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This paper is concerned with the periodic solutions for a class of Nicholson-type delay systems
with nonlinear density-dependent mortality terms. By using coincidence degree theory, some
criteria are obtained to guarantee the existence of positive periodic solutions of the model.
Moreover, an example and a numerical simulation are given to illustrate our main results.

1. Introduction

In the last twenty years, the delay differential equations have been widely studied both in
a theoretical context and in that of related applications [1-4]. As a famous and common
delay dynamic system, Nicholson’s blowflies model and its modifications have made
remarkable progress that has been collected in [5] and the references cited there in. Recently,
to describe the dynamics for the models of marine protected areas and B-cell chronic
lymphocytic leukemia dynamics which belong to the Nicholson-type delay differential
systems, Berezansky et al. [6], Wang et al. [7], and Liu [8] studied the problems on
the permanence, stability, and periodic solution of the following Nicholson-type delay
systems:

Ni(t) = —a1 (£)N1(t) + p1(H)Na(t) + iclj(t)Nl (t=T1j(t))e M ON1En; )
in1
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N (1) = —ap (t)No(t) + B (D) N1 (8) + icz;'(f)Nz (t—T2j(t)) e ON2 (s (1))
in1

(1.1)

where a;, B, cij, vij, Ti € C(R, (0 + 0)),and i = 1,2,j = 1,2,...,m.

In [5], Berezansky et al. also pointed out that a new study indicates that a linear
model of density-dependent mortality will be most accurate for populations at low densities
and marine ecologists are currently in the process of constructing new fishery models with
nonlinear density-dependent mortality rates. Consequently, Berezansky et al. [5] presented
an open problem: to reveal the dynamics of the following Nicholson’s blowflies model with
a nonlinear density-dependent mortality term:

N'(t) = -D(N(t)) + PN (t - 7)e”*N "), (1.2)

where P is a positive constant and function D might have one of the following forms: D(N) =
aN/(N +b) or D(N) = a — be”N with positive constants a, b > 0.

Most recently, based upon the ideas in [5-8], Liu and Gong [9] established the results
on the permanence for the Nicholson-type delay system with nonlinear density-dependent
mortality terms. Consequently, the problem on periodic solutions of Nicholson-type system
with D(N) = a - be™ has been studied extensively in [10-13]. However, to the best of
our knowledge, there exist few results on the existence of the positive periodic solutions of
Nicholson-type delay system with D(IN) = alN/ (N +b). Motivated by this, the main purpose
of this paper is to give the conditions to guarantee the existence of positive periodic solutions
of the following Nicholson-type delay system with nonlinear density-dependent mortality
terms:

1
Ni(t) = =Du(t, Ni(1)) + Dia(t, Na(t)) + > c1j () Na (= 71 (t) ) e M ONEm@),)

=1
(1.3)
I
Né(t) =—-Dyp (t, Nz(t)) + D21(t, N, (t)) + ZCZJ' (t)Nz(t — Tyj (t))e_yzf(t)NZ(t_Tzi(t)),
=1
under the admissible initial conditions
_ _ 1 1

X, =¢, @eC,= C([—rl,O],R+> x C<[—r2,0],R+>, :(0) >0, (1.4)

where Di]'(t, N) = ai]-(t)N/(bij(t) + N), aij, bij/ Cik, Yik : R — (0, +OO) and Tik : R — [0, +OO)
are all bounded continuous functions, and 7; = maxj<x<{sup,cuTik(t)}, 4,7 =1,2, k=1,...,L

For convenience, we introduce some notations. Throughout this paper, given a
bounded continuous function g defined on R!, let ¢* and ¢~ be defined as

g = inf g(t), g =supg(t). (1.5)

1
teR teR!
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We also assume that a;j, bij, cik, yik : R — (0,+00) and 7 : R — [0, +0c0) are all w-periodic
functions, r; = maxi« {7} },andi,j=1,2, k=1,...,L
Set

o “ a;(t) ) SN N +_ + - — i -
Ai = 2f0 o B 72; fo cj(tydt, = rlrsl?;;{ IR gr;]lg{ i)
(1.6)

w

Dy = f app(t)dt, D, = f

any (t)dt, Ci = f aii(t)dt, i= 1, 2.
0 0 0

Let R*(R?) be the set of all (nonnegative) real vectors; we will use x =
(x1,x7,... ,xn)T € R" to denote a column vector, in which the symbol (T) denotes
the transpose of a vector. We let |x| denote the absolute-value vector given by |x| =
(|1, 2], . . ., |xa])T and define ||x|| = maxi<ic,|xi]. For matrix A = (@ij) psns AT denotes the
transpose of A. A matrix or vector A > 0 means that all entries of A are greater than or equal
to zero. A > 0 can be defined similarly. For matrices or vectors A and B, A > B (resp. A > B)
means that A — B > 0 (resp. A — B > 0). We also define the derivative and integral of vector
function x(t) = (x1(t), x2(t))" as x' = (x| (t), x,(t))" and [ x(t)dt = (J5 x1(t)dt, [ xa(t)dt)".

The organization of this paper is as follows. In the next section, some sufficient
conditions for the existence of the positive periodic solutions of model (1.3) are given by
using the method of coincidence degree. In Section 3, an example and numerical simulation
are given to illustrate our results obtained in the previous section.

2. Existence of Positive Periodic Solutions

In order to study the existence of positive periodic solutions, we first introduce the continua-
tion theorem as follows.

Lemma 2.1 (continuation theorem [14]). Let X and Z be two Banach spaces. Suppose that L :
D(L) ¢ X — Z is a Fredholm operator with index zero and N : X — Z is L -compact on Q, where
Q is an open subset of X. Moreover, assume that all the following conditions are satisfied:

(1) Lx # ANx, forall x € 3Q N D(L), A € (0,1);
(2) Nx ¢ Im L, for all x € 0Q NKer L;

(3) the Brouwer degree

deg{QT\f,QnKerL,o} £0. 2.1)

Then equation Lx = Nx has at least one solution in dom L N Q.

Our main result is given in the following theorem.
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Theorem 2.2. Suppose

2B;

Ci>2D,  WmTl>A, =12, (2.2)
i
1 C+- a+ 1 C+- a+
— 17_ + -2 <1, — 2]_ + 2L <1, (2.3)
=14 Ne 9 i1 Anrie Ay

Then (1.3) has a positive w-periodic solution.

Proof. Set N (t) = (N1(t), No ()T and N;(t) = e5® (i =1,2). Then (1.3) can be rewritten as

an (t) app (t)er2®-x®
bi(t) + ex(®) bya () + exa(t)
1

xq (=115 ()
+ ZCU(t)exl(t‘ﬁf(t))—xl(t)—Ylf(“f T = A(x,p),
i

xi(t) =

24
an(t) ay (t)e 20 24

- +
by (t) +ex2() by (t) + ex1()
1

+ ZCZ;’(t)exz(“TZf(t))‘xZ(t)‘Yzf“VxZ(HZjW = Ap(x, t).
i1

x5 (t) =

Asusual, let X = Z = {x = (x1(t), x2(1))" € C(R, R?) : x(t + w) = x(¢t) for all t € R} be Banach
spaces equipped with the supremum norm || - ||. For any x € X, because of periodicity, it is
easy to see that A(x, ) = (A1(x,-), Aa(x, N e C(R,R?) is w-periodic. Let

L:D(I)={xeX:xeC(RR)}5x—x = (x,x) €2

w

w T
P:X>5>x+— <lf xl(s)ds,lf xz(s)ds> eX,
wJo wJo

(2.5)
Q:Z> |—><1J‘w (s)d lJ‘w (s)d >T€Z
: z szls s,szzss ,
N:Xaxr—>A(x,-)€Z.
It is easy to see that
ImL = {x|x€Z,J‘ x(s)ds=(0,O)T}, KerL = R?,
0 (2.6)

ImP =KerlL, KerQ =ImL.
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Thus, the operator L is a Fredholm operator with index zero. Furthermore, denoting
by L1_31 :ImL — D(L) NnKer P the inverse of L|p(1)rker p, We have

w pt t
L;,ly(t) = —é .[0 .[0 y(s)dsdt+ fo y(s)ds

(2.7)

1 (@ (t t 1 (@ (t t T

= <_; .[o ’[0 yi(s)dsdt + fo yi1(s)ds, 5 4[0 4[0 y2(s)dsdt + Jo yz(s)ds> .

It follows that
w w w T
QN = o [ Rxar= (5 [ mnd, [ mGo,nar) @9
t w w pt

L (I-Q)Nx = fo Nx(s)ds — é L Nx(s)ds - é L L Nx(s)ds dt -

+ é f: ﬂ QNx(s)ds dt.

Obviously, QN and L;'(I-Q) N are continuous. It is not difficult to show that L3 (I-Q) N (Q)

is compact for any open bounded set Q C X by using the Arzela-Ascoli theorem. Moreover,

QN(Q) is clearly bounded. Thus Nis L-compact on Q with any open bounded set Q ¢ X.
Considering the operator equation Lx = ANx, A € (0,1), we have

X (1) = (%, (), %(H)" = AA(x, 1) = A1 (x, £), LAz (x, 1) (2.10)

Suppose that x = (x1(f), x2(1))T € X is a solution of (2.10) for some A € (0, 1).
Firstly, we claim that there exists a positive number H such that ||x|| < H. Integrating
the first equation of (2.10) and in view of x € X, it results that

0= fo X, (t)dt =)Lf0 Av(x, b)dt, (2.11)

which together with (2.4) implies that
J‘w au(t)exz(t)*xl ()
0

1
xq (=71 (1))
§ cri(t exl(t*le(f))*xl(f)*)’lj(t)e 1y +
) bia(t) + e

j=1

(Y au() Jt (2.12)
“Jo bu(t) +en®

“ an (t)
- fo b1 (t) dt
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Similarly, we have
J‘w ay (t)ex1(H—x
0

1
X2 (t=7; ()
Coi t exz(t—sz(t))—xz(t)—yzj(t)e 2 4 +
2 by (t) +en®

1

:f aZZ(t) At
0 b22(t) + exz(t)

“ an(t)
—dt
o bn(t)

an (t)exz(t)—xl 0]

It follows from (2.12) and (2.13) that
ic -(t)exl(t—nj(t))—xl(t)—yl,-(t)e’l<’-T1f<f>> +
v b1 (t) + ex2(®)

f |x’1(t)|dt§/\J
0 0 j=1

+/\j
0

“ ay (t)
o b (t)

an (t)
by (t) +ex1(®)

<2 dtZAl,

w a (t)e* (H)—x2(t)

1
x) (t-79; (1))
Cr: (1) X272 (1) =x2()=12j (H)e S A
20 ba (t) + en®

j=1

f I, (8)]dt < A
0

0

mf

ax(t)
2 dt = A,.
- .[o b (t) 2

_an(f)
b22 t) + exz(t

Since x € X, there exist ¢, &>, 11, 112 € [0, w] such that

xi(éi)=t§101,2]xi(t), xi (1;) =trer[loa};<]xi(t), xi(&) =xi(n;) =0, i=1,2

It follows from (2.12) and (2.14) that

A “ all(t)dt S Jw a (t)
2 o bu(t) o bui(t) +ex®
w 1 w t)—x1 (t
- f S epj(B)ex T Oy O Y gy aa(er 0 xlt( |
0 j=1 o bu(t)+ ex(t)

(2.13)

(2.14)

(2.15)

(2.16)
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> X1 (&)=x1(m)-yjen ’“)ZI cij(t)dt

_ —y+ex1(n1)
— Blexl(él) x1(m)-ye ,

which implies that

A

x1(&) <In 2y (m) + Y{'exl(m).

2B,

Using (2.14) yields
x1(F) < x1(&1) +f |x)(t)|dt < In 2%1 +x1(m) +y e ™ + Ay, te[0,w].
0 1
In particular,
A +,x1(11)
x1(m) <x1(&1) + |x1(t)|dt<ln—+x1(q1)+y e + A

It follows that

2B;
x1(m) > ln<Y_1+ <ln a4 A1)>

Again from (2.14), we have

©w 2B
xl(t)le(ql)—f |x1(t)|dt>ln<Y (1 A—ll—A1>>—A1 '=Hy;, te[0,w].
0

Similarly, we can obtain

x2(t) = x2(12) — f |5 () |dt > ln<Y <ln% - A2>> - Ay:=Hpy, te]0,w].
2 2

Since x7 (¢1) = 0, from (2.10), we have

1
an (él) x1(&1—T17(81))—x1(&1)-Y1; (& )811(51‘71]'(?,1))
— z Cl'(él)el 1-T1j (61 1(81)—1; (&
b (&) +exi) !

a(&)e™ (&1)—x1(&1)
bia(&1) + ex(e)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)
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Hence, from (2.24) and the fact that sup, ,,ue™ =1/e, we have

ex1 () ex1(é1)
<
b{fl +e06) T by (&) + e

1
1](§1) x1 (6171 (81)) o115 (& )exl(él"flj(él))
1'(§1)€ 1(61=71j(61)) p11j(61
" 2@

j=1

(2.25)
a (&)
an (&) (1 + bip(&1)e @)
1 C+~ a+
< % + %
=14l an
Noting that u/ (b}, + u) is strictly monotone increasing on [0, +o0) and
1 +
1j )
sup =1> - = (2.26)
us0 bl + 1 i1 4N€ A
it is clear that there exists a constant k; > 0 such that
1 ct at
NL — 422 Yy e [k, +o0). (2.27)
nt® Tanhe 4y
In view of (2.25) and (2.27), we get
e 1) <k, x1(é1) < Ink;. (2.28)
In the same way, there exists a constant k, > 0 such that
X2 (§2) < In kz. (229)
Again from (2.14), (2.15), (2.28), and (2.29), we get
w
x1(t) < x1(&) + j |2} (F)|dt <Inky + Ay,
‘ (2.30)

xz(t) < x2(§1) + J‘ |x’2(t)|dt <In k1 + Az.
0

Then, we can choose two sufficiently large positive constants Hi, > Ink; + Ay and Hy >
Ink, + A, such that

X1 (t) < Hy,, xz(t) < H»», In bi—l < Hyp», In b;z < Hp. (231)
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Let H > max{|H11|,|H21|, H12, H2} be a fix constant such that

1 Ci-2D 1 C, -2D
eH>—<H—ln;>, eH>—<H—ln#>. 2.32

Then (2.22), (2.23), and (2.31) imply that ||x|| < H, if x € X is solution of (2.10). So we can
define an open bounded set as Q = {x € X : ||x|| < H} such that there isno A € (0,1) and
x € 9Q such that Lx = AN x. That is to say Lx # ANx for all x € 0Q N D(L),A € (0,1).
Secondly, we prove that Nx ¢ ImL for all x € 0Q N KerL. That is ((Qﬁ(x))l,
(Qﬁ(x))z)T # (0,0)7 for all x € 6Q NKer L.
If x(t) = (x1(), x2(t))T € dQ N KerL, then x(t) is a constant vector in R2, and there
exists some i € {1,2} such that |x;| = H. Assume |x;| = H, so that x; = +H. Then, we claim

<Q]’(14(x)>1 >0 forx; =-H, (Qﬁ(x))1 <0 forx;=H. (2.33)

If (Qﬁ(x))l <0 for x; = —H, it follows from (2.2) and (2.8) that

f Aq(x, t)dt <0, for x; =—-H. (2.34)
0
Hence,
A _ “ an (t)
2 o bu(t)
a ()

o bu(t) +eH
w 1 xo+H
v (DeH t)e*?*
Z cii(te Yl](t)e + L dt
Jo [121 i) ba(t) + e®

_ v+ o—H
J ch]’(t)e n€ T dt
0

j=1

(2.35)

1 w

> e-rfe*”z f cj(t)dt
i-1 0

= Bie ",

which implies

-H >In 1 % > In (1 % - A1> - A1 = Hqp. (236)
WA N A

This is a contradiction and implies that (Qﬁ (x)); >0forx; =—-H.
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If (Qﬁ(x))1 >0 for x; = H, it follows from (2.2) and (2.8) that

w
J‘ Aqi(x,t)dt >0, for x; =H,
0

Ci g (“an@®)
S1pH dt
2 ¢ fo et

Y an(t)
— 7 __dt
- .[0 bii(t) + et

w 1 w -H
. t)e*
<| Dlajem e g4 an(he™ dt
_fo j:lCU( e ’ o bua(t) +ex (2.37)

w 1 w
Sj ZC1j(t)e‘YfeHdt+I ai2(t)

0 j=1 0 blz(t)eH_xz +3H

1 w w
<e‘Y5‘-’HZI clj(t)dt+f aLh(f)dt
j=170 e

0

v eH —
:Ble ne +D1€ H.

Consequently,

1 Ci-2D
€H < Y_<H —In 1ZTll>, (238)
1

a contradiction to the choice of H. Thus, (Qﬁ (x)); <Oforx; = H.
Similarly, if |x;| = H, we obtain

<QIP\7(x)>2 >0 for x;=-H, (Qﬁ(x)>2 <0 forx;=H. (2.39)

Consequently, (2.33) and (2.39) imply that Nx ¢ Im L for all x € 3Q nKer L.
Furthermore, let 0 < y <1 and define continuous function H (x, y) by setting

H(x,p) = —(1-p)x + pQNx. (2.40)

For all x(t) = (x1(f), x2(£))T € 8Q N Ker L, then there exists some i € {1,2} such that
|;] = H. There are two cases: x; = +H or x, = +H. When x; = H or x, = H, from (2.33) and
(2.39), it is obvious that (H(x, u)); <0 or (H(x, u)), < 0. Similarly, if x; = -H or x, = -H, it
results that (H (x, u)); > 0 or (H(x,u)), > 0. Hence H (x, u) # (0,0)T forall x € 9Q Nker L.

Finally, using the homotopy invariance theorem, we obtain

deg{Qﬁ, QnkerL, (0, O)T} = deg{—x, QnkerL, (0, O)T} #£0. (2.41)
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I
il SESSRCNE Ko RN [
— T

10 20 30 40 50 60 70 80 90

(=)

3.4 T T T T T
32+ Na(t)

28
26t
24
22

0 10 20 30 40 50 60 70 8 90
(b)

Figure 1: Numerical solution N (t) = (IN1(f), No()T of systems (3.1) for initial value ¢(t) = (1,2)".

It then follows from the continuation theorem that Lx = Nx has a solution

x*(t) = (x5 (5, x3())" € DomL(Q, (2.42)

which is an w-periodic solution to (2.4). Therefore N*(t) = (N (), N3 (t))" = (e5®,e:0)T is
a positive w-periodic solution of (1.3) and the proof is complete. O

3. An Example

In this section, we give an example to demonstrate the results obtained in the previous
section.

Example 3.1. Consider the following Nicholson-type delay system with nonlinear density-
dependent mortality terms:

B (5+sint)Ny(t) N (2 + cost)Ny(t)

N (t) =
1(8) 5+sint+ Ni(t)  2+cost+ Na(t)
+ 64.71' (1 + C045t>N1(t - |2 + Cos t|)e_e4yr+lsianN1(t_|2+cost|)
+ et (1 + 512t>N1 (t—12+ sint|)e_e4x+\mst\Nl(t_\2+sint|)/
Ni(t) = - (5+cost)Na(t)  (2+sint)Ni(f)

54 cost+ Np(t) 2+sint+ Ny(f)
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+ e <1 + Sizr; t)Nz(t — |2 + sin t])g ¢ Na(t-2esind])

+em <1 + —C(:f t>N2(t — |2+ cos )¢ N2 i-[2rcos )
3.1)

Obviously, A; = 4, B; = 4we*”, C; = 10, D; = 4 (i = 1,2), cfi = (5/4)e*", Y; = e (i,j =
1,2), aj, = aj, =3, aj; = ay, = 4, then

2B;

1

In =In2+4r > 4w = A, Ci=10r >8xr =2D;, i=1,2,

1 C a+
Pl +£:%+Zz0.9799<1,

Sanrge a9y 8 (32)
I + +
2j a21 _ 5 3 -
= —8€+4~0.9799<1,

which means the conditions in Theorem 2.2 hold. Hence, the model (3.1) has a positive 2ur-
periodic solution in Q, where Q = {x € X : ||x|| < 10000}. The fact is verified by the numerical
simulation in Figure 1.

Remark 3.2. Equation (3.1) is a form of Nicholson’s blowflies delayed systems with nonlinear
density-dependent mortality terms, but as far as we know there are no that results can be
applicable to (3.1) to obtain the existence of positive 2sr-periodic solutions. This implies the
results of this paper are essentially new.
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