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We suggest and analyze a modified extragradient method for solving variational inequalities,

which is convergent strongly to the minimum-norm solution of some variational inequality in
an infinite-dimensional Hilbert space.

1. Introduction

Let C be a closed convex subset of a real Hilbert space H. A mapping A : C — H is called
a-inverse-strongly monotone if there exists a positive real number a such that

(Au- Av,u—-v) > al|Au - Av|?, VYu,veC. (1.1)
The variational inequality problem is to find u € C such that
(Au,v-u) >0, VYveC. (1.2)

The set of solutions of the variational inequality problem is denoted by VI(C, A). It is well
known that variational inequality theory has emerged as an important tool in studying a wide
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class of obstacle, unilateral, and equilibrium problems, which arise in several branches of
pure and applied sciences in a unified and general framework. Several numerical methods
have been developed for solving variational inequalities and related optimization problems;
see [1-36] and the references therein.

It is well known that variational inequalities are equivalent to the fixed point
problem. This alternative formulation has been used to study the existence of a solution
of the variational inequality as well as to develop several numerical methods. Using this
equivalence, one can suggest the following iterative method.

Algorithm 1.1. For a given uy € C, calculate the approximate solution u,.; by the iterative
scheme

Ups1 = Peu, — AAu,], n=0,1,2,.... (1.3)

It is well known that the convergence of Algorithm 1.1 requires that the operator A must
be both strongly monotone and Lipschitz continuous. These restrict conditions rules out
its applications in several important problems. To overcome these drawbacks, Korpelevi¢
suggested in [8] an algorithm of the form

Yn = Pc[x, — MAx,],
(1.4)
Xni1 = Pe[x, —AAy,], n>0.

Noor [2] further suggested and analyzed the following new iterative methods for solving the
variational inequality (1.2).

Algorithm 1.2. For a given uy € C, calculate the approximate solution u,.; by the iterative
scheme

Uny1 = Pclw, — AAw,],
(1.5)
wy, = Pclu, - AAu,], n=0,12,...,

which is known as the modified extragradient method. For the convergence analysis of
Algorithm 1.2, see Noor [1, 2] and the references therein. We would like to point out that
Algorithm 1.2 is quite different from the method of Korpelevi¢ [8]. However, Algorithm 1.2
fails, in general, to converge strongly in the setting of infinite-dimensional Hilbert spaces.

In this paper, we suggest and consider a very simple modified extragradient method
which is convergent strongly to the minimum-norm solution of variational inequality (1.2) in
an infinite-dimensional Hilbert space. This new method includes the method of Noor [2] as
a special case.
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2. Preliminaries

Let H be a real Hilbert space with inner product (:,-) and norm || - ||, and let C be a closed
convex subset of H. It is well known that, for any u € H, there exists a unique uy € C such
that

|l = uo|| = inf{||u — x|| : x € C}. (2.1)

We denote uy by Pcu, where Pc is called the metric projection of H onto C. The metric
projection Pc of H onto C has the following basic properties:

() [[Pcx = Pcyl|| < |lx - y| forall x,y € H;
(ii) (x —y, Pcx — Pcy) > ||Pcx - P(;y||2 for every x,y € H;
(iii) (x — Pcx,y — Pcx) <Oforallxe H,y € C.

We need the following lemma for proving our main results.

Lemma 2.1 (see [15]). Assume that {a,} is a sequence of nonnegative real numbers such that
ps1 < (1 - Yn)an + 6n/ (22)

where {y,} is a sequence in (0,1) and {6,} is a sequence such that

(1) 2521 Yn = 00
(2) limsup, _, _ 6x/yn <001 352, |6,] < 0.

Then lim,, _, a,, = 0.

3. Main Result

In this section we will state and prove our main result.

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space H. Let A : C — H be an a-
inverse-strongly monotone mapping. Suppose that VI(C, A) # 0. For given xo € C arbitrarily, define
a sequence {x,} iteratively by

Yn = Pc[(1 = ay)(xn — LAXy)],

(3.1)
Xn+l = PC(yn - )‘Ayn)/ n>0,

where {a,} is a sequence in (0,1) and X € [a,b] C (0,2a) is a constant. Assume the following
conditions are satisfied:

(C1) : limy, . a,, = 0;
(C2) : 355 an = oo
(C3) : limy, o (aps1 /) = 1.

Then the sequence {x,} generated by (3.1) converges strongly to Pyic,a(0) which is the minimum-
norm element in VI(C, A).
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We will divide our detailed proofs into several conclusions.

Proof. Take x* € VI(C, A). First we need to use the following facts:
(1) x* = Pc(x* = LAx*) for all A > 0; in particular,

x* = Pe[x* = A1 - a,)Ax*] = Peayx™ + (1 — ay) (x* — AAX™)], VYVn>0; (3.2)
(2) I - LA is nonexpansive and for all x,y € C

1= 2A)x = (I = 2A)y|* < [l = y[|" + (A - 20) || Ax - Ay (33)

From (3.1), we have

”yn - x*“ = ||Pc[(1 - an) (xn — AAX,)] = Pelanx™ + (1 — an) (X" — LAXT)]||
< lan (=x*) + (1 = an) [(n = LAxy) = (x* = LAXT)]||
(3.4)
< apllx™[| + (1 = ) [|(I = LA)x, — (I - LA) x|

< alx"]| + (1 = a) [|26n — x|

Thus,
e = x| = || Pe (v = AAy) = Pe(x* = LAx")||
< || (yn = LAyn) - (x" - LAX") |
< lyn =27 (3.5)
< ||| + (1 = a) |2 — 7|
< max{ [|x*[|, [lxo — x*[|}-

Therefore, {x,} is bounded and so are {y,}, {Ax,}, and {Ay,}.
From (3.1), we have

%541 = %l = || Pc(Yn = AAYn) = Pe(Yn-1 = AAyna) ||
<[ (yn = LAyn) = (Yn1 = LAy ||
< [y =yl
= [|[Pc[(1 = an) (xn — LAXy) ] = Pc[(1 = an-1) (Xp-1 — LAx-1)] || (3.6)
SN = an) [(T = AA)xy = (I = XA)xp-1] = (an — an-1) (I = XA) X1 |
< (1 =an)ll(I = XAA)xy = (I = LA)xp1 || + |an — apa || (T = LA) x|

< (A =an)llxn = xp|| + | — ap_1| M,
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where M > 0 is a constant such that sup,, {[|(I = LA)x,l, [|(I = XA)x,[[([(T = LA)x, | + 2||x, —
x*||)} £ M. Hence, by Lemma 2.1, we obtain

lim [|x41 — x4 = 0. (3.7)

From (3.4), (3.5) and the convexity of the norm, we deduce

%1 = 2117 < flatn (=x7) + (1 = &) [(x0 = LAx) = (x* = LAX)] P

< aullx | + (1= an)|(I = AA)x, — (I - LA)X|?

(3.8)
< 1P + (1= @) [[le = x| + A(A = 20) | Ax, = Ax"|?
< ] + e = 27 + (1 - an) a(b - 2a) || Ax, — Ax"|.
Therefore, we have
(1 - ap)aa—b)[|Ax, — Ax"[* < ayllx* | + [|xn = x*|* = [| X001 — 7| 59)
3.9
< | |17 + (loen = x| + [lxnar = %)) x [|x0 = Xl
Since a, — 0and ||x, — x,:1|| — 0asn — oo, we obtain ||Ax, — Ax*|| — Oasn — oo.
By the property (ii) of the metric projection Pc, we have
ln = > = 1Pl = @) (x ~ AAx,)] - Pe(x” - LAX) P
<{(1 - an) (xp — AAxy) — (2" = LAXY), Yy — X*)
1 * * 2 * (|2
= 5{11Gen = 4A%x,) = (& = AAX") = au (T = 2A) %l + [lya = x|
~ [ Gr = LAx,) = (2" = AAX) = (y = ) = (I = AA)x, |1*}
1
< E{II(JC,1 ~ MAX,) — (x* = LAXY) |* + anM + ||y - x*”2
« 2
_” (xn - yn) - MAx, - Ax*) —a, (I - )LA)xn” } (3.10)
1 * %12 2
S L R [ ) E A
+ 202ty = Y, Axy — Ax*) + 20, (I = LA) X, X — Yin)
“IA(Ax, ~ Ax') + @y (I = 1 A)x,
1 *(|2 %12 2
< 5 (e =2+ @M+ fly = 2| = o=yl

20|20 = yull A, = Ax]]+ 2001 (T = LAY |20 = ]l }-
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It follows that

lyn =117 < llw = X712 + @ M = [l =y o)
+ 20| %0 = Y ||l Axn — Ax*|| + 20, || (T = LA) x| || 20 = v |,
and hence
s = %17 < [lym = x|
< loen = X*Hz +a,M - ”xn - }/n”2 + Z)L”xn - yn” |Ax, — Ax*|| (3.12)
+ 20, || (I = LAY X || = v |
which implies that
”xn - yn”2 < (o = x| + N1 = X* DI Xns1 = Xn|| + M + 2)L”xn - yn”“Axn - Ax"|| (3.13)
+ 20, | (T = LA) x| || 20 = |-
Since a, — O, ||xp — x441|| — 0, and ||Ax, — Ax*|| — 0, we derive ||x, — y,| — O.
Next we show that
lim sup(zo, zo — yn) <0, (3.14)
n— oo
where zy = Pyi(c,4)(0). To show it, we choose a subsequence {y,,} of {y,} such that
lim sup(zo, zo — Yn) = lim (2o, 20 — Yu, )- (3.15)
1— 0

As {yy,} is bounded, we have that a subsequence {yy, } of {y»,} converges weakly to z.

Next we show that z € VI(C, A). We define a mapping T by

To =

Av+ Ncv, veC,
(3.16)

0, véC.

Then T is maximal monotone (see [16]). Let (v, w) € G(T). Since w — Av € Ncv and y, € C,
we have (v -y,, w— Av) > 0. On the other hand, from y,, = Pc[(1-a,)(x, - LAx,)], we have

(0= Yn, Y — (1 — @) (xn — LAX,)) 20, (3.17)

that is,

<v ~ Y, Yn ; L Ax, + %(1 - AA)xn> > 0. (3.18)



Abstract and Applied Analysis 7
Therefore, we have

<U - y"li’w> 2 <U - y"li’Av>

> (v — Y, Av) - <v - Yn,, Y lxn" + Axp, + %(I - /\A)xni>

Yni — Xn; “nz

= <v = Yn,, AV — Axy, — 1 (I );A)xn‘>

(3.19)
= <TJ - yni/Av - Ayni> + <‘0 - yni’Ayni - Ax"i>

—<v—yn,.,y"’;x 4 2 (- )LA)xnl>

> (0 = Yy, AYn, — AxXn,) = <v — Y, L ; Ty I ~ - AA)xn,>

Noting that a,,, — 0, ||y, — x| — 0, and A is Lipschitz continuous, we obtain (v -z, w) > 0.
Since T is maximal monotone, we have z € T~!(0), and hence z € VI(C, A). Therefore,

lim sup(zo, zo — Yn) = hm (zo, 20 = Y ) = (20,20 — z) <0. (3.20)

n— oo
Finally, we prove x,, — zo. By the property (ii) of metric projection Pc, we have

|y = zo||” = IPc[(1 = atn) (30 = XL Ax)] = Pe[anzo + (1 - ) (20 — AAz0) ]|
< (atn(~20) + (1 = @) [(xn — LX) — (20 — AAZ0)], Y — Z0)
< (20,20 = Yn) + (1 = an)[|(xn = LAXy) = (20 = LAZ0) ||| yn = 20| (3.21)
< an (20,20 = Yn) + (1 = @) 10 — 2oll ||y — 20|

1-a

< au(z0,20 - 9a) + 5 (- 20l + [l - 2).

Hence,
[y = 2ol < (1 = ) 126 — Zol1” + 22tn{Z0, 20 = ). (3.22)
Therefore,
%1 = Zol? < |y = 20| < (1 = @) |12 = 20l* + 22 (20, Z0 = Y- (3.23)

We apply Lemma 2.1 to the last inequality to deduce that xy — zo. This completes the proof.
O

Remark 3.2. Our Algorithm (3.1) is similar to Noor’s modified extragradient method; see [2].
However, our algorithm has strong convergence in the setting of infinite-dimensional Hilbert
spaces.
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