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The concept of g-basis in Hilbert spaces is introduced, which generalizes Schauder basis in Hilbert
spaces. Some results about g-bases are proved. In particular, we characterize the g-bases and g-
orthonormal bases. And the dual g-bases are also discussed. We also consider the equivalent
relations of g-bases and g-orthonormal bases. And the property of g-minimal of g-bases is studied
as well. Our results show that, in some cases, g-bases share many useful properties of Schauder
bases in Hilbert spaces.

1. Introduction

In 1946, Gabor [1] introduced a fundamental approach to signal decomposition in terms of
elementary signals. In 1952, Duffin and Schaeffer [2] abstracted Gabor’s method to define
frames in Hilbert spaces. Frame was reintroduced by Daubechies et al. [3] in 1986. Today,
frame theory is a central tool in many areas such as characterizing function spaces and signal
analysis. We refer to [4-10] for an introduction to frame theory and its applications. The
following are the standard definitions on frames in Hilbert spaces. A sequence { fi};cn of
elements of a Hilbert space H is called a frame for H if there are constants A, B > 0 so that

AlFIP < S A < BIAI (1.1)

ieN

The numbers A, B are called the lower (resp., upper) frame bounds. The frameis a tight frame
if A =B and a normalized tight frameif A= B = 1.

In [11], Sun raised the concept of g-frame as follows, which generalized the concept of
frame extensively. A sequence {A; € B(H, H;) : i € N} is called a g-frame for H with respect



2 Abstract and Applied Analysis

to {H; : i € N}, which is a sequence of closed subspaces of a Hilbert space V, if there exist
two positive constants A and B such that for any f € H

AllfIIP < %IIAJII2 <B|IfII" (1.2)

We simply call {A; : i € N} a g-frame for H whenever the space sequence {H; : i € N} is
clear. The tight g-frame, normalized tight g-frame, g-Riesz basis are defined similarly. We call
{Ai 1 i € N} a g-frame sequence, if it is a g-frame for span{A; (H;)}, - We call {A; :i € N} a
g-Bessel sequence, if only the right inequality is satisfied. Recently, g-frames in Hilbert spaces
have been studied intensively; for more details see [12-17] and the references therein.

It is well known that frames are generalizations of bases in Hilbert spaces. So it is
natural to view g-frames as generalizations of the so-called g-bases in Hilbert spaces, which
will be defined in the following section. And that is the main object which will be studied in
this paper. In Section 2, we will give the definitions and lemmas. In Section 3, we characterize
the g-bases. In Section 4, we discuss the equivalent relations of g-bases and g-orthonormal
bases. In Section 5, we study the property of g-minimal of g-bases. Throughout this paper,
we use N to denote the set of all natural numbers, Z to denote the set of all integer numbers,
and C to denote the field of complex numbers. The sequence of {H; : j € N} always means a
sequence of closed subspace of some Hilbert space V.

2. Definitions and Lemmas
In this section, we introduce the definitions and lemmas which will be needed in this paper.

Definition 2.1. For each Hilbert space sequence {H;},cn, we define the space I?(®H;) by
+00 2
P(eH;) = {{f,-}ieN fieH;, ieN, Y|fill < +oo}. (2.1)
i=1

With the inner product defined by ({fi}, {gi}) = S5 (fi, &), it is easy to see that I*(&H;) is a
Hilbert space.

Definition 2.2. {Aj € B(H,H]-)}]?i1 is called g-complete with respect to {H;} if {f : Ajf =
0, for all j} = {0}.

Definition 2.3. {A; € B(H,Hj)}]f'i1 is called g-linearly independent with respect to {H;} if
Z]?'Zl A}‘gj =0, then gj =0, where g; € H; (j = 1,2,...).

Definition 2.4. {A; € B(H, H;) }Jf’il is called g-minimal with respect to { H;} if for any sequence
{gj : j € N} with g; € Hj and any m € N with g, #0, one has A}, ¢, ¢ span,, {A;&i}.

Definition 2.5. {A; EB(H,Hj)}]f’Z1 and {I; € B(H,H]-)}If"i1 are called g-biorthonormal with
respect to { H;}, if

(N18),T7gi) = 6;i(g;,8), ViieN, g €Hj g¢€H (2.2)
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Definition 2.6. We say {A; € B(H, H}) }]f'il is g-orthonormal basis for H with respect to {H;}, if
it is g-biorthonormal with itself and for any f € H one has

A =11 (2.3)

jeN

Definition 2.7. We call {A; € B(H, H; )} a g-basis for H with respect to { H;} if for any x € H
there is a unique sequence {g;} with g] e Hj such that x = >3° -1 A;f gj-

The following result is about pesudoinverse, which plays an important role in some
proofs.

Lemma 2.8 (see [5]). Suppose that T : K — H is a bounded surjective operator. Then there exists
a bounded operator (called the pseudoinverse of T) TY : H — K for which
TT'f=f, VfeH. (2.4)
The following lemmas characterize g-frame sequence and g-Bessel sequence in terms
of synthesis operators.
Lemma 2.9 (see [14]). A sequence {A; : j € N} is a g-frame sequence for H with respect to {H; :

j € N} ifand only if

Q:{gj:jEN} — D Ag (2.5)

jEN

is a well-defined bounded linear operator from 1*(&H;) into H with closed range.

Lemma 2.10 (see [12]). A sequence {A; : j € N} is a g-Bessel sequence for H with respect to
{H; :j € N}ifand only if

Q:{g:jeN}— D Alg (2.6)

jEN

is a well-defined bounded linear operator from I?(€H;) into H.

The following is a simple property about g-basis, which gives a necessary condition
for g-basis in terms of g-complete and g-linearly independent.

Lemma 2.11. If {A; : j € N} is a g-basis for H with respect to {H; : j € N}, then {Aj:j € N} is
g-complete and g-linearly independent with respect to {H; : j € N}.

Proof. Suppose A;f = 0 for each i. Then for each g; € H;, we have (A;f, gi) = (f,Algi) = 0.
Hence f L span{A;(Hi) : i € N}. Thereforef 1 span{A;(H;) :i € N} = H. Sof = 0. So
{Aj: i€ N} is g-complete. Now suppose 3.7 Afg; = 0. Since 3/T Aj0=0and {A;:i € N}
is a g-basis, so g; = 0 for each i. Hence {A; : i € N } is g-linearly 1ndependent O
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The following remark tells us that g-basis is indeed a generalization of Schauder basis
of Hilbert space.

Remark 2.12. If {x;};cn is a Schauder basis of Hilbert space H, then it induces a g-basis { Ay, :
i € N} of H with respect to the complex number field C, where A,, is defined by Ay, f =
(f,xi). In fact, it is easy to see that A} ¢ = ¢ - x; for any c € C, so for any x € H, there exists a
unique sequence of constants {a, : n € N} such that x = X,y aixi = X ;cn Al ai.

Definition 2.13. Suppose {A; : j € N} is a g-Riesz basis of H with respectto {H; : j € N} and
{T; : j € N} is a g-Riesz basis of Y with respect to {H; : j € N}. If there is a homomorphism
S:H — YsuchthatT; = A;S* for each j € N, then we say that {A;: j € N} and {I; : j € N}
are equivalent.

Definition 2.14. If {A;} is a g-basis of H with respect to { H;}, then for any x € H, there exists
a unique sequence {g; : j € N} such that g; € H; and x = 37 Ajgj. We define a map
[;: H — Hj, by Ajx = gj for each j. Then {I';} is well defined. We call it the dual sequence of
{A;j},in case that {I';} is also a g-basis, we call it the dual g-basis of {A;}.

The following results link g-Riesz basis with g-basis.

Lemma 2.15 (see [11]). A g-Riesz basis {A; : j € N} is an exact g-frame. Moreover, it is g-
biorthonormal with respect to its dual {1~\,- :jeN}

Lemma 2.16. Let Aj € B(H, Hj),j € N. Then the following statements are equivalent.

(1) The sequence {A; }jeN is a g-Riesz basis for H with respect to { H; }jeN.
(2) The sequence {A; }].eN is a g-frame for H with respect to { H; }].eN and {A; }].eN is g-linearly
independent.

(3) The sequence {A;}._y, is a g-basis and a g-frame with respect to { H;}

jEN jEN"

Proof. The equivalent between statements (1) and (2) is shown in Theorem 2.8 of [12]. By
Lemma 2.11, we know that if {A]-}j < 18 a g-basis, then it is g-linearly independent, so (3)
implies (2). If {Aj}].
(A} jeEN
sequence {g; : j € N}, g € Hj, such that x = 3y Ajgj. Since {Aj}jen is g-linearly
independent, the sequence is unique. Hence {A; }]. N isa g-basis for H. So (2) implies (3). O

cn 1s a g-frame for H, then for every x € H, x = 3y A;Kjx, where

is the canonical dual g-frame of {Aj}]. - Hence for every x € H, there exists a

From Lemma 2.16, it is easy to get the following well-known result, which is proved
more directly.

Corollary 2.17. Suppose {A;} ;e is a g-Riesz basis for H, then {A;j} ;e has a unique dual g-frame.

Proof. It has been shown that every g-frame has a dual g-frame in [11], so it suffices to show
the uniqueness of dual g-frame for g-Riesz bases. Suppose {I'; : j € N} and {5, : j € N} are
dual g-frames of {A]-}jeN. Then for every x € H, we have x = 3.y ATjx = 3jen Ajnjx.
Hence 3y Aj(Tj — 17)x = 0. But {A; }jeN is g-linearly independent by Lemma 2.16, so (I'; —
nj)x = 0, thatis, I['jx = n;x for each j € N. Thus, I'; = 7; for each j € N, which implies that
the dual g-frame of {A; }]. N 1S unique. O
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The following lemma generalizes the similar result in frames to g-frames.

Lemma 2.18. Suppose {A;:j € N}and (T : j € N} are both g-Bessel sequences for H with respect
to {H; : j € N}. Then the following statements are equivalent.

(1) Forany x € H, x = ¥ jen AT
(2) Forany x € H, x = 3 jen [FAx.
(3) Forany x,y € H, (x,y) = ZjeN(A]-x,F,-x>.

Moreover, any of the above statements implies that {A\; : j € N} and {T'; : j € N} are dual
g-frames for each other.

Proof. (1) = (2): Since {A; : j € N} is a g-Bessel sequence, {ij}].eN € 12(69H]-) forany x € H.
Since {I'; : j € N} is a g-Bessel sequence, the series 3, ;. I'; Ajx is convergent by Lemma 2.10.
Let X = 3\;cn I7Ajx. Then for any y € H, we have

)= (= S

jEN
= S (wAiny) = 2 (TjAy) 27)
= <ZI7A]~x,y> = (X, y).
jeN

So x = X, that is, (2) is established.
(2) = (3): Since for any x € H, we have x = 3 ;e\ LA jx; hence for any x,y € H,

(xy) = <ZT§AJX/V> = S (A y) = 3 (A, Tja). (2.8)

jeN jeN jeN

(3) = (1): From the proof of (1) = (2), we know that for any x € H, Z;‘eN T;ij is
convergent. Let X = 3,y I Ajx, then for any y € H, we have

(y,x) = D (Njy,Tix) = (y, X, TiAx) = (y, %). (2.9)

jEN jEN

So x = X, that is, (1) is true.
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If any one of the three statements is true, then for any x H, we have

£
Il

2 <Z A;.‘l"jx,x> = Z(Apc,l",-x)

jEN jeN

1/2 1/2
2 ATl < <Z ||Aix||2> <Z ||FfXI|2> (2.10)

jeN jeEN jeEN

1/2
1/2
(Bill=I?) <Z ||r]-x||2> :

jEN

IN

IN

where By is the bound for the g-Bessel sequence {A; : j € N}. So

1
gv T |? > B—lllxIIZ, (2.11)
]

which implies that the g-Bessel sequence {I'; : j € N} is a g-frame. Similarly, {A; : j € N} is
also a g-frame. And that they are dual g-frames for each other is obvious by the equality that
forany x € H, x = 3;cn AT O

3. Characterizations of g-Bases

In this section, we characterized g-bases.

Theorem 3.1. Suppose that {A; € B(H,H]-)}]?";1 is a g-frame sequence with respect to {H,}
and it is g-linearly independent with respect to {H;}. Let Y = {{g,-} Jil | g €
erZ?il A;gj is convergent}. If for any {g;} € Y, set ||{gj}ll, = Supyll Z;-\il gjll, then

(1) Y is a Banach space,

(2) when {A;} is a g-basis with respect to {H;} as well, S : Y — H,S({gl.}) = Z;‘Zl A’]’.‘gj is
a linear bounded and invertible operator, that is, S is a homeomorphism between H and Y .

Proof. (1) Let {gj} € Y, then Z}\il A;fg]- is convergent as N — oo. Hence {Z]-I\il A;gj}:zl
is a convergent sequence, so it is bounded. So [|{gj}[l, < oo. It is obvious that for a € C,
{8j}, {hj} € Y, we have ||{g;} + {h;}ll, <I{gj}lly + I{hi}lly and lla- {gj}ll, = lal - [I{g;}l,- If
[l{gj}lly =0, then for any N, || Zjlil A;.‘gj|| = 0, which implies that Z]-]il A;.‘gj = 0. Since {A;}
is g-linearly independent with respect to {H;}, we get that g; = 0, for j = 1,2,..., N. Since
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N is arbitrary, so {g;} = {0}. Thus || - ||y is a norm on Y. Suppose (GK}iL, €Yisa Cauchy
sequence, where G = { g]’.‘ };il. Then

k,lligloo”Gk_Gl”Y :k}ling||{g;?_g;}))y, (3.1)
i, Sup ;Z_V;AF (8 -g)| =0 (32)
For any fixed j, we have
K (st -8 - [ S (et - ) - S st - )
t=1 t=1
(3.3)

-1
]Z A (g -t)

et o,

Now letT : *(@H;) — H,T({g;}) = Z]?’Zl A}‘g]-. Since {A;} is a g-frame sequence with respect
to {H;}, T is a well-defined linear bounded operator with closed range by Lemma 2.9. Since
{A;} is g-linearly independent with respect to {H;}, T is injective. Hence T* : H — P(eH i)
is surjective. So by Lemma 2.8, there is a bounded operator L, the pseudoinverse of T*, such
that T*L = Ip(en,), which implies that L*T = Ip(sp,). Let {6;} denote the canonical basis of
I*(N), then for any g; € Hj, {g;6;} € I*(®H;). So {g;6;} = L*T({g;6;}) = L*(A7g;); hence

lgill = g6l = ||z (a57) || < 1z A ) - (3.4)

So by inequalities (3.3), we get

[ =) < e

So for any fixed j, { g;‘}‘;il is a Cauchy sequence. Suppose limy_, o, g]’.‘ = gj- From (3.2), we
know that, for any € > 0, there exists Ly > 0, such that whenever k,I > Ly, we have

(st -] <z~ 53

Q
Sup|[ > AT (gF-gi) |l < (3.6)
up (& — 8 €. .
Q |lj=1
Fix I > Ly, since limy _, o, g]’.‘ = gj, so whenever [ > Ly,
Q
81Q1p > A (gj - gj) <e. (3.7)
=1




8 Abstract and Applied Analysis

Since Gl = { g].LU };il €y, Z;‘Zl A;f g].L" is convergent. So there exists K¢ > 0, such that whenever

M > P > Ky, we have || Z;‘\fPH A;fg].LOH < e.So when M > P > max{Ly, Ko}, we have

M M 5 P . M .
> Mgl = IX A (s-8) - XA (si-5) + 2 Asp?
j=P+1 =1 =1 j=P+1
(3.8)
< iA*< L Lo) + ° A* Lo i A* Lo <3
=& i\8i ~ & ]Zl j(gl 8 ) + j;l i&i || = °¢
j= = =P+

So Z;‘Zl A;gj is convergent, thus G = {g;} € Y.Let] — ooin (3.7), we get that ||G; - G|, — 0.
Hence Y is a complete normed space, that is, Y is a Banach space.

(2) If {A;} is a g-basis, then it is g-complete and g-linearly independent with respect to
{H;} by the Lemma 2.11, then the operator S: Y — H, S({gj}) = Z]?'Zl A;fg]- not only is well
defined but also is one to one and onto. And for any {g;} € Y, we have

0 N
ISUDI = | 2 Aj8|| = Jim 1> Ajg;
j=1 j=1
(3.9)
Q
<Sup| > Asgifl = gy
Q ||j=1

So S is bounded operator. Since Y is a Banach space, by the Open Mapping Theorem, we get
that S is a homeomorphism. O

Theorem 3.2. Suppose {A; : j € N} isa g-basis of H withrespectto {H; : j € N} and {T; : j € N}
is its dual sequence. If {A; : j € N} is also a g-frame sequence of H with respect to {H; : j € N},
then

(1) Vx € H, let Syx = 3%, ASTjx, then Supyl|Snx|| < oo,
(2) C = SupylISnl < oo,
3) lllx|ll = SupylISnx|l is a normon Hand || - || < ||| - || < C]| - ||.

Proof. (1) Let Y and S be as defined in Theorem 3.1. Then forany x € H, S™'x = {Tjx : j € N}.
So

N
DATx
j=1

= [T}y

Sup||Snx|| = Sup
N N (3.10)

- [l < s <o

(2) Since [[Snx|| < Supg lISgx/l < IS llxll, ISnll < [IS7!]I. Thus C = SupylISN |l < oo.
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(3) Itis obvious that ||| - ||| is a seminorm. It is sufficient to show that || || < ||| ||| £ C||-||-
For any x € H, we have

Il = SupliSnx] < SupliSx ] = Clxl. o)
N N
On the other hand,
© N
x|l = ZA;T]'JC =1\1rim ZA;T]-x
j=1 B
(3.12)
Q
< Sup|| 3 A;Tjx|| = Sup||Sgx]| = [[lx]ll
Q |lj=1 Q 0

Theorem 3.3. Suppose {A; € B(H, H;) : j € N} is a g-frame with respect to {H; : j € N}. Then
{Aj :j € N} isag basis with respect to {H; : j € N} if and only if there exists a constant C such
that for any g; € Hj, any m,n € N and m < n, one has

DNgl<C- DA (3.13)
j=1 j=1

Proof. =: Suppose {A; : j € N} is a g-basis with respect to {H; : j € N}. Then for any
x € H, there exists a unique sequence {g; : j € N} with g; € H; for each j € N such that
x = Z}’Zl A;‘fgj. Let |||x[|| = Sup,,|| Z;’Zl A}'fgj||. Then by Theorem 3.2, ||| - ||| isanorm on H and
it is equivalent to || - ||. So there exists a constant C such that, for any x € H, |||x]|| < C - ||x||.
Hence for any n € N, any g; € Hj, j = 1,2,...,n, we choose x = Z;’:l A}?gj, then for any
m < n, we have

<C- . (3.14)

2. A8
j=1

n
2. A8
j=1

&: Let A = {3cn Ar8k 8k € Hi, and 3oy Argk is covergent}. First, we show
that A = H. Since {A; € B(H,H;) : j € N} C B(H, H)) is a g-frame, A is dense in H. It
is sufficient to show that A is closed. Suppose {yx} C A and limy_ o, yx = y. Denote y; =
Z]-eN A;fg;k). Then for any j € N and any n < m < j, we have, forany k,l € N,
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S A (o8 _ o0

| Sns(st o)

SAu(e - ) “

Kjg)” - ajg| < 2¢-

<2C2.
s=1

§2C2-<

Since limg _, o Yk = Y, so for any € > 0, there exists M > 0, such that whenever k > M, we have
lly = vkl < €/2C?. In the above inequality, let n — o, we get

|
g} Az (g% - g)

n . 1
]/I_Z Asgs()

=1

n . k
A8 v

s=1

+|ka—yll>+2C2- <Ily—y1||+

>.

(3.15)

A;ggk) - A;fg;l)H <e¢ forany j€ Nand k,I> M,

(3.16)

<

_% for any m € N and any k,[ > M.

Since {A; : j € N} is a g-frame sequence, by inequality (3.4), we have that || g;k) - g;l)ll <

||L||||A}f(g;k) - g;l))ll < ||L||e for any j € N and any k,I > M. So {g;k)}keN is convergent for
. . (k)

each j € N. Suppose limg .. g;" = gj. Then

A;?(g?k) —gj> ” <e forany je N and k > M,

m (3.17)
;A:(gék) - gs> < % for any m € N and any k > M.
Since
y— A < My - well + |y - At | + [ A1 - D Avsi, (3.18)
j=1 j=1 =1 im1

so 37 Ajgj converges to y, which implies that y € A. Thus A is a closed set. Now we will
show that {A; : j € N} is g-linearly independent. Suppose that 3};.y A7gj = 0, where g; € H;
for each j € N. Since for any n € N and any j < n, we have ||A;fg]~|| < C- || X5 ALgsll, hence
||A}'.‘gj|| = 0 for any j < n. But from inequality (3.4), we have ||gj|| < ||L||||A;fg,-||. So for each
j < n, g = 0.Since n is arbitrary, g; = 0 for any j € N. Thus {A; : j € N} is g-linearly
independent. So {A; : j € N} is a g-basis. O

4. Equivalent Relations of g-Bases

In this section, the equivalent relations of g-bases were discussed.



Abstract and Applied Analysis 11

Theorem 4.1. Suppose that {A; : j € N} is a g-basis of H with respect to {H; : j € N}, and
S:H — Y isahomeomorphism. Then {A;S* : j € N} is a g-basis of Y with respect to { H;}.

Proof. For any y € Y, S'y € H. Since {A; : j € N} is a g-basis of H, there exists a unique
sequence {gj : j € N} and gj € H; for each j € N such that Sy = 2jenAjgj-Soy =
2en SATZj = Yjen (A;S*)"gj. Suppose there is another sequence {h; : j € N} and h; € H;
for each j € N such thaty = 3.y (A;S)"hj, theny = 3oy SAGhj. So Sty = jeN Ajh;. But
the expansion for S™'y is unique, so h; = g; for each j € N. Hence {A;S*} is a g-basis of Y
with respect to {H,}. O

Theorem 4.2. Suppose {A; : j € N} is a g-basis of Hilbert space H with respect to {H; : j € N},
{Tj : j € N} is a g-basis of Hilbert space Y with respect to {H; : j € N}, and {G; : j € N}, and
{Lj : j € N} aredual sequences of {A\j: j € N}and {T; : j € N}, respectively. If {G; : j € N} or
{Lj:j € NY}isag-basis, then the following statements are equivalent.

(1) {Aj:j€ N}and {T; : j € N} are equivalent.

(2) Xjen A gj is convergent if and only if 3;en I"gj is convergent, where gj € H; for each
j€N.

Moreover, any one of the above statements implies that both {G; : j € N} and {L; : j € N}
are g-bases and they are also equivalent.

Proof. (1) = (2): Suppose there is an invertible bounded operator S : H — Y such that
Aj = I;5" for each j € N and 3.y Ajgj is convergent. Then 3;n SI';g; is convergent.
So ST(3 jen ST8j) = 2jen T}8j is convergent. Conversely, if 3. I78j is convergent, then
S jen ST'A;gj is convergent. So S(Xjen ST'A[g)) = Xjen A}gj is convergent.

(2) = (1): Without loss of generality, suppose {G; : j € N} is a g-basis of H. Then for
any x € H,wehavex = 3, A;G,-x, which is convergent in H, s0 3 ey I";TG,-x is convergent
in Y. Define operator S : H — Y by Sx = 3;cy ZGjx. Then S is well defined and linear. If
Sx =0, thatis, 3,;cN I Gjx = 0, then Gjx = 0 for each j € N.So x = 3.y A7Gjx = 0. Hence
S is injective. Forany y € Y, y = X ey [CLjy, which is convergent in Y. Then 3’;cn ALjy
is convergent in H. Suppose x = 3 ;cy AjLjy, but we know that x = 3,y AjGjx and {A;
j € N} is ag-basis, so Gjx = Ljy for each j € N. Hence Sx = 3,y I7Gjx = X jen i Ly = y,
which implies that S is surjective. Next, we want to verify that S is bounded.

Forany k € N, let Ty : H — Y be defined by Txx = Z;‘zl I"Gjx. Then it is obvious that
Ty is well defined and linear. Since

IGjlllxIl, (4.1)

I;

k k
ITixll = ”Z riGx| <3
j=1 j=1

k

thus Ty is a bounded operator. It is easy to see that for any x € H, Tyx — Sx(k — o0). So for
any ¢ > 0, there exists ko, such that whenever k > ko, we have that ||Txx — Sx|| < €. Since for
any k € N, we have ||Tix| < ||Sx|| + [|[Txx — Sx||, so for any k € N, we have

ITex] < Sup || Ty

JISx|[+€]j=1,2,...,ko—1} < oo. (4.2)
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Hence, by the Banach-Steinhaus Theorem, Sup, [|Tk|| < oo. Since for any x € H, Txx —
Sx (k — o0), we have

[Sx]| < Sup||Tix]| < Sl;PIITkIIIIXII- (4.3)
k

So S is bounded. Hence S is a bounded invertible operator from H onto Y. Since for any x €
H,wehave 3;cny SAIGjx = 3N T7Gjx, thatis, 3y SAJGj = 3jen T7Gj 50 X jeny GIAS™ =
2jen GiTj. Hence for any y € Y, we have 3,y GiA;S*y = 3y GiTjy. Since {G; : j € N}
is a g-basis, so A;S* =T for each j € N, which implies that {A; : j € N} and {G; : j € N}
are equivalent. In the case that any of the two statements is true, then there is an invertible
operator S : H — Y such thatI'; = A;S* for each j € N. Hence, for any x € H,

x= Y TiLix=Y SAjLjx
jEN jEN

(4.4)
=S <Z A;L].x> :
jEN

SoS'x = jeN A;fL]-x. Thus x = 3N A’I'.‘L]-Sx, but x = 3 icn A;G]-x, and {A;} is a g-basis of
H, it follows that L;S = G; for each j € N. By Theorem 4.1, we know that {L; : j € N} is also
ag-basisand {G;:j€ N} and {L; : j € N} are equivalent. O

Theorem 4.3. Suppose {A; : j € N} is a g-orthonormal basis for H with respect to {H; : j € N}.
Then {A; : j € N} is a g-basis for H with respect to {H; : j € N} and it is self-dual.

Proof. By the definition of g-orthonormal bases, we know that {A; : j € N} is a normalized
tight g-frame. So for any f € H, f = 3,;cy AjAjf. Since for any i # j and for any g; € Hj, h; €
H;, we have

(Ainsgi hi) = (N;gj, Afhi) =0, (4.5)
hence A,-A;g]- =0fori#j.Fori = jand for any g;, h; € H;, we have
(AiN;gi hi) = (Ajgi, AThi) = (gi, hi), (4.6)

so for any g; € Hi, AiAjgi = & Thusif f = 3.y A7gj, then for any i € N, we have A;f =
jen AiN;gj = Aijgi = &i- Thus for any f € H, there is a unique sequence {g; : j € N} such
that g; € Hj forany j € N and f = 3y Ajgj.- So {Aj:j € N}is ag-basis. It is obvious that
{A;j:j € N} is self-dual. O

Theorem 4.4. Suppose {A;j : j € N} is a g-orthonormal basis with respect to {H; : j € N}. Then
2jen Ajgj is convergent if and only if {gj : j € N} € I*(eH;).
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Proof. Since {A; : j € N} is a g-orthonormal basis, by Theorem 4.3, {A; : j € N} is a g-basis
and a g-frame. So {A; : j € N} is a g-Riesz basis. Thus there exist constants A, B > 0, such
that for any integer n, we have

2
n ) n . n ,
A gl <[> A8 <B llgll™ (4.7)
j=1 j=1 j=1
So 3jen AAjgj is convergent if and only if {gj: j € N} € I>(eH;). O

From Theorems 4.2, 4.3, and 4.4, the following corollary is obvious.

Corollary 4.5. Any two g-orthonormal bases are equivalent.

5. The Property of g-Minimal of g-Bases
In this section, we studied the property of g-minimal of g-bases.
Theorem 5.1. Suppose {A; : j € N} is a g-frame sequence. Then

(1) if {Aj : j € N} is a g-basis, then {A; : j € N} is g-minimal;
(2) if {Aj : j € N} is g-minimal, then {A; : j € N} is g-linearly independent.

Proof. (1). Since {A;} is a g-basis and it is also a g-frame sequence, it is easy to see that {A; :
j € N} is a g-frame. Hence {A; : j € N} is a g-Riesz basis by (3) of Lemma 2.16. Suppose
{/N\j : j € N} is the unique dual g-frame of {A; : j € N}. By Lemma 2.15, we know that
{Aj} and {Kj : j € N} are g-biorthonormal, that is, (A;gj,fx;g,-) = 6ij(gj, &), where g; €
Hj, gi € H;. For any m € N and any sequence {gj : j € N} with g € H;j and g, #0, let
E,= spanl.#m{A;‘g,-}. Then for any x € E,;, (x, A},gm) =0, but (A}, 9m, A5,8m) = (Qm, m) 70,
50 A},gm & En. Hence {A; : j € N} is g-minimal.

(2). Suppose {A; : j € N} is g-minimal. If ZjeN A;gj = 0, where g; € H; for each
j € N, then g; = 0 for any j € N. In fact, if there exists m € N such that g,, #0, then [|A}, gl >
(1/L)ligmll > 0 by inequality (3.4), which implies that A}, g, #0. Since A},&m = — 3, A} &)
A, 8m € Span; ?&m{A’; gj}, which contradicts with the fact that {A; : j € N} is g-minimal.  [J

Theorem 5.2. Given sequence {A; € B(H,H;) : j € N}.

(1) If there exists a sequence {I'; € B(H, Hj) : j € N}, such that {Aj:j € N}and {T;:j €
N} are biorthonormal, then {A; : j € N} is g-minimal.

(2) If there exists a unique sequence {I'; € B(H, H;) : j € N} such that {A\; : j € N} and
{T'j : j € N} are biorthonormal, then {A; : j € N} is g-minimal and g-complete.

Proof. The proof of (1) is similar to the proof of (1) of Theorem 5.1, we omit the details. Now
we prove (2): By (1) we know that {A; : j € N} is g-minimal. So it only needs to show that
{Aj : j € N} is g-complete. Suppose that x € H and (x,A7gj) = 0 for any j € N and any
gj € Hj. Since (A;fgj,l"’;gi) = 06ii(gj,8i), O (A’]‘.‘g]-,x +Tgi) = 6ij(gj, &), which implies that
{6x+Tj:je€ N}and {A;:j € N} are biorthonormal, where 6} € B(V, H;) for each j € N
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defined by 63(f) = x for any f € V. But it is assumed that there exists a unique sequence
{T; € B(H,Hj) : j € N} such that {A;: j € N} and {I; : j € N} are biorthonormal, so 6, = 0,
hence x = 63(f) = 0, which implies that Span{Ajg;} = H. So {A; : j € N} is g-complete.  [J
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