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We consider a control system described by a class of fractional semilinear evolution equations
in a separable reflexive Banach space. The constraint on the control is a multivalued map with
nonconvex values which is lower semicontinuous with respect to the state variable. Along with
the original system we also consider the system in which the constraint on the control is the upper
semicontinuous convex-valued regularization of the original constraint. We obtain the existence
results for the control systems and the relaxation property between the solution sets of these

systems.

1. Introduction

Let J = [0,b] and 0 < a < 1. We consider the following control system described by a class of

fractional semilinear evolution equations of the form:

CDf‘x(t‘) =Ax(t) + h(t,x(t)) + g(t, x())u(t), te],

x(0) = xo,
with the mixed nonconvex constraint on the control

u(t) e U(t,x(t)) ae.on J.
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Here CDf‘ is the Caputo fractional derivative of order a, b > 0 is a finite real number, A is
the infinitesimal generator of a strongly continuous semigroup {T(t),t > 0} in a separable
reflexive Banach space X, ¢ : ] x X — £(Y,X) (£(Y,X) is the space of continuous linear
operators from Y into X), h : ] x X — X is a nonlinear function, and U : J x X — 2\ {@}
is a multivalued mapping with closed values that is not necessarily convex. The space Y is a
separable, reflexive Banach space modeling the control space.

We denote by C(J, X) the space of all continuous functions from J into X with the
supremum norm given by ||x||- = suptejllx(t)llx for x € C(J, X). Let Bx C X be the open unit
ball centered at zero. Consider the multivalued map

Us(t, x) :a{UU(t,z) : z€x+5BX}, 6>0, (1.3)
V(t,x) = (Us(t, x), (1.4)
510

here co stands for the closed convex hull of a set. The map (1.4) is usually called the convex
upper semicontinuous regularization of U (¢, x).
Along with the constraint (1.2) on the control we also consider the constraint

u(t) e V(t,x(t)) a.e.on J (1.5)

on the control. Note that usually we have coll(t,x) C V (¢, x).

Definition 1.1. A solution of the control system (1.1), (1.2) is defined to be a pair (x(-), u(-))
consisting of a trajectory x € C(J,X) and a control u € L!(J,Y) satisfying (1.1) and the
inclusion (1.2) a.e.

A solution of the control system (1.1), (1.5) is defined similarly. We denote by Ry, Try
(Rv, Try) the sets of all solutions, all admissible trajectories of the control system (1.1) and
(1.2) (the control system (1.1) and (1.5)).

Relaxation property [1] has important ramifications in control theory. There are many
papers dealing with the verification of the relaxation property for various classes of control
systems. For example, we refer to [2-5] for nonlinear evolution inclusions or equations,
[6, 7] for control problems of subdifferential type and the references therein. In this paper,
we investigate this property for control systems described by fractional semilinear evolution
equations. We will prove that Try is a compact set in C(J, X) and

ZTV = tTu, (16)

where the bar stands for the closure in C(J, X).

Fractional calculus has recently gained much attentions due to its numerous
applications in science and engineering. Examples can be found in various disciplines such
as mechanics, electrophysics, signal and image processing, thermodynamics, biophysics,
aerodynamics, and economics, (see [8-12] for instance). For some recent results on fractional
differential equations, we can refer to [13-17]. As for the study of fractional semilinear
differential equations, we can refer to Zhou and Jiao [18, 19], Wang and Zhou [20] for the
existence results. The issue of approximate controllability was considered by Kumar and
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Sukavanam [21], Sakthivel et al. [22]. Wang and Zhou in [23] were concerned with the
optimal control settings.

2. Preliminaries and Assumptions

Let J = [0,b] be a closed interval of the real line with the Lebesgue measure y and the o-
algebra X of y measurable sets. The norm of the space X (or Y) will be denoted by || - ||x (or
I-lly). For any Banach space V the symbol w—V stands for V equipped with the weak o(V, V*)
topology. The same notation will be used for subsets of V. In all other cases we assume that
V and its subsets are equipped with the strong (normed) topology.

We first recall the following known definitions from fractional differential theory. For
more details, please see [11, 12].

Definition 2.1. The fractional integral of order a« with the lower limit zero for a function f is
defined as

arn - L[ _f()
If(t)_l"(a) IO (t—s)l"“dsr t>0, a>0 (2.1)

provided the right hand side is point-wise defined on [0,00), where I'(-) is the gamma
function.

Definition 2.2. The Riemann-Liouville derivative of order a with the lower limit zero for a
function f is defined as

1 d"f f(s)

D = T(n—a)dt ), (- 5)*1

ds, t>0, n-1<a<n. (2.2)

Definition 2.3. The Caputo derivative of order a with the lower limit zero for a function f is
defined as

CDf(t) :LD“<f(t) —ni:(—’:f(“(m), t>0, n-l<a<n. (2.3)
k=0"""

If f is an abstract function with values in X, then integrals which appear in Definitions
2.1 and 2.2 are taken in Bochner’s sense.

We now proceed to some basic definitions and results from multivalued analysis. For
more details on multivalued analysis, see the books [24, 25].

We use the following notations: P¢(Y) is the set of all nonempty closed subsets of Y,
Pf,(Y) is the set of all nonempty, closed and bounded subsets of Y, and P (Y) is the set of all
nonempty, closed, and convex subsets of Y.

On Py (Y), we have a metric known as the “Hausdorff metric” and defined by

h(A,B) = max{sup d(a,B),supd(b, A)}, (2.4)
acA beB
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where d(x,C) is the distance from a point x to a set C. We say a multivalued map is h-
continuous if it is continuous in the Hausdorff metric h(-, ).

We say that a multivalued map F : ] — P¢(Y) is measurable if F"'(E) = {t € ] :
F(t) NE#0} € X for every closed set EC Y. If F : | x X — Pf(Y), then measurability of F
means that F1(E) € X ® By, where X ® By is the o-algebra of subsets in | x X generated by
the sets A x B, A € X, B € By, and By is the o-algebra of the Borel sets in X.

Suppose V, Z are two Hausdorff topological spacesand F : V. — 27\ {(}. We say that
F is lower semicontinuous in the sense of Vietoris (Ls.c. for short) at a point xy € V if for any
openset W C Z, F(xg) N\W #0, there is a neighborhood O(xy) of x( such that F(x) NW # @ for
all x € O(xo). F is said to be upper semicontinuous in the sense of Vietoris (u.s.c. for short)
at a point xo € V if for any open set W C Z, F(xo) € W, there is a neighborhood O(xp) of xo
such that F(x) C W for all x € O(xy). For the properties of L.s.c and u.s.c, see the book [24].

Besides the standard norm on L(J,Y) (here Y is a separable, reflexive Banach space),
1 < g < oo, we also consider the so called weak norm:

sz u(s)ds

3]

, forueli(],Y). (2.5)
Y

[4C)ll, = sup

0<t1<t,<b

The space L9(J,Y) furnished with this norm will be denoted by LI(J,Y). The following result
establishes a relation between convergence in w — L9(J,Y) and convergence in LI(J,Y).

Lemma 2.4 (see [5]). If a sequence {uy},5 € LI(J,Y) is bounded and converges to u in LI Y),
then it converges to uw in w — L9(J,Y).

We assume the following assumptions on the data of our problems in the whole paper.

H(A): The operator A generates a strongly continuous semigroup T(t), t > 0 in X, and
there exists a constant M4 > 1 such that sup, . .\ IT ()| < Ma. For any t > 0, T(t)
is compact.

Remark 2.5. Let us take X = L*[0, ] and define the operator A by Aw = w” with the domain
D(A) = {w € X: w, «' are absolutely continuous, w” € X, and w(0) = w(sxr) = 0}. Then
Aw = - 3% n*(w,e,)e,, w € D(A), where e, (z) = (Z/m')l/2 sinnz,0<z<a,n=12,...
Clearly A generates a compact semigroup {T(t) : t+ > 0} in X and it is given by T(H)w =
>y e‘”zt(w, en)en, w € X. In such a case, it is easy to see that H(A) holds [22].

H(g): The operator g: ] x X — £(Y,X) is such that

(1) themap t — g(t, x)u is measurable forallx € X and u € Y;

(2) fora.e.t € J,themap x — g*(t,x)h is continuous for all h € X*, where g*(t, x)
is the adjoint operator to g(t, x);
(3) fora.e.t€ Jand x € X

8t X)[| yyx) <d, with d > 0. (2.6)

H(h): The function h : ] x X — X of Carathéodory type satisfies: there exists a constant
0 < p < asuchthatforae.t € Jandall x € X, ||h(t, x)||x < ai1(t) + c1]|x||x, where
a; € LVP(J,R*) and ¢; > 0.
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H(U): The multivalued map U : ] x X — P(Y) is such that:

(1) (t,x) — U(t, x) is £ ® Bx measurable;
(2) forae.t € J, themap x — U(t, x)isls.c;

(3) forae. t € Jand all x € X, [U(t, x)|ly = sup{||v]ly : v € U(t,x)} < ax(t) +
c2|lx||x, where a; € LV (J,R*) and ¢, > 0.

H(M): For any M > 0, there exists a function Iy € L*(J,R*) such that for a.e. t € J and for

any x1,x € X, ||x1llx £ M, ||x2]lx £ M and u; € U(t, x1), there is a u, € U(t, x2)
such that

|| g (t, x1)ur + h(t, x1) — g(t, x2)uz — h(t, x2) || < Im(®)[|x1 — x2]|x- (2.7)

We note that the condition similar to H(M) was also assumed in [6, 7].

From the Definitions 2.1 and 2.2 and the results obtained in [18, 19], Definition 1.1 can
be rewritten in the following form.

Definition 2.6. A function x € C(J, X) is a (mild) solution of the system (1.1), (1.2) if x(0) = xo
and there exists u € L'(],Y) such that u(t) € U(t,x(t)) a.e.ont € ] and
t
x(t) = Py(t)xo + I (t-5)"1Qu(t - 5) (g(s,x(s))u(s) + h(s,x(s)))ds. (2.8)
0

A similar definition can be introduced for the system (1.1) and (1.5). Here

Pa(t) = fo LOTE0)6,  Qut) =a fo 04,(6)T (1°6) 6,

_loq/m ~(1/a)
2(6) = 0 @, (071/9) > 0, 2.9)
@(©) = = 3 ()" @) I i), 6 (0,00),
n=1 :

and ¢, is a probability density function defined on (0, o) [26], that is

&(0)>0, 6€(0,00), r 2.(0)d0 = 1. (2.10)
0

It is not difficult to verify that

1

m. (2.11)

j:o 02,(0)d6 =
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Lemma 2.7 (see [18,19]). Let H(A) hold, then the operators P, and Q,, have the following properties.
(1) For any fixed t > 0, Py(t) and Q(t) are linear and bounded operators, that is, for any

x e X,

lXMA
IPa(t)xllx < Mallxlh, — 1Qa()xllx < gy Il (212)

(2) {Pa(t),t >0} and {Q4(t),t > 0} are strongly continuous.

(3) Forevery t > 0, P,(t) and Q,(t) are compact operators.

Lemma 2.8 (see [27, Theorem 3.1]). Let x(t) be continuous and nonnegative on [0, b]. If

x(t) < g(t) + MJ; %ds, 0<t<b, (2.13)

where 0 <y < 1, ¢(t) is a non-negative, monotonic increasing continuous function on [0,b] and M
is a positive constant, then

x(t) S g(OE (MT(1-)I7), 0<t<b, (2.14)

where E1_y(z) is the Mittag-Leffler function defined for all y <1 by

o0 zn
El’Y(Z) = ;}W (215)
3. Auxiliary Results

In this section, we will give some auxiliary results needed in the proof of the main results. We
begin with the a priori estimation of the trajectory of the control systems.

Lemma 3.1. For any admissible trajectory x of the control system (1.1) and (1.5), that is, x € Try,
there is a constant L such that

Ixllc < L. (3.1)

Proof. Let any x € Try, from Definition 2.6, we know that there exists a u with u(t) €
V(t,x(t)) a.e. and

t
x(t) = Py(t)xo + Io (t=5)"1Qu(t - 5) (g(s,x(s))u(s) + h(s,x(s)))ds. (3.2)
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Then by Lemma 2.7, we get

My (! .
lx(®)llx <Mallxollx + ﬁ jo (t— )" Y|h(s, x(s))lIxds
" , (3.3)
+ ﬁ fo (t-5)""||g(s, x(s))u(s) || ds.
From H(h) and Holder inequality, we have
t ¢
[ = tnts x(opls < [ -9 @) +ellx(o)lods
(=) pepron]
S[mb( £/ (-p) ||111“L1/ﬂ(]) (34)
car [ (=9 xlds.
Similarly, by H(g)(3) and H(U)(3),
t t
J;J (t-5)""|g(s,x(s))u(s) | xds < dJ‘o (t— )" (ax(s) + callx(s) |y )ds
_ 1-p
< d[%b(“ﬂ)/(lﬂ)] ||a2||LW(]) (3.5)
t
wder [ (85 (o).
0
Combining (3.4), (3.5) with (3.3), we obtain
M ! _
@)l < Mallvolly + e, g (dez ) jo (=) 1x(s) s
Ma [(1-P) o o
F?l :;) [(a ) b(“_ﬁ)/(l_ﬁ):l <||a1||Ll/ﬂ(]) + d||112||L1/ﬂ(])>-

From the above inequality, using the well-known singular version of the Gronwall inequality
(see Lemma 2.8), we can deduce that there exists a constant L > 0 such that ||x||- < L.
LetQ={he€ X :|hlx £L}. Letpr; : X — X be the L-radial retraction, that is,

w15 lxlly < L, )
r,(X) = X .
P =2 x> L.
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This map is Lipschitz continuous. We define U;(t,x) = U(t, pr; x). Obviously, U; satisfies
H(U)(1) and H(U)(2). Moreover, by the properties of pr;, we have fora.e. t € J,all x € X
and all u € U (t, x) the estimates

[ully < ax(t) + 2L, lully < aa(t) + c2l x|l (3.8)

Hence, Lemma 3.1 is still valid with U (¢, x) substituted by U, (¢, x). Therefore, we assume
without any loss of generality that fora.e.t € J,and all x € X

sup{|[vlly : v € U(t,x)} < () = ax(t) + c;L, with ¢ € LYP(J,R"). (3.9)

Similarly, we can assume that fora.e.t € Jand all x € X

h(t, x)|lx < y(t) = a1 (t) + c1L,  with y € LVYF(J,R"). (3.10)

Let
Y, = {u e LYPLY) : lu(®)|ly < @(t) ae. t€ ]}, (3.11)
X, ={f €L"PU,X): || fB)llx < dp®) +y(t) ae teT}. (3.12)

It follows from assumption H(g) that for any h € X*, the function (h, g(t, x)u) = (g*(t, x)h,u)
is measurable in t and continuous in (x,u) almost everywhere. Hence, for any measurable
functions x : ] — X and u : J — Y, the function t — g(t,x(t))u(t) is scalarly
measurable [28]. The separability of the space X implies that the functiont — g(t, x(f))u(t) is
measurable. Therefore, according to H(g) and H(h), for any x € L'#(J,X) and u € L'/#(],Y),
the function t — g(t, x(t))u(t) + h(t, x(t)) is an element of the space L'/#(J, X). Hence we can
consider the operator o/ : L'/#(],X) x LVF(],Y) — LYF(J,X) defined by the rule

A(x,u)(t) = g(t, x(£))u(t) + h(t, x(t)). (3.13)

O

Lemma 3.2. The operator (x,u) — #(x,u) is sequentially continuous as an operator from
LYF(J,X) x w — LYP(],Y) into w — LVP(], X).

Proof. Suppose that x, — x in LYF(J,X) and u, — wu in w — LYF(J,Y). Take an arbitrary
u €Y and any h € LY (], X*). H(g) and the equality

(h(t), g(t, xa(B))u) = ("t xa (D)) (1), u) (3.14)
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imply that t — g*(t,x,(t))h(t) is a scalarly measurable function from | to Y*. Hence it is
measurable. Consider a subsequence x,,, k > 1, of the sequence x,,, n > 1, converging to x
a.e.int € J. By H(g), H(h), and (3.10), we have

g (£ Xy ())h(E) — g*(t, x(t))h(t) ae. te]inY*
8"t xn ()RD)[y. < dR(B)llx-  ae te],
h(t, %, () — h(t,x(t)) ae.te]inX,
It x ()l < Y(2)

(3.15)

Using the preceding four formulae and Lebesgue’s theorem of dominated convergence, we
obtain

g (t, X, (1) h(t) — g (£, x(H)h(t) in LVOP (], Y"), (3.16)

h(t, Xu, (t)) — h(t,x(t)) in L"F(],X). (3.17)

Then it follows from (3.16) that
L(g*(t, X (D) R(E), U (1))t — f}(g*(t,x(t))h(t),u<t)>dt- (3.18)

Since (h(t), g(t, x(t))u(t)) = (g*(t, x(t))h(t),u(t)) and h € L' -P (], X*) is arbitrary, by (3.17)
and (3.18), we deduce that

oA (%Xn,, Un,) — A(x,u) in w - LVP(],X). (3.19)

It follows from (3.9), (3.10), and (3.12) that {<#(x,,u4)},>; is a subset of X, which is a
metrizable compact set in w — LY# (], X). If the sequence o/ (x,, u,), n > 1, does not converge
to 4 (x,u) in w — LP(], X), then it has a subsequence o (x,,, Uy,;), i > 1, such that none of its
subsequences converges to /(x,u) in w — L'#(], X). Applying the above arguments to this
very subsequence (xy,, U,,), i > 1, we obtain a contradiction. The lemma is proved. O

Lemma 3.3. For a.e. t € ], the multivalued map x — V (t,x) defined by (1.4) from X to 2¥ is u.s.c.
with convex closed values.

Proof. From the definition of V(t,x), it is clear that V(t,x) is closed convex valued. Since
6 — Us(t, x) is increasing (in the sense of inclusion), and letting

Uy, (t, x) =E{UU(t,z) izEX+ %BX}, (3.20)

we obtain

V(t,x) = (\Ui/a(t, x). (3.21)

n>1
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Let xo € X and W be an open set in Y such that V (t, xo) € W. By (3.21), we can find an ngp > 1
such that

lll/no (t, XO) C W. (322)

For an arbitrary y € xo + (1/n9)Bx, we can find a 6 > 0 such that y + 6Bx C xy + (1/n9)Bx.
Therefore we obtain

U5(t, y) C u1/n0 (i‘, xo) CW. (3.23)

Then it is clear that V(t,y) € W, for all y € x¢ + (1/n9)Bx. This means that x — V(t,x) is
u.s.c. O
Let Cx = {zx}> be a dense countable subset of the ball Bx. We put

uy,,(t,x) = U(t,x + %zk>, z € Cx. (3.24)
Lemma 3.4. Fora.e. t € ], let Uy ,(t, x) be defined by (3.20), then we have
U/ (t, x) = a{puf /(%) } (3.25)
=1
where the closure is taken in Y.

Proof. We recall that coA = COA for any subset A C Y. Hence it is sufficient to prove that for
ae. te],

Duf/n(t,x) = {U Ut,z):zex+ %BX}. (3.26)
k=1

That the left hand side of (3.26) is contained in its right hand side is obvious. Let w €
{UU(t,z) : z € x+ (1/n)Bx}, then w € U(t,x + (1/n)z,) for some z, € Bx. Now
let z,, — z., {Zm}ys1 € Cx. Since ae. t € J, x — U(tx) is Ls.c. at x + (1/n)z, and
x+(1/n)z,, — x+ (1/n)z., there is a sequence w,, € U(t,x + (1/n)z,,), m > 1 converging
to w (Proposition 1.2.6 [24]). Due to {w,},,»1 € Ui Llf/n(t,x), we have w € |2, lli‘/n(t,x).
Since w is arbitrary, we can get {JU(t,z) : z € x + (1/n)Bx} € U, Ui‘/n(t,x). Therefore
(3.26) holds. The lemma is proved. O

Now we consider the following auxiliary problem:

“Dix(t) = Ax(t) + f(t), te]=[0,b], 527
x(0) = xo. '
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It is clear that for every f € LF(],X), (3.27) has a unique (mild) solution S(f) € C(J,X)
which is given by

t
S(f)(t) = Pult)xo + L (t— )" Qu(t - 5) f(s)ds. (3.28)

The following lemma describes a property of the solution map S which is crucial in
our investigation.

Lemma 3.5. The solution map S : X, — C(J, X) is continuous from w — X, to C(J, X).

Proof. Consider the operator H : L'/#(]J,X) — C(J,X) defined by
HA® = [ @=5'Qu(t=9)f o). (3.29)

We know H is linear. From simple calculation, one has

M, [Q- -f
”H(f)”C s l"(xl +1‘:x) I:E“ _[;3)) b(aﬂ)/(lﬂ):l ”f”Ll/ﬂ(],x)r (3.30)

that is, the operator H is continuous from L/#(J, X) into C(J, X), hence H is also continuous
from w — L'#(J, X) into w — C(J, X).

Let any B € P,(L'#(J, X)) and suppose that for any f € B, f sz S K(K>0isa
constant). Next we will show that H is completely continuous.

(a) From (3.30), we know that [|[H(f)(t)||x is uniformly bounded for any t € | and
f eB.

(b) H is equicontinuous on B. Let 0 < t; <t, < band any f € B, we get

IH () (t2) = H(F) (1) ||

tr t
0 (t2 = 5)* ' Qalts — 5) f (5)ds — . (t1 = )" "' Qu(ts — 5) f(s)ds

X
t
— a_l —_— )
< . (t2 = 8)"" Qalta —s)f(s)ds . denoted by I (3.31)
ty
+ J ((br =) = (t1 — )" ) Qu(tr — s)f(s)ds|| ---denoted by I,
0 X
t
+ J (t1 = 8) N (Qultr — ) — Qu(t — s))f(s)ds|| ---denoted by I.
0

X
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By using analogous arguments as in Lemma 3.1, we find

aMs | (1-B) o a-p
IlSF(1+a)[(a—ﬁ)] Kt =)™
t B 1-p

IZ S r[(xlj\f/‘;) J‘O <(t1 _ S)a—l _ (tz _ S)a—1>1/(1 ﬂ)ds> K

aMa (" (a-1)/(1-p) (a-1)/(1-p) o

Tire <f0 <(t1—s) —(tr - 5) >ds K (3.32)
~aMa [A-BT " wpran wprap (a-p/-p\ P

F(1+a)[ a—ﬂ)] (tl 1 +(-h) ) K

2aMs [=9)17
_F(1+a)[a—ﬁ)] (b2 =0)7 K

Fort; = 0,0 < t; < b, it is easy to see that I3 = 0. For #; > 0 and € > 0 be enough
small, we have

I <

ti—e
fo (b = )™ (Qult2 — 5) - Qu(ts - ) f(s)ds

X

+

t
f (51— ) (Qu(t2 — 5) — Qults — ) f(s)ds

l’l—é‘

X

1-p1""
< sup [|Qu(ta—5) = Qalts = 9)| [M] (3.33)
s€[0,t1—€] (,1 - [5)

— —_ 17
(B O laprap) 0%

2aMs [(1-P)]7
+r(1+d)l:(a—ﬂ):| e PK.

Combining the estimations for I, I, and I3, and letting t, — t; and e — 01in I3,
we obtain that H is equicontinuous. For more details, please see [19].

(c) The set I1(t) = {H(f)(t) : f € B} is relatively compact in X. Clearly, I1(0) = {0}
is compact, and hence, it is only necessary to consider t > 0. For each h € (0,t),
t € (0,b], f € Band 6 > 0 be arbitrary, we define

5(t) = {Hus(f)(t) : f € B}, (3.34)
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where
t-h pco
Hys (f) t)=a fo L ot - s)“_lga(G)T((t - s)“Q)f(s)dG ds
t-h pco
= af J ot - s)”‘_lga(G)T(h"‘(‘)')T((t -5)"0 - h“6)f(s)d6 ds (3.35)
0o Js
t-h Ao
= aT (h*6) f f ot - s)“_lga(Q)T((t -5)"0 - h“6)f(s)d6 ds.
0o Js

From the compactness of T (h*6) (h*6 > 0), we obtain that the set I'l, 5(t) is relatively compact
in X for any h € (0,t) and 6 > 0. Moreover, we have

IH(f)(®) - Hus (F) 01

=a

6
ft f 0t — 5)" "2 (0)T((t - 5)°6) f (s)d6 ds
0/0

+ f Jm O(t—5) &, (O)T((t - 5)*0) f(s)dO ds
0/6

—-h a0
- f f O(t — 5)" & (O)T ((t - 5)"0) f (s)dO ds
0 &

X

<a

6
ff O(t - 5)" & (O)T ((t - 5)*0) f(s)dO ds
070

X (3.36)

+a

ft [“e-9 - sre)sdods
t-h J 6

X

t 1_ﬂ I3}
< MA“(I (t_s)(al)/(lﬂ)ds> ”f”LW(JX)f 6¢,(0)do
0 g 0

t 1-p o)
+ MA“(I (t— S)(u—l)/(l—ﬁ)ds> ”f”Ll/ﬁ(]X) I 6¢,(0)do
’ 5

t-h
-1 res (° 1.
gMAKa[(a_ﬂ)] b ﬂfoega(e)de+r(1+a)h p).

In virtue of (2.11), the last term of the preceding inequality tends to zeroash — 0and 6 — 0.
Therefore, there exist relatively compact sets arbitrarily close to the set I1(t), t > 0. Hence the
set I1(t), t > 0 is also relatively compact in X.

Since X, is a convex compact metrizable subset of w — L'/#(], X), it suffices to prove
the sequential continuity of the map S. Now let {f,},5; € X, such that

fo— f inw-LYP(],X), fe€X, (3.37)
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By the property of the operator H, we have H(f,) — H(f) in w — C(J,X). Since
{fn}ns1 is bounded, there is a subsequence {fy };>; of the sequence {f,},.; such that
H(fn,) — zin C(J, X) for some z € C(J, X). From the facts that

H(f,) — H(f) inw-C(J,X), H(fs)—z inC(J,X), (3.38)

we obtain that z = H(f) and H(f,) — H(f) in C(J, X).

From the definitions of the operators S and H, we have that S(f)(t) = P.(f)xo +
H(f)(t). Then due to the arguments above, we have S(f,) — S(f) in C(J, X). This completes
the proof of the lemma. O

4. Existence Results for the Control Systems

In the present section, we are interested in the existence results for the control systems (1.1),
(1.2) and (1.1), (1.5).

Let A = 5(Xy), from Lemma 3.5, we have that A is a compact subset of C(J,X). It
follows from formulae (3.9), (3.10), and (3.12) that Try C Try C A. Let U : C(J,X) —
2LPUY) be defined by

U(x) = {h: ] — Y measurable : h(t) e U(t,x(t))a.e.}, xeC(J,X). 4.1)

Theorem 4.1. The set Ry; is nonempty and the set Ry is a compact subset of the space C (], X) x w —
LYP(J,Y).

Proof. By the hypothesis H(U)(1), we have that for any measurable function x : | — X,
the map t — U(t, x(t)) is measurable and has closed values. Therefore it has measurable
selectors [29]. So the operator U is well defined and its values are closed decomposable
subsets of L'#(]J,Y). We claim that x — U(x) is Ls.c. Let x, € C(J,X), h, € U(x,) and
let {x,},5; € C(J,X) be a sequence converging to x.. It follows from Lemma 3.2 in [30] that
there exists a sequence h,, € U (x,) such that

|he(t) = hu(t)]ly < dy (ha(t), U (t, x, (1)) + }1 ae te]. (4.2)

Since the map y — U(t,y) is Ls.c., by the Proposition 1.2.26 in [24], the function y —
dy (h.(t),U(t,y)) is u.s.c. for a.e. t € J. It follows from (4.2) that fora.e. t € |

lim |1 (8) = B () [ly < Timy, - oody (R (£), UL(, X (1))
e (4.3)
< dy (hy(t), U(t,x.(1))) = 0.

This together with (3.9) implies that h, — h, in LY#(J,Y). Therefore the map x — U(x) is
Ls.c. By Proposition 2.2 in [31], there is a continuous function m : A — L/P(J,Y) such that

m(x) e U(x), VxeA. (4.4)
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Consider the map p : LVF(],X) — LYF(J,Y) defined by P(f) = m(S(f)). Due to Lemma 3.5
and the continuity of m, the map p is continuous from w — X,, into L'#(J,Y). Then by
Lemma 3.2, we deduce that the map f — <#(S(f), P(f)) is continuous from w - X,, into
w — LYF(J,X). It follows from (3.9), (3.10), (3.12), and (3.13) that 4(S(f), P(f)) € X, for
every f € X,,. Therefore, the map f — 4(S(f),P(f)) is continuous from w - X,, into w - X,,.
Since w - X,, is a convex metrizable compact set in w — L'YF(J,X), Schauder’s fixed point
theorem implies that this map has a fixed point f. € X, that is, f. = H4(S(f.), P(f.)). Let
u, = P(f«) and x, = S(f.), then we have u, = m(x,) and f. = #(x,, u.). That means

t
x.(t) = Pa(t)x0 + fo (= 5)" "' Qu(t = 5)(g(s, x4(5))1u(s) + h(s, x.(s)) ) ds, 45)

u.(t) e U(t, x.(t)), ae.te],

which implies that (x.(-), u.(+)) is a solution of the control system (1.1) and (1.2). Hence Ry;
is nonempty.

It is easy to see that Ry C A x Yj,. Since A is compact in C(J, X) and Y, is metrizable
convex compact in w — LYF(J,Y), we have that Ry is relatively compact in C(J,X) x w —
LYF(],Y). Hence to complete the proof of this theorem, it is sufficient to prove that Ry is
sequentially closed in C(J, X) x w — LY(],Y).

Let {(xx(-), un(-))},51 € Rv be a sequence converging to (x(-), u(-)) in C(J,X) x w —
LYF(J,Y). Denote

fa () = (t, xn () un(t) + h(t, x4 (1)),
£(t) = g(t, x(®)u(t) + h(t, x(t)).

(4.6)

According to Lemma 3.2, f, — finw - LYF(]J,X). Since fn € Xypand x, = S(fy), n > 1,
Lemma 3.5 implies that

x = S(f). (4.7)

Hence, to prove that (x(-), u(-)) € Ry, we only need to verify that u(t) € V(t,x(t)) a.e. t € J.
Since u, — uinw - LY(],Y), by Mazur’s theorem we have

u(t) e ﬁ@(@uk(t)>, for a.e. t € J. (4.8)
=1 k=n

From Lemma 3.3, we have that for a.e. t € J, the map x — V(t,x) € Ps.(Y) is u.s.c., then
by Proposition 1.2.61 in [24], the map x — V/(t,x) € Py (Y) is h-upper semicontinuous.
Therefore from assertion (b) of Proposition 1.2.86 in [24], the map x — V/(t,x) has property
Q. Hence we have

ﬁ@(@V(t,x;&t))) CV(tx(t), forae.te]. (4.9)

n=1 k=n



16 Abstract and Applied Analysis

In virtue of (4.8) and (4.9), and for a.e. t € J, u,(t) € V(t,x,(t)), n > 1, we obtain that
u(t) € V(t,x(t)) a.e. t € J. This means that Ry is compact in C(J, X) xw—LP(J,Y). The proof
is complete. O

5. Main Results

In this section, we will prove the relaxation result. But first, we give a lemma which is
important in the proof of our relaxation theorem.

Lemma 5.1. For any pair (x.(-), u.(-)) € Ry, there exists a sequence of simple functions y, : | — X
and a sequence v, € LVP(],Y), n > 1, such that

lyn®|lx < % te], n>1, (5.1)
va(t) e U(L x,(t) +yu(t)), te], (5.2)
vy — u, inw-LYP(JY). (5.3)

Proof. Let (x.(-), u«(-)) € Ry. From Lemma 3.4, we have that forae.t€ J,n>1

w.(t) € V(t,x.(5) € Uyt () = a{ Uut,, x*<t>>}. (5.4)

k=1

The map t — U, Uf /n(t, x.(t)) is measurable (see Propositions 2.3 and 2.6 in [29]) and, by
(3.9), is integrally bounded. Therefore, from (5.4) and Theorem 2.2 in [32], we have that there

exists an f,, € L'F(J,Y) such that
bt 1
faty e JUk, (4, x. () aete] |- full, < - (5.5)
k=1

We know that the map t — Ui‘ /n(t, x4(t)) is measurable and its value are closed, then
following Theorem 5.6 in [29] (also Proposition 2.2.3 in [24]), there exists a sequence of

measurable selectors f" (t) € U’l‘/n(t, x.(t)),t € J, m > 1 such that

Uk, (t, x.(t) = U(t,x*(t) + %zk) = Df,g"(t), forte ], k>1. (5.6)
m=1

Therefore we have

o o

Ou]f/n(t, x.(t)) = ©U<t, x.(t) + le) = U Uf,i"(t), forteT. (5.7)
k=1 k=1 n

k=1m=1
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From (5.5) and (5.7), according to Lemma 1.3 in [33] (also see Proposition 2.3.6 [24]), there is
a finite measurable partition /i, J5,..., Jim) of J such that

1/ B
< f dt> <3 (58)
] n

Y
where y(J;) is the characteristic function of the set J;. Now let

I(n)
Ful®) = XU (1)
i=1

I(n) I(n)
0all) = SXUMT®,  yalt) = D)z, 59)
i=1 i=1

Formula (5.9) implies that y, is a simple function, v, € L'#(],Y) and (5.1), (5.2) hold. By
Lemma 2.4, (5.5) and (5.8), we obtain that (5.3) holds. The lemma is proved. O

Now we are ready to present our main result.

Theorem 5.2. The set Cry is compact in C(], X) and the following relation holds
Try = Try, (5.10)

where the bar stands for the closure in C(J, X).

Proof. Let (x.(:), u.(-)) € Ry and {vy,},51, {¥n},>1 be given asin Lemma 5.1. Put Q = {h € X :
|lhllx < L}, for fixed n > 1, we consider the function defined by

ra(t,x,u) = ||g (8 () + yu (1)) vu(t) + h(t, x.(F) + yu(t))

(5.11)
—g(t, x)u—h(t, %)l — Lar (]| 2 (8) + yu(t) — x| -

It is clear that the functiont — r,(t, x, 1) is measurable and the function (x, u) — r,(t, x, u) is
continuous (in view of H(g) and the fact that if x : ] — X is a measurable function, ||x(t)||x
is a measurable real-valued function). According to the Theorem 2.4 in [34], there exists a
sequence of nested (in the sense of inclusion) closed sets Jx C J, k > 1, u(J \ U, Jk) = 0 such
that the map (¢, x) — U(t, x) is l.s.c. on Jx x Q and r,, (¢, x, u) is continuous on Jx x Q x Y. Let
the multivalued map H, : ] x Q@ — Y be defined by

H,(t,x) = {u €Y :r,(t,x,u) - % < 0}. (5.12)

For every k > 1 the graph of the map H,(t, x) is an open subset of Jx x Q x Y. Let the map
U, : ] xQ — Y be defined by

U, (t, x) = Hu(t,x) NU(t, x). (5.13)
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Hypothesis H(M) together with (5.12) implies that U,,(t, x) is nonempty for a.e. t € J and all
x € Q. Since the map U(t, x) is I.s.c. on Jx x Q, k > 1, and the graph of the map H,(t, x) is
an open subset of Jx x Q x Y, k > 1, then according to Proposition 1.2.47 in [24], we obtain
that the map U,(t,x) is Ls.c. on Ji x Q, k > 1. Hence the map U, (t,x) = U,(t x) is Ls.c. on
Jk x Q, k > 1. Therefore, for every continuous function x : | — Q the map t — U, (t,x(1)) is
measurable and the map x — U, (t x)isls.c.onQforae.teJ.

It is clear that U,(t,x) C U(t x). Consider the system (1.1) with the constraint
U, (t,x(t)) on the control. The arguments used in the proof of the Theorem 4.1 enable us
to obtain the existence of a solution (x,(-), u,(-)) € Ry and

|g(t % () + yu () on(t) + B(E 2 (8) + yul(t)) — g(t, Xn(F))un(t)

1 (5.14)
—h(t, x5 (1) llx = a1 (B) || () + v (8) = X (D) || = —<0.
Now by (x,(-), #.(-)) € Ry and (x,(-), () € Ry, n > 1, we have
x.(t) = Py(t)xo + f; (t=5)" " Qult — ) (g(5,x:(5))us(s) + h(s, x.(s)))ds, (5.15)
xn(t) = Pa(t)x0 + I; (t =) Qult = 5)(g(5, %n(5))un(s) + h(s, xu(s)))ds. (5.16)

Theorem 4.1 and Ry; C Ry imply that we can assume, possibly up to a subsequence, that the
sequence (x,(-), (")) — (X(:),%(-)) € Ry in C(J,X) x w — LY#(J,Y). Subtracting (5.15) from
(5.16), we have

1% (8) = 24 (B)llxc = [[H(C, % ()1 (-) + (-, xn())) (2)
—H(g(, () ta () = B, x.()) (B) ||
< H((x:() + Yn())0a() + h(, () + yn()) = () ()
~h(;,x.(:)))(t)ll - - - denoted by D;
+ | H (g, 2n())n() + (-, xn()) = 8 %) + Yu () )0n ()
~h(-, %) + ¥n()) (H)|| - - - denoted by D.

(5.17)

Here the linear operator H is defined by (3.29). In virtue of (5.1), we have x, + y, — x. in
LYF(J, X). Since v, — u, in w — LYP(],Y) (see (5.3)), from Lemma 3.2 we have that <#(x, +
Yn, Un) — A(x., 1) in w — LYP(],X). By the property of the operator H in Lemma 3.5, we
obtain

Dy — 0 foreveryte]. (5.18)
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Due to (5.14), we have

aMA ' a-1 1
D, < m 4[0 (t-s) <ZL+1(S)||x*(S) +Yn(s) - xn(s)”X + E)ds
aMalllLallp=(

- r+a)

n (XMAba
nal'(1+a)’

f (-l - ) (5) + al8) - yds (519)
0

Note that ||x,(f)||x < L, [|[xx(t)|lx £ Lforany n >1,t € J. Combining (5.18), (5.19) with (5.17),
letn — oo, we get

aMalllpallpe

t
e [ =9 Q=)o) ~F(e)lxds. (520

126 (8) = 2. (B)[]x <

This together with Lemma 2.8 implies that x, = x. Hence we have that the sequence x,, € Tryy,
n > 1, converges to x, € Cry in C(J, X). From Theorem 4.1, we know that Try is compact in
C(J, X). Now it follows from CTry € Try and the proof above that the relation (5.10) holds.
The proof is complete. O
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