1. (A.5)

This can be expressed by yu = Wa, where

r ni-1 .
p= Z Zeie*itl ®ej),
i=1 j=0
) (A.6)
roni— i
W = Z e® e]-eiTa V(.A)
i=1 j=0 oA

By using arguments based on the Lagrange-Hermite interpolation problem, it can be shown
that in fact the matrix W is invertible. And then, an expression similar to (A.4) may be
obtained.
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