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Recently, Dere and Simsek (2012) have studied the applications of umbral algebra to some special
functions. In this paper, we investigate some properties of umbral calculus associated with p-adic
invariant integrals on Z,. From our properties, we can also derive some interesting identities of
Bernoulli polynomials.

1. Introduction

Let p be a fixed prime number. Throughout this paper, Z,,Q,, and C, denote the ring of p-
adic integers, the field of p-adic rational numbers, and the completion of algebraic closure of
Q,, respectively.

Let N U {0}. Let UD(Z,) be space of uniformly differentiable functions on Z,. For
f € UD(Z,), the p-adic invariant integral on Z, is defined by

g
Lp FE0) = Jim S 2, (1)

see [1,2].
From (1.1), we have

focemdu(o) - [ f@dpcx) = (D, neN, (12)
z, z, 1=0
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where f'(I) = (df (x)/dx)|,.; (see [1-6]). Let F be the set of all formal power series in the
variable t over C, with

F={f(t)= wﬂt’wakecp}. (1.3)

1
= k!

Let P = C,[x] and let P* denote the vector space of all linear functional on PP.
The formal power series,

£(t) = %tk €F, (1.4)
k=0 """

defines a linear functional on IP by setting
(f(t) | x") =a,, Yn>0, (1.5)

see [7, 8].
In particular, by (1.4) and (1.5), we get

<tk | x”> = 16k, (1.6)

where 6, is the Kronecker symbol (see [7]). Here, F denotes both the algebra of formal
power series in t and the vector space of all linear functional on P, so an element f (¢) of F will
be thought of as both a formal power series and a linear functional. We shall call F the umbral
algebra. The umbral calculus is the study of umbral algebra.

The order o(f(t)) of power series f(t)(#0) is the smallest integer k for which aj does
not vanish. We define o(f(t)) = oo if f(t) = 0. From the definition of order, we note that
o(f(Hg(1)) = o(f (1)) + (g (1)) and o(£(£) + g()) > min{o(f (1)), o(g (1) ).

The series f(t) has a multiplicative inverse, denoted by f(t)™" or 1/£(t), if and only if
o(f (1)) =0.

Such a series is called invertible series. A series f(t) for which o(f(t)) = 1is called a
delta series (see [7, 8]). Let f(t), g(t) € F. Then, we have

(fOgt) [ p(x)) = (f(t) | gOp(x)) = (g®) | f(Hp(x)). (17)
By (1.5) and (1.6), we get
(e 1x")=y", (" [p()=p(y) (1.8)

see [7].
Notice that for all f(t) inF,

£ty = ig(t) | xk>tk

, (1.9)
&7
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and for all polynomials p(x),

k
p(x) = me", (1.10)

|
k>0 k!

see [7, 8].
Let f1(t), f2(t),..., fm(t) € F. Then, we have

FORO - a0 1) =3 (" YA 1) () [ 6), (1.11)

/lm

where the sum is over all nonnegative integers iy, i, ..., i,, such that iy + - - - +i,, = n (see [8]).
By (1.10), we get

p® (x) = d;":f) - §<t1 | Z(x»zu 1) (= k+ D)k, (1.12)

Thus, from (1.12), we have
PP = (£ 1px) = (11pP ), (1.13)

see [7].
By (1.13), we get

tp(x) =p®(x) = % (1.14)

Thus, by (1.14), we see that
e’'p(x) =p(x +y). (1.15)

Let us assume that s,(x) is a polynomial of degree n. Suppose that f(t),g(t) € F with
o(f(t)) = 1 and o(g(t)) = 0. Then, there exists a unique sequence s,(x) of polynomials
satisfying (g(t)f(t)k | sn(x)) =n!d,k forall n, k > 0.

The sequence s, (x) is called the Sheffer sequence for (g(t), f(t)), which is denoted by
5a(x) ~ (1), £(1)).

The Sheffer sequence for (g(t),t) is called the Appell sequence for g(t), or s,(x) is
Appell for g(t), which is indicated by s, (x) ~ (g(t),t).



4 Abstract and Applied Analysis

For p(x) € P, it is known that

(f®) | xp(x)) = (B f (1) [ p(x)) = (f' () | p(x)),

(1.16)
(" =11p(x) =p(y) - p(0),
see [7, 8].
Let s, (x) ~ (g(t), f(t)). Then, we have
S (h(t
i = 3 OO gwp 0, ho e, 1.17)
o {g(t)f(t)*
p(x) = kz:;) <g( )f(li! | p(X)>sk(x), p(x) €P, (1.18)
—eyf(t) S k(y)t , forany yeC,,
G0 ;::‘) x vy €GCy (1.19)
where f(t) is the compositional inverse of f(t), and
fB)sn(x) =nsp-1(x), (1.20)

see [7, 8].
We recall that the Bernoulli polynomials are defined by the generating function to be

t
et — 1 xt B(.X' ZB (1.21)

with the usual convention about replacing B"(x) by B, (x) (see [1-16]).
In the special case, x = 0,B,(0) = B, are called the nth Bernoulli numbers. By (1.21),
we easily get

Bu(x) = (B+x)" = zn; (’;) Bx"! = zn; (’;) Byix'. (1.22)

1=0 1=0
Thus, by (1.22), we see that B, (x) is a monic polynomial of degree n. It is easy to show that

Bo=1,  By(1) =B, =61, (1.23)

see [13-15].
From (1.2), we can derive the following equation:

[ e vauw - [ seduw - 10, (1.24)
z, z,
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Let us take f(x) = e € UD(Z,,). Then, from (1.21), (1.22), (1.23), and (1.24), we have

[ wtdue =B, [ w)du(y) = Ba), (1.25)
z zZ,

P

where n > 0 (see [1, 2]). Recently, Dere and simsek have studied applications of umbral
algebra to some special functions (see [7]). In this paper, we investigate some properties of
umbral calculus associated with p-adic invariant integrals on Z,,. From our properties, we can
derive some interesting identities of Bernoulli polynomials.

2. Applications of Umbral Calculus Associated with p-Adic
Invariant Integrals on Z,

Let s,,(x) be an Appell sequence for g(t). By (1.19), we get

ﬁx” =5,(x), if x"=g(t)su(x). (2.1)

Let us take g(t) = ((e' —=1)/t) € F. Then, g(t) is clearly invertible series. From (1.21) and (2.1),
we have

< Br(x) 1

e«
2k 0 (22)
Thus, by (2.2), we get
ﬁxn = Bu(x), tBu(x) = B,(x) =nBya(x), (nx0). (2.3)

From (1.21), (2.1), and (2.3), we note that B,(x) is an Appell sequence for g(t) = (e' — 1) /t.
Let us take the derivative with respect to t on both sides of (2.2). Then, we have

in ' etk = xg(t)e™ —e*'g'(t)
k=1

g(t)?
(2.4)
< X g'(t)
kZ_(]){xg(t) () g(t)}
Thus, by (2.4), we get
_xk xk g(f) g()
) = - e~ (- S B 29
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where k > 0.

I

e(x+y+l)td/l(y) _ J‘ e(x+y)tdﬂ(y) — text‘
Z,

p

Thus, by (2.6), we get
[ ey an)- [ @y ul) =ne, @zo0,
P 4

From (1.25) and (2.7), we have
B,(x +1) = By(x) = nx™!, (n>0).
By (2.5), we see that
g(H)Bis1(x) = g(t)xBi(x) — g'(t)Bi(x),
Thus, by (2.9), we have
(¢' = 1)Bra(x) = (¢ = 1)xBk(x) - (¢' - g(1)) B(x), (k20),

and we can derive the following equation.
From (2.3) and (2.10),

Bis1(x + 1) = Bry1 (x) = (x + 1)Bi(x + 1) — xBi(x) — Bi(x + 1) + x5, (k >0).

By (2.8) and (2.11), we see that
Bis1(x +1) = Brar (x) + (k + 1)xk.

Therefore, by (2.5), we obtain the following theorem.

Theorem 2.1. For k € Z.., one has

Bii1(x) = <x - %)Bk/

where ¢'(t) = dg(t)/dt.

Corollary 2.2. For > 0, one has

By (x + 1) = Biyr (x) + (k + 1)x*.

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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Let us consider the linear functional f(t) that satisfies

(f® 1p) =] pwduw),

Z,

for all polynomials p(x). It can be determined from (1.9) that

RXVOCIES - t*
F0= VST =5 [ tautog

k=0

= jz e“'du(u).

P

By (1.24) and (2.16), we get

ft) = f e du(u) = = t_ T

Z,

Therefore, by (2.17), we obtain the following theorem.

Theorem 2.3. For p(x) € P, one has

<f e dp(u) |p<x>> =f p(u)dpe(u).
z, z,

That is

(army 1v) = [, poduco.

In particular, one has

B, = <JZ,, e“'du(u) | x">.

From (1.24), one has

2, fz,, (x+9) " dpe(y) o = L ey (y)

P

[e/e] tn
= evtd Xt
> j k()

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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By (1.25) and (2.21), we get
B) = [ (o) duty) = [ e (222)

where n > 0.
Therefore, by (2.22), we obtain the following theorem.

Theorem 2.4. For p(x) € IP, we have

sz p(x+y)du(y) = fzp e’ dpu(y)p(x)

(2.23)
t
= ef_—lp(x)'
In particular, one obtains
By (x) = f (x+y) du(y) = f e’ dp(y)x"
% Z (2.24)
t n
Te-1"
The higher order Bernoulli polynomials B,([) (x) are defined by
(x1+x2+~~~+x,+x)td _ f " xt
e #(xl)d‘u(xr) = : 1 e
z, z, e -
(2.25)

[¢'e) tn
=3B (0)—.
n=0 .

In the special case, x = 0, B,(f) (0) = B,(f) are called the nth Bernoulli numbers of order r (€ N).
From (2.25), we note that

f f (1 + -+ x,)"dpu(x1) - dpa(xy)
zZ, Z,

iy ety =n yeuuyly zZ,

n
> < ] >B"1 B, =B
1,00,y

i1+-+i,=n

X dp(xr) L xBdu(xa) - f xydp(x) (2.26)

Z,
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By (2.25) and (2.26), we get

B (x) = i (7) B . (2.27)

1=0

From (2.26) and (2.27), we note that Bflr) (x) is a monic polynomial of degree n with
coefficients in Q. For r € N, let us assume that

(1) = < [ f e(x”"'*x’)td#(xﬂ”'d.u(xr)>_l (5. e

By (2.28), we easily see that g (t) is an invertible series. From (2.25) and (2.28), we have

ext

—_ = coe e(x1+"'+xr+x)td X e d X
g(r) (t) —[Zp J‘ZV /”l( 1) I’l( T)

< t" 2.29
=SB (229
n=0 .
tBY) (x) = nB\", (x).
From (2.29), we note that B,(f) is an Appell sequence for ¢ (t). Therefore, by (2.29), we obtain

the following theorem.

Theorem 2.5. For p(x) € Pand r € N, one has
t T
f P(xl +"'+Xr+X)d‘I/l(X1)"'d,u(xT) = <t_> p(x) (230)
z, z, ef-1

In particular, the Bernoulli polynomials of order r are given by

r t r n X1+ X, n
B () = <et_1> ¥ :L f ey (o) - - dpa () X" (2.31)
P P

That is

B (x) ~ <<et - ! > t>. (2.32)

Let us consider the linear functional £ (t) that satisfies

(PO 1p@Y = [ [ pla e xduta) - dutx), 2.33)

Z, Z,



10 Abstract and Applied Analysis

for all polynomials p(x). It can be determined from (1.9) that

0 i (fF® (t |xk>

k=0
© r tk
= Z (x1 oot x) dp(a) - dper) o
=0 (2.34)
= J. J. e(xl+"'+xr)td#(x1) d‘u(xr)
zZ, zZ,
()
“\et-1/"
Therefore, by (2.34), we obtain the following theorem.
Theorem 2.6. For p(x) € P, one has
<J‘ - ,[ e(xl+m+x')td[/l(X1) . d‘u(xr) | p(x)>
z, zZ,
(2.35)
[ ] plesxdutn) - dpt).
z, zZ,
That is
t r
<< ; 1) | p(x)> = f el pla+ e+ x)dp(xr) - dp(xg). (2.36)
e - z, z,
In particular, one gets
BY = <I . f O I Gy (xey) - du(xy) | x”>. (2.37)
zZ, z,
Remark 2.7. From (1.11), we note that
<J‘ J‘ e(xl+"‘+xr)td‘u(xl)...d#(xr) | xn>
z, z,
(2.38)
> (i " ) <f edp(xr) | > o <f e dp(x,) | xif>.
n=iy+-+i, Lreeeslr Z, Z,
By Theorems 2.3 and 2.6 and (2.38), we get
() _ n ... B;
Bn - Z <i1, ey lr> Bll Bly. (239)

n=iy+-+i,

Let s,,(x) be the Sheffer sequence for (g(t), f(t)).
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Then the Sheffer identity is given by
- /N
sa(x+y) =2, < k>Pk (¥)sn-k(x), (2.40)
k=0
see [7, 8], where pr(y) = g(t)sk(y). From Theorem 2.5 and (2.40), we have

B (x+y) = (Z) BY (x)xk. (2.41)
k=0
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