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Recently many mathematicians are working on Genocchi polynomials and Genocchi numbers. We
define a new type of twisted g-Genocchi numbers and polynomials with weight & and weak weight
P and give some interesting relations of the twisted g-Genocchi numbers and polynomials with
weight a and weak weight f. Finally, we find relations between twisted g-Genocchi zeta function
and twisted Hurwitz g-Genocchi zeta function.

1. Introduction

The Genocchi numbers and polynomials possess many interesting properties and arising in
many areas of mathematics and physics. Recently, many mathematicians have studied in the
area of the g-Genocchi numbers and polynomials (see [1-16]).

Throughout this paper we use the following notations. By Z, we denote the ring of
p-adic rational integers, Q, denotes the field of p-adic rational numbers, C, denotes the
completion of algebraic closure of Q,, N denotes the set of natural numbers, Z denotes
the ring of rational integers, @ denotes the field of rational numbers, C denotes the set of
complex numbers, and Z* = N U {0}. Let v, be the normalized exponential valuation of C,
with |p|, = p™ ) = p~!. When one talks of g-extension, q is considered in many ways such
as an indeterminate, a complex number g € C, or p-adic number g € C,. If g € C, one
normally assume that |g| < 1. If g € C,, we normally assume that |q - 1|, < p~/?~1 so that
g* = exp(xlogq) for |x|, < 1. Throughout this paper we use the following notation:
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_l-g _1-(-9)
[x]q_ 1_q/ [x]—q_v
(cf. [1-13]).
Hence, lim, . 1[x] = x for any x with |x|p < 1in the present p-adic case.
For

feub(z,) ={f1f:2Z, — C, is uniformly differentiable function},
the fermionic p-adic g-integral on Z, is defined by Kim as follows:

1 .
L) = [ S@aeg(x) - A AT 2 S )

(cf. [11-14]).
If we take fi(x) = f(x +1) in (1.1), then we easily see that

ql-4(f1) +14(f) = [214£(0)-

From (1.4), we obtain

n-1
q'Iq(fu) + ()" (f) = [21, (-1 £ ),
1=0

where f,(x) = f(x +n) (cf. [5-9]).
Let Cpn = {w | wP" = 1} be the cyclic group of order p” and let

Tp = lim Cpn = pr = UnZOCp”

n—oo

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

be the locally constant space. For w € T,, we denote by ¢, : Z, — C, the locally constant

function x + w*.
As well-known definition, the Genocchi polynomials are defined by

F(t)y= -2 —th—iG e
Tety1 T T &AMyl
n=0
2t ¢ G(x)t = t"
F(t x) = et+1ex e’ =HZ=0G"(x)E'

(1.7)

with the usual convention of replacing G"(x) by G,(x). G,(0) = G, are called the nth

Genocchi numbers (cf. [2-5, 14]).
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These numbers and polynomials are interpolated by the Genocchi zeta function and
Hurwitz-type Genocchi zeta function, respectively:

o9 =25 50
n=1

ols,x) =250

= (n+x)°

(1.8)

Our aim in this paper is to define twisted g-Genocchi numbers G 40 ), and polynomials

Gi'xqﬂ z)u(x) with weight a and weak weight . We investigate some properties which are related

to G( ngw and Gilaqﬁ Z)U(x) We also derive the existence of a specific interpolation function which

interpolate Gn qﬂ ,L and Gﬁf‘f ,),) (x) at negative integers.

2. Generating Functions of Twisted g-Genocchi Numbers and
Polynomials with Weight « and Weak Weight

Our primary goal of this section is to define twisted g-Genocchi numbers G qw and
polynomials Gn e w(x) with weight a and weak weight . We also find generating functions
of GF), and Gib), (x).

Definition 2.1. For a, p € Qand q € C, with [1-¢g|, <1,

G =11 IZ oo (%) [ ]y " dpi_gp (%) (2.1)

We call Gf,af Z)U twisted g-Genocchi numbers with weight & and weak weight g.

By using p-adic g-integral on Z,, we obtain

pN-1 x
n . P (x) [x];'lld#—qﬂ(x) =n hmoo [pN] qp xzo WX[x];;l (—qﬂ> (2.2)

= 2],y 3 (1) [l
m=0

From (2.1) and (2.2), we have

n-1 n-1
(@p) 1 _ L
G, —n[z]qp(l_qa> ("7 ) >1+wqﬁm, 23)

I=

We set

a, a, t
( ﬁ)(t) ZGn qﬂr?u_' (24)
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By using the previous equation and (2.3), we have

Fl =3 (e () S () e ) s
qw ) - nzzo n qﬂ 1-— qa p l 1+ wqﬂ+al n!

— [2]qﬂtz (_1)mqﬂmwme[‘rﬂ]qat

m=0

(2.5)

Thus twisted g-Genocchi numbers Gil 4w With weight a and weak weight p are defined by
means of the generating function:

FSP (1) = [2] 5t 3 (-1)"gPrael e, (2.6)

By using (2.2), we have

ZG(naqﬂz)ut f o ()Tt dp_gp (). 2.7)

n=0

From (2.5) and (2.7), we have

& a, t m ng
ZGLﬁL =12 ,,ﬂtz< )" g™ el (2.8)

Next, we introduce twisted g-Genocchi polynomials G,1 e (x) with weight a and weak
weight S.

Definition 2.2. For a, p € Q and g € Cp with [1 - g, <1,

GeP (x) = n j b () [+ 9] i (). (2.9)

We call G;uqﬂ ) (x) twisted g-Genocchi polynomials with weight a and weak weight .

By using p-adic g-integral, we have

p—l

"J P () [x+ Y] dp g (y) = lim —— 3 w? [x + y]7" (-4")”
z, ~= [N ] 4 y=0 (2.10)

=n[2], Z (~1)"gPmw™ [x + m]Za_l.

m=0
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By using (2.9) and (2.10), we obtain

G(txﬂ) (x) 1’1[2] < 1 )n 1n§:1<n 1)( 1)1 axl 1 (2 11)
W - qﬂ q o 1 " wqﬂ‘*’ﬁd . .
We set
FSP (1, x) = ch”‘fi, (2.12)

By using the previous equation and (2.11), we have

0 n-1n-1
(@) _ 1 n-1 ! axl 1 tn
Fq,w (t/ x) - § (n[Z]qp < 1- qa> E < 1 > (_1) q 1+ wqﬂ“‘l) n!

n=0 =0 (2.13)

= [2]pt 3 ()" g el e,
m=0

Thus twisted g-Genocchi polynomials G y4 w(x) with weight a and weak weight j are
defined by means of the generating function:

Ford (8,x) = [2] 6t 3 (-1)" g™ elemet, (2.14)
m=0

By using (2.9), we have

a, tn X+Y|
SRS =t [ e ety (w). 215)

n=0

By (2.13) and (2.15) we have

a, tn — m m m | X+m| a
S - (21t 2, (1" g0l (2.16)

n=0

Remark 2.3. In (2.14), we simply identify that

() n_(x+n)t
hmF w (t,x) =2t D"w"e
g (£,X) = nZO( )" 2.17)

= Fy(t, x).

Observe that if g — 1, then Fc(,if) (t) — Fy(t) and F(ap (t,x) — Fy(t, x). Note that if
g — landw =1, then G}, — G, and G/}, (x) — Gy(x).
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3. Some Relations between Twisted g-Genocchi Numbers and
Polynomials with Weight « and Weak Weight

By (2.11), we have the following complement relation.

Theorem 3.1. One has the property of complement

Gl (1= 2) = (-D)"wg " VG ().

g w

Also, by (2.11), we have the following distribution relation.
Theorem 3.2. For any positive integer m(=odd), one has

2],

(a,p)
Gn, ,w(x) =
1 [z]qﬂm

Vi) (X
[m]g< Z(—l)’wlqﬂlGnlém,wm< p ), nez.
i=0

Let f(x) = tw*e™e". Then by (1.5), left-hand side is in the following form:

n n— N n,, 1 (@p) n- a, t
P L (fa) +(-1) 117[1,; (f) = Z(q/‘ w an,f,w(n) +(-1) 1G5n§)w>%

m=0

And right-hand side in (1.5) is in the following form:

n-1 © -1 .
21 2, D" () = Y 2] pm Y, ()" g ! [1123‘1,%.
1=0 m=0 1=0 .

By (3.3) and (3.4), one easily sees that
(@p) (@p) < I
47" Gl () + (-1)" " Grlyo = [2]pm > (1) g 157
1=0

Hence, we have the following theorem.

Theorem 3.3 (Let m € Z%). If n =0 (mod 2), then
(@p) @p) (ST 1
qﬁnwnGm,,q,w (n) - Gm,’q,w = [2]qﬂmZ(_l) ! qﬁlwl[l]zr .
1=0
Ifn=1 (mod 2), then

n-1
470" G (n) + G = [21ym > (<1 I
1=0

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)
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Since [x + Y] o = [X]ge + q™[y] ., onie easily obtains that

G ()= (n+1) f P (y) [x + ] ()

(3.8)
=(n+1)[2 qﬂZ( D" g w™ [x +m].
m=0
From (1.4), one notes that
(2]t = q’ IZ tw(ﬁl)e[ﬂl]qatdﬂ—qﬂ (x) + IZ the[x]qatdﬂ—qﬂ (x)
o ' (3.9)
B (a ﬁ) (a ﬁ) I

By using comparing coefficients of t"/n! in the previous equation, we easily obtain the
following theorem.

Theorem 3.4. For n € Z*, one has

a, 2];5 ifn=1,
PGP (1) + GLP) = 25/ 3.10
4 WCngw) + Cngo =107 421 (3.10)

By (3.8) and (3.10), we have the following corollary.

Corollary 3.5. For n € Z*, one has

— a a, 2] P lf n= 1/
bao (G0 +1)" + G, = {2lg 3.11
1 <q & > 7o, ifn#l, 511

(@p)\" (a,p)
with the usual convention of replacing (Ggw') by Gy g -

4. The Analogue of the Genocchi Zeta Function

By using g-Genocchi numbers and polynomials with weight a and weak weight f, g-Genocchi
zeta function and Hurwitz g-Genocchi zeta functions are defined. These functions interpolate
the g-Genocchi numbers and g-Genocchi polynomials with weight a and weak weight g,
respectively. In this section we assume that g € C with |g| < 1.

From (2.5), we note that

d a, < m _pm, m a,
dtk+1F;f)(t) = (k+D)[2]p > ()" [mlk = GZF . (keN).  (&1)
=0 m=0

By using the previous equation, we are now ready to define g-Genocchi zeta functions.
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Definition 4.1. Let s € C. One has

aﬂ) B (-1)"gF"w"
(s) = qﬂZ—[n]qu : (4.2)

Note that g( i )(s) is a meromorphic function on C. Observe that if 4§ — 1, then

hmmcqw)@ Suls).

Theorem 4.2. Relation between g( H (s) and G( ﬂ : . 1S given by

()
k+1,9,w

k+1 °

P (k) = (4.3)

Observe that §,(:f ) (s) interpolates G;(aqﬂ Z)U at nonnegative integers.

By using (2.14), one notes that

dl ap)

TAFP 0| = k)20 S ) e e mlh =G0 (0, (@)

k+1,qw
=0 m=0

d k+1 [ee] (11 ﬁ) tn
(&) <§Gnﬂrw<x>m>

By (4.5), we are now ready to define the twisted Hurwitz g-Genocchi zeta functions.

- G,i‘i’f,)q/w(x), for k € N. (4.5)
t=0

Definition 4.3. Let s € C. One has

(-1)"g""w
x+n]

(s, %) = [2] qﬂz

(4.6)

Note that C(a i )(s, x) is a meromorphic function on C. Observe that if g — 1, then

hmq%lgq (S JC) gw(S,X).

Theorem 4.4. Relation between Q(“) (s, x) and G,((“;,w (x) is given by

()
k+1,qw (X)

T . (4.7)

(“ﬁ)( k )

Observe that g(“ # )( k, x) interpolates G (x) at nonnegative integers.
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