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Let L denote the operator generated in &(N, C?) by au41 yfi)l + b,,yﬁlz) + p,,yf,l) = /\yfll), an_lyil_)l +

bny,(f) + qny,(lz) = Ay,(f), n € N, and the boundary condition (yp + yll)yiz) + (Po + ﬁy\)y(()l) =0,
where (ay), (by),(pn), and (g), n € N are complex sequences, y;, € C, i = 0,1, and A is
an eigenparameter. In this paper we investigated the principal functions corresponding to the

eigenvalues and the spectral singularities of L.

1. Introduction

Consider the boundary value problem (BVP)

-y +q(x)y =AYy, 0<x<oo,
(1.1)

in L?(R,), where g is a complex-valued function and A € C is a spectral parameter. The
spectral theory of the above BVP with continuous and point spectrum was investigated
by Natmark [1]. He showed the existence of the spectral singularities in the continuous
spectrum of (1.1). Note that the eigen and associated functions corresponding to the spectral
singularities are not the elements of L*(R,).

In [2, 3] the effect of the spectral singularities in the spectral expansion in terms
of the principal vectors was considered. Some problems related to the spectral analysis of
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difference equations with spectral singularities were discussed in [4-7]. The spectral analysis
of eigenparameter dependent nonselfadjoint difference equation was studied in [8, 9].
Let us consider the nonselfadjoint BVP for the discrete Dirac equations

an+1y£i_)1 ny1(12) + pn]/;(q Ay(l) neN,
(1.2)
Ay + by + 4y = Ay, neN,
o+ 1)y + (Bo+ VY =0, 1o -11ho#0, 1#a; b, (1.3)

M
where (i;‘z) >, n € N are vector sequences, a, #0, b, #0 foralln € N, y;, 5 € C,and i = 0,1

and, 1 is a spectral parameter.
In [10] the authors proved that eigenvalues and spectral singularities of (1.2)-(1.3)
have a finite number with finite multiplicities, if the condition,

S iexp(en®) (11 - al + 11+ bl + [pul + |4u]) < oo (14)
n=1

holds, forsome e >0and 1/2 <6 < 1.
In this paper, we aim to investigate the principal functions corresponding to the
eigenvalues and the spectral singularities of the BVP (1.2)-(1.3).

2. Discrete Spectrum of (1.2)-(1.3)

Letforsomee>0and1/2<6 <1,
Zexp(sn ) 11— an| + |1+ byl + |pu| + |gn]) < oo, (2.1)
be satisfied. It has been shown that [10] under the condition (2.1), (1.2) has the solution
fulz) = < EZ EZ;> an <1 + i Anme"m2> <ei_z;2>e""2, n=12..., (2.2)
n m=1
él) (2) = a(l)l{eiz/z [1 + i A(l)ineimz] Z A2 1mz} 2.3)
m=1

for A = 2sin(z/2) and z € C, := {z € C : Im z > 0}, where

a! o} 10 A Asi
On = 21 .22 )7 I'= 01/ Anm = 21 2 ) (24)
o, ay Anm Anm
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Note that ai{ and Ai{m (i,j = 1,2) are uniquely expressed in terms of (a,), (b,), (p,), and

(gn),n € N as follows

=) -1
@ = [H (_1)n_kbkak—1] ,

k=n+1

a0l =0,

=
Il

© -1
312 [bn H (_1)n—k+1bkak_1] ,

k=n+1

a2l = o2 [pn + Z (pi + qk)],

k=n+1

Aizl =~ Z (Pk+11k),

k=n+1
=3
1 _ 2 12
A= [ak+1ak + by = prdr + (P + k) Ay — 2],
k=n+1
2
2 _ 12 11
AZ = “1+auaa,+ (AR) +AY,
[°e]
21 12 12
A= - Z{ <Qk+1 + Ak1> [ak+1 ak + i1 (Piet + i) + Grs1 A
k=n
0]
2 11 12 11 2 _ 32
O + A ~ 1] ~AQ <1 + Akl)} + > <qkAkl - kak>/
k=n+1
12 _ 12 12 411 | 412 _ p21
A =~ Ane1n <qn+1 + Anl) + A A AL - A
0
1 _ 2 11 12) 212 2
Ap = Z {(bk - 1>Ak1 = Ak+14k [(qkﬂ + Ak1>Ak+1,1 - Ak+1,1]
k=n+1
12 11, 12 _ 412 21 | A2 412 _ a2
—<Pk - Akl) [qkAkl + A - Akz] — A + AGAG - A },
2 _ 12) 212 22 12 412 _ 411 | 1l
Ay = — Ann1dn <qn+1 + An1>An+l,1 + an1an Ay + A AR — A+ A,

=
21 _ 12 411 21 12 11 21
A = Z{AklAk2 + Alg — K18k [<11k+1 + Ak1>Ak+1,1 - Ak+1'1] }
k=n

0

- 5 [(arA2) (pfi- A2+ AR) + AR - peaB 47
=n+

(2.5)
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and form >3

12 _ _ 12 11 21
Anm = an+1an [(qfﬁ'l + An1>An+1,m—2 + An+1,m—2]
12 411 12 21
+ /&nlf&nnn—l +'f&nnn—1 _'fannn—l’

[ee)
1no_ 12) 412 a2
A = Z Afe+14%k [<’7k+1 + Ak1>Ak+1,m—1 Ak+1,m—1]

k=n+1
= D (- AR) (@Al + AR - AR) + D (B -1)Al,
k=n+1 k=n+1
< 21 o A12 412 o a2
- Z e Ak g + Z A A — Z A1 26
k=n+1 k=n+1 k=n+1 ( . )
Ai%n = —ap+10dn [(qnﬂ + A111%>A:z£rl,m—1 - Azfn,m—l] + A:;%A}ﬁn + Agn - A111}m—1’
Apn = — Z Ak+1ak [(qkﬂ + Ag>Allcl+1,m—1 - Aﬁrl,mfl]
k=n
= > (ae- AR (Al + AL - AB) - 3 (B -1)AR,
k=n+1 k=n+1
D AGAG D aAG D AG - D Al
k=n k=n+1 k=n k=n+1
Moreover
Al <C S (11 al + 1+ bel + || + |ax]) 2.7)
k=n+[|m/2|]

holds, where [|m/2]] is the integer part of m/2 and C > 0 is a constant. Therefore f,, is vector-
valued analytic function with respect to z in C, := {z € C : Imz > 0} and continuous in C.
)
[10]. The solution f(z) = (fu(2)) = (;’ZZ)Z;> is called Jost solution of (1.2).
Let us define

F(z) = (o + 21 sin ;) 2 (2) + (Bo + 2B sin ;) D (z). (2.8)

It follows (2.2) and (2.3) that the function F is analytic in C,, continuous up to the real axis,
and

F(z +4r) = F(z2). (2.9)
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We denote the set of eigenvalues and spectral singularities of L by 04(L) and oy (L), respec-
tively. From the definition of the eigenvalues and spectral singularities we have [10]

o4 = {J\ tA =ZSil’1§, ze P, F(z) = 0},
. (2.10)
Ogs = {)L A =2sin 5 z €[0,4x], F(z) = 0},

where Py :={z:z€C, z=x+1iy, 0 < x < 4w, y > 0}. The finiteness of the multiplicities
of eigenvalues and spectral singularities has been proven in [10]. Using (2.2), (2.3), and (2.8)
we obtain

F@) = {ro+n[ (e - )]} 12 (z)
+{Bo+ i [0 (e - )]} £V (2)
= i pr-+ (1 + af o) =/ + i(—yoa? + e - o e

21 J2iz

£i32/2) _ inatle

+ (Yoafl - Yl“?)

m=1

[ee] [oe]
11 12 i(m-(1/2))z Z 1 12 11 11\ imz
+ Z ay prAgne +1 ay PoAom + % P1Aom e
m=1

e
35 (Bt AL, R A2, af oY, - iy A el

—_

" (2.11)
#i 3% (e A, -~ e AT, + i Al + 1P AT,
m=1

11 11\ i(m+1)z
20 ﬂ1A0m>e

[ee]

21 411 2 A2 2112 22 422\ i(m+(3/2))z

+ Z <Y0“1 Apy + Y0a7" ALy, — iy Aqy, - g A1m>e
m=1

]
i 33 (e ALl ~ AL e

m=1

[e'e]
. 21 211 22 421\ Ji(m+2)z
+1 Z <—Y1“1 Aj, N A1m>e .
m=1

Definition 2.1. The multiplicity of a zero of F in P := Py U [0,4r] is called the multiplicity of
the corresponding eigenvalue or spectral singularity of the BVP (1.2), (1.3).

3. Principal Functions

In this section we also assume that (2.1) holds.
Let Ay, Ay, ..., Ak and Agyq, Akso, ..., Ay denote the zeros of F in Py and [0, 4] with
multiplicities my, my, . .., my and My, M2, - . ., M, respectively.
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Let us define ¢ := <§> where

<~y>n = a”+1y;(12+)1 + bnyizz) + Pnyfll), neN,
3.1)

<Ay>n = an—ly;(qu1 + bnyff) + %]/512), neN.

Definition 3.1. Let A = Ao be an eigenvalue of L. If the vectors y,, d/(d\y,), d*/d\*y,,...,
av/di\ y,,

a @ j=0,1 N 2
E d)d]/n neN/ (]_ 7 /"'/v/ ne )/ (3 )

satisfy the equations

(ey)n - ')LOyn = 0’

di T . (3.3)

then the vector y, is called the eigenvector corresponding to the eigenvalue A = Ag of L. The
vectors (d/d\N)yy,, (d*/d\*)yy,,...,(d”/d\”)y, are called the associated vectors correspond-
ing to A = A¢. The eigenvector and the associated vectors corresponding to A = Ay are called
the principal vectors of the eigenvalue A = \g. The principal vectors of the spectral singulari-
ties of L are defined similarly.

We define the vectors

1{d g
l EP 0

d] V. ()L) ] {d)d ( )})L=)Li

av o (4 ' 3.4
= EE(Z)(/\)} (3.4)
! A=)

neN, j=01,...mi-1, i=12,...,kk+1,...,v,

where A = 2sin(z/2) and

(1) (1) 2arcsmi
E,(\) = <En ()L)> = fa <2arcsin%> = < 2> . (3.5)

@)
E,’ (L) f,(lz) <2 arcsin %)
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If

©
_ [y (V)

is a solution of (1.2), then

d )
di di <6W>y"1 W
——y) = {< >yn( )} = , (3.7)
d)d neN

j
dr i )()L)
dn
satisfies
@@ 1)+ ba 2@ 1)+ pu Ly )
TV hdas d)d TR
d di m di
Ap- 1d)dyn 1( )+bﬂ (-)L)"'qnd)dyn ()‘)
(3.8)
di (1) di-
_ Aﬂ (A )+]d)d 1y ()t)
A @0
)‘ow n (4 )+]d)‘,1y ')

From (3.4) and (3.8) we get that

(€V (X)), — LoVu(Ai) =0,

d di di-1
<e<@vu)>>n Ao Vo) = = Va(Ai) = (3.9)

neN, j=12,....m-1, i=12,...,v.

The vectors d/ /dAMV,(\;),j=0,1,2,...,m;—1,i=1,2,...,kand &/ /dNV,();),j=0,1,2,...,
m;—1,i=k+1,k+2,...,v are the principal vectors of eigenvalues and spectral singularities
of L, respectively.

Theorem 3.2.

j

%Vn(Ai)eez(N,CZ), i=0,1,2,...,m-1, i=12,..k

, (3.10)
iV(A-)éEz(N@) i=012,...,m-1, i=k+Lk+2,...,v

d_A,] n 1 7 7 It Ay A4 1 7 7 VAR
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Proof. Using (3.5) we get that

d _q _j (M
{ﬁE “‘)} -Sofgie) . wen

A=\ t=0 i

a o J @) (5
{EE (*)} =2 {aw” } net

A=y =0

(3.11)

where \; = 2sinz;/2,z; € P=P,U[0,4],i=1,2,...,k and C;, D; are constant depending on
A. From (2.2) we obtain that

1\ ;
{ )Ltf(l) } . — (Xlllt <n+ E) elz,~(n+(1/2))

© 1 £
+ > ay) { Al it (m +1+ 5) gl (1/2)z (3.12)
m=1
—A}ﬁnit*—l (m + n)i’ei(m+n)zi }’
d o 21t 1\,
a . —alit(n+ 2 ezz,~(n+(1/2)) i mf 22 mzx
{d)ttfn ( )}Z_Zi n ( 2> ( )
[e’s) 1 t .
+ Zaf ALl it <m +n+ §> glmm+(1/2))zi
m=1
—AL it 4 )t el tmem)zi } (3.13)
© 1 t
+ Z_acflz A% it (m +n+ E) glmm+(1/2))zi
m=1
—AZ il 4 p)t Mz }

For the principal vectors (d/ /dM)V, (L) = {(d/dN)V,u(Ai) byen, ] = 0,1,...,mi = 1,i = 1,2,
., k corresponding to the eigenvalues of L we get

LI d U { oK }
=1 5oEn (V) ==>C fn
it du . J!go: dnt
i=01,...,m-1, i=1,2,...,k
(3.14)
L] d e @
Alavtr W ! Z {W" ’)}’

j=0,1,....mi-1, i=12,...,k.
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Since Im\; >0fori=1,2,...,k from (3.14) we obtain that

i - (3] [ o). )
_ <%>22< gct{dyfn (z)} {wa(z) }D
<(5) S (Ble{mm ) >+<§D{Mf@> I}
(Y (S mmcsmn(|( s} ( ).
(3.15)

or

ool

<(3) {g[gmaxncmn
y {<|a},1| + ail )( n+% te—(n+(1/2))1mzi> + |a1212'|n|te—nlmz,-}

m+n+1
2

+ j maX{|Ct|r|Dt|}{i<|a’¥|+|a'211|><
m=1

—(m+n+(1/2)) Im z; >
t=0
t_—(m+n)Imz; }
1

t
2| - (mn+(1/2) Imz; |Aﬁfﬂ'|m+n|t

+|A}[§n

j )

- Sonf 5o (|
m=1

2

Xe(m+n)lmzi> }] } )

(3.16)

From (3.16),

1t
Tl+§ e

(Jay'| + |a§1|)< (n+<1/2>)1mz,.>

+|a$l2||n|te—nlmzi

0 2 j
A 1o (ne 2o (ne k) i (nsl ] e~ (n+(1/2))Imz;
')2n=1 2 2 2

1 20 J
(7) S X maxtici o)
: n=1

t=0
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+ <1+n+n2+---+nf>e‘"lmzi

. 2 o :
< A(] +21) Z[<n+ 1>]e—(n+(1/2))lmz,- +nje—nlmzi] < oo.
il 2
(Gh" =
(3.17)
Holds, where
A = max{|Ci|, |Di|} max{ (|a}}| + |a$,1)>, |a,23| } (3.18)
Now we define the function
j [ee] 1 t
gn(2) = Zmax{|ct|,|Dt|}{ AR |a33|)< A |4+ 5| o=t/ m
t=0 m=1
+ A%ﬂ |1’I1 + n|te—(m+n)lmzi>}
j =] 1 t
+ Z|Dt| Z|‘X$¢2' Afl}n Mman+ —| e mm+(1/2)Imz
t=0 m=1 2
+ Aﬁfn |m + n|te’(m+")lmz"> }
(3.19)

So we get

1| .
A}z}n m+n+ E e—(m+n+(1/2))Imz,

|m + n|te—(m+n)lmzi>}

t
e—(m+n+(1/2)) Im z;

(%)2§[imax{|ct|,|a|}{i(laﬁll + |“33|><

n=1 L t=0 m=1

12
+| Ay

1
A%llm m+n+§

Im T nlte—(m+n) Imzi> }]

j ©
Sou{ £l
t=0 m=1

+ Afﬁn

_ <%>2§gn(z).

(3.20)
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Using the boundness of A;jm and ai{, i,j = 1,2 we obtain that

] o] 1 t
gn(z) < max{|C|, | Dy| MZ Z{ m+n + e~ (mn+(1/2)) Im z;
t=0 m=1
(3.21)
+|m+n|t —(m+n)Imzl},
where
M= max{(ia}fi + |a,211|>
(3.22)

11

22
n Ay

[24

(k2] 1)

If we take max{|Cy|, |D¢|} M = N, we can write

2 )

t
gn(z) < NzenImZ,Z{<m+n+ %) e mImzi (m+n) emImzi}

m=1

0 0 1
Ne Iz 2 mImzi 4 e’mlmz"<<m +n+ —) +(m+n ) +
(S 8 2) o

" -mlmz, 1y ,>} (3.23)
+%e <<m+n+2> + (m +n)

[>e]

j t
< Nemzy' y emmima <<m+ n+ %) +(m +n)t>

m=1 t=0

< Be—nImzi

7

where

Ms

B=A

S <<m . %)t +(m+ n)f>. (3.24)

1t=0

3
I

Therefore we have

(%)22&1(2) < <%>2i3e-nlm% < oo. (3.25)

n=1

From (3.17) and (3.25) d/ /d\V,(\;) € &,(N,C2),j=0,1,...,mi—1,i=1,2,... k.
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On the other hand, since Imz; =0forj =0,1,...,m;-1,i=k+1,k+2,...,v using
(3.12) we find that
t
oLl t( ) izi(m+(1/2)

but the other terms in (3.12) belongs & (N, C2), so d/ / (dM)EY (1) ¢ £,(N, C?). Similarly from
(3.13) we get di /(AV)EP (1) ¢ €,(N,C?), then we obtain that d//(dV)V,(\;) ¢ (N, C?),
j=0,1,....m-Li=k+1,k+2,...,v. ]

) < oo}, (3.27)

2
- o, (3.26)

5

n=1

Let us introduce Hilbert space j =0,1,2,...

H_;(N) = {y = <im> Z(1+ In]) 2]<|y(1)|

with

2
+ |y

IylZ, = >+ Inl)’27< y > (3.28)
neN

Theorem 3.3. d//(dV)V, (L) € H-j,y(N),j=0,1, 2,...,mi-1,i=k+1,k+2,...,v

Jofeen) |
;j: {dxf(z’@}r}

2 2

o))}

Proof. Using (3.4), (3.14) we have

2+ |1 ED ()
%(1+Inl) j <] {d)d (A )}A_M
(1+]n) 20D ] o
D e I )

e ()

-2(j+1) !
(] { <§

2

A=A

2
+

fiwall) - (3

(3.29)
forj=0,1,2,...,m;—1,i=k+1,k+2,v.Since Im z; = 0, using (3.29) we obtain
2
(14 200 < { { <z,>}|>
,% (]l) ZO dt
- ,>2Z{Z<1 0 (5 ) at!|ic
)
2

11 12
n Anm

=) t
+Z|Cf| a —(j+1)Z|A}l}n|<m+n+ %) + (m+n)t}
t=0 m=1
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8| o)
a;1|z[§<n+§)ﬂct|]
J(mene )

]
+<Z| (L + ) 0"V

t=0

11

+2(1 + |n|) 720D

X [i m|(m+n) ]
t=0

12
Anm

)}

(3.30)

11|Z:|A11 |<m+n+;) +

Using (3.30), (2.1), and (2.7) we first obtain that

11
n

j
<Z|Ct| a
t=0

1) &
5

1
" m+n+2

t
(A jnp)” i+1><m+n+ ;) C

11

<Zlct

2
>, (1-aj| +[1+b;] +|pj| + |qi|)e'€j5€€j5>

j=n+[m/2]
] 1 t n+m\o
4 Zall ]+)<m+n+ >Cexp< < ) )
t=0 m=1 4
2
x 2 e€j6(|1_af|+|1+bi|+|Pf|+|%|)}
j=n+[m/2]
J (j+1) & 1 ! n+m\0 ’
-(j+ Z _
C1<§(1+|n|) Z_<m+n+2> exp( g( 1 ) >>
= m=1
J ’(7‘+1)OO 1 t n+my\1/2 ?
<G §(1+|n|) %<m+n+§> exp(—s( 1 > )
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2
= Cy(1 + |n|) 20D exp< > <Z]:Z <m +n+ 1> exp <—5%m1/2>>
t=0m=1

1

=Gexp —sgrzz (1 +|n|) 720D,

(3.31)
where
2
C = < a}l1| Z eei6(|1 —aj| +11 +b]~| + |p]~| + |q]|)> ,
j=n+[m/2] (3 32)
j o 1 t \/i 2
(g5 ol 50
So we get from (3.31)
2
1 t
Z(Zlcm + )"0 |a |A;1n|(m+n+ 5) >
1 :l (3.33)

<GY exp (—g%nl/2> (1+1n)) 20" < oo,
n=1

Secondly, using (3.30) and (3.31) we obtain that

9 t
Zz{[ G (1 + [n]) "0+ (n + 1> ]
n=1 t=0 2
J o0 )
x[ZICtI @, _(]+1)<<m+n+ ) |A11
t=0 m=1

si[ﬁ(lﬂnn2<f”’(n+§)texp< X2 1”)6“] o,

n=1 L t=0

+(men)'|az,

) e

and also the first part of the (3.31) obviously convergent so, we get from (3.33) and (3.34)

2
S+ |l 20— 7 <Z {W ,§1>(zi)}|> < oo, (3.35)

neN 0
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and similarly

2

(1+|n) 20" — < { — (2 )}D < . (3.36)
neZN (in* Zo dr
Finally d/ /(dV)V,(4;) € H_)(N), j = 0,1,2,...,mi - 1,i=k+1,k+2,...,v. 0
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