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We prove that b is in Lip 5 (w) if and only if the commutator [b, L~%/?] of the multiplication operator

by b and the general fractional integral operator L~*/2 is bounded from the weighted Morrey space
LPk(w) to LAk/P(w'=0-2/M1 ), where 0 < f < 1,0 < a+f <nl <p <n/(a+p),1/q =
1/p-(a+P)/n0<k<p/q w’P € A, and 1, > (1-k)/(p/(q - k)), and here r,, denotes the
critical index of w for the reverse Holder condition.

1. Introduction and Main Results

Suppose that L is a linear operator on L?>(R") which generates an analytic semigroup e~
with a kernel p;(x, y) satisfying a Gaussian upper bound, that is,

C
|pe(x,y)| < Me_c(lx_y‘z/t) (1.1)

for x,y € R" and all t > 0. Since we assume only upper bound on heat kernel p;(x, y) and
no regularity on its space variables, this property (1.1) is satisfied by a class of differential
operator, see [1] for details.

For 0 < a < n, the general fractional integral L~/? of the operator L is defined by

B 1 (® . dt
L) = g | @) (12
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Note that, if L = —A is the Laplacian on R”, then, L~*/2 is the classical fractional integral
I, which plays important roles in many fields. Let b be a locally integrable function on R",
the commutator of b and L=%/2 is defined by

[b, 1:“/2] F(x) = b(x)L™2f (x) - L™2(bf) (x). (1.3)

For the special case of L = —A, many results have been produced. Paluszynski [2]
obtained that b € Lip 5 (R™) if the commutator [b, I,] is bounded from LP (R") to L"(R"), where
l<p<r<ow,0<f<land1l/p-1/r = (a+p)/nwithp <n/(a+ p).Shirai [3] proved that
b € Lip4(R") if and only if the commutator [b, I,] is bounded from the classical Morrey spaces
LPA(R™) to L' (R") forl<p<g<oo, 0<a, 0<f<l,andO<a+f=(1/p-1/q)(n-\) <n
or LPA(R") to LI#*(R") for 1 <p<g<o0,0<a 0<pf<1l,0<a+pf=1/p-1/q) <
n, 0<A<n-(a+pP)p, and pu/q = A/p. Wang [4] established some weighted boundedness
of properties of commutator [b, I,] on the weighted Morrey spaces LP* under appropriated
conditions on the weight w, where the symbol b belongs to (weighted) Lipschitz spaces. The
weighted Morrey space was first introduced by Komori and Shirai [5]. For the general case,
Wang [6] proved thatif b € Lip p(R"), then the commutator [b, L=*/?] is bounded from L? (w")
to L9(w?), where 0 < f <1, 0<a+p<nl<p<n/(a+p),1/p-1/9 = (a + p)/n, and
wi e Aj.

The purpose of this paper is to give necessary and sufficient conditions for
boundedness of commutators of the general fractional integrals with b € Lipp(w) (the
weighted Lipschitz space). Our theorems are the following.

Theorem 1.1. Let0 < <1, 0<a+pf<nl<p<n/(a+P),1/g=1/p-(a+p)/n0<k<
min{p/q,pp/n}, and w € Ay. Then one has the following.

(a) Ifb € Lip(R"), then [b, L=/2] is bounded from LP*(w?,w1) to LI*4/P (w1);
(b) If [b, L=%/?] is bounded from LP* (wP,w1) to L¥*4/P (w), then b € Lip,(R").

Theorem 1.2. Let 0 < f<1,0<a+pf<nl<p<n/(a+P),1/q=1/p-(a+p)/n0<k<
p/q,w¥P € Ay, and r, > (1-k)/(p/(q—k)), where r,, denotes the critical index of w for the reverse
Holder condition. Then one has the following.

(a) If b € Lipy(w), then [b, L=/2] is bounded from LP*(w) to LI%4/P (co'=(-2/m4 (),
(b) If [b, L=%/?] is bounded from LP* (w) to L9*4/P (c'~(1=4/m4 (), then b € Lip,(w).

Our results not only extend the results of [4] from (—A) to a general operator L, but
also characterize the (weighted) Lipschitz spaces by means of the boundedness of [b, L™%/2]
on the weighted Morrey spaces, which extend the results of [4, 6]. The basic tool is based on
a modification of sharp maximal function M} introduced by [7].

Throughout this paper all notation is standard or will be defined as needed. Denote
the Lebesgue measure of B by |B| and the weighted measure of B by w(B), where w(B) =
[ w(x)dx. For a measurable set E, denote by g the characteristic function of E. For a real
number p, 1 < p < oo, let p’ be the dual of p such that 1/p + 1/p" = 1. The letter C will be used
for various constants, and may change from one occurrence to another.
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2. Some Preliminaries

A nonnegative function w defined on R" is called weight if it is locally integral. A weight w
is said to belong to the Muckenhoupt class A,(R") for 1 < p < oo, if there exists a positive

constant C such that
g 0) (i f o0 )
— | w)dx ) = | wkx) """ dx <C, (2.1)
(i, ) (31 [ o0

for every ball B ¢ R”". The class A;(R") is defined replacing the above inequality by
1
<—J w(x)dx) < C essinf w(x). (2.2)
|B| B x€B

Whenp = oo, w € A, if there exist positive constants 6 and C such that given a ball B and E
is a measurable subset of B, then

w(E) IEI\°
v =<(al) 23

A weight function w belongs to A, ; for 1 < p < g < oo if for every ball B in R", there
exists a positive constant C which is independent of B such that

(), “"x)qd’“)wﬁ J, w<x>"’dX>l/P/ <c 24

From the definition of A, ;, we can get that

W€ Ay, iff W€ Arig/p. (2.5)

Since w?/? € Ay, then by (2.5), we have w'/? € A, ;.
A weight function w belongs to the reverse Holder class RH, if there exist two
constants r > 1 and C > 0 such that the following reverse Holder inequality,

1/r
<% wa(x)rdx> SC|1F| Bw(x)dx, (2.6)

holds for every ball B in R".

It is well known that if w € Ap with 1 < p < oo, then there exists r > 1 such that
w € RH,. It follows from Holder inequality that w € RH, implies w € RH; forall1 < s <.
Moreover, if w € RH,,r > 1, then we have w € RH,,, for some ¢ > 0. We thus write r,, =
sup{r > 1: w € RH,} to denote the critical index of w for the reverse Holder condition. For
more details on Muckenhoupt class A, ;, we refer the reader to [8-10].

Definition 2.1 (see [5]). Let 1 < p < oo and 0 < k < 1. Then for two weights y and v, the
weighted Morrey space is defined by

Lp,k(#/v) = {f € Lfoc(/‘) : ”f”Lp,k(,l,v) < OO}/ (2.7)
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where

1/p
#(X)dx> , (2.8)

Ul =50 (5

and the supremum is taken over all balls B in R".

If u = v, then we have the classical Morrey space LP*(u) with measure . When k = 0,
then LPO(u) = LP(p) is the Lebesgue space with measure p.

Definition 2.2 (see [11]). Let1<p < o0,0 < p < 1,and w € A,. A locally integral function b is
said to be in LipZ(w) if

1/p
1Blliggr =5 (w 5 f Ib(x) - bB|pw(x)1’pdx> <C <o, (2.9)

(B)ﬂ/n
where bg = |B|™ [, b(y)dy and the supremum is taken over all ball B C R". When p = 1, we
denote Lipz (w) by Lip ﬁ(w).

Obviously, for the case w = 1, then the LipZ(w) space is the classical Lipg space.

Remark 2.3. Letw € A;, Garcia-Cuerva [11] proved that the spaces || f ||Lip§(w) coincide, and the
norms of || - ||Lip5 (w) are equivalent with respect to different values of provided that 1 < p < co.

Given a locally integrable function f and f, 0 < < n, define the fractional maximal
function by

1/r
1
Mg, f(x) =su —f "d , or>1, (2.10)
prf (%) xeg<|B|1_ﬂ,/n @) y>

when0 < f<n If f=0and r =1, then My;f = Mf denotes the usual Hardy-Littlewood
maximal function.
Let w be a weight. The weighted maximal operator M,, is defined by

1
M) =sup—izs [ 17 ldy. (211)

The fractional weighted maximal operator Mg, is defined by

1/r
Mp o f(x) = sup( f lfF)I w(y)dy> , (2.12)

(B)1 ﬂr/n
where 0 < f < mand r > 1. For any f € LP(R"),p > 1, the sharp maximal function M7 f

associated the generalized approximations to the identity {e~'L,t > 0} is given by Martell [7]
as follows:

M f(x) = SUp g f £ () - £ () |y, (213)
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where tg = rﬁ and rp is the radius of the ball B. For 0 < 6 < 1, we introduce the 6-sharp
maximal operator M ; as

1/6
4

M} f = Mi(1f1°) 214)

which is a modification of the sharp maximal operator M* of Stein and Murphy [9]. Set
Msf =M(f |‘5)1/ o Using the same methods as those of [9, 12], we can get the following.

Lemma 2.4. Assume that the semigroup e~'t has a kernel py(x,y) which satisfies the upper bound
(1.1). Let A > Oand f € LP(R") for some 1 < p < oo. Suppose that w € Ay, then for every 0 <1 < 1,
there exists a real number y > 0 independent of y, f such that one has the following weighted version
of the local good X inequality, forn >0, A>1,

w{x €R": Msf > AL, M} f(x) S YA} < o(x € R™: Msf (x) > 1), (2.15)

where A > 1 s a fixed constant which depends only on n.

IfuveA,1<p<o,0<k<1, then

”f”U”«k(‘u,v) < ”M‘Sf”LPfk(p.,v) < C”Mi,ﬁf U’/k(‘u,v). (216)
In particular, when y = v = w and w € A,,, we have
1t ) < IMF sy < CJ|ME s, (2.17)

3. Proof of Theorem 1.1
To prove Theorem 1.1, we need the following lemmas.

Lemma 3.1 (see [1]). Assume that the semigroup e~ has a kernel p;(x, y) which satisfies the upper
bound (1.1). Then for 0 < a < 1, the difference operator L™/% — e *LL=*/2 has an associated kernel
Kot (x,y) which satisfies

t

C
Kai(x,y) < g (3.1)

" x -y

Lemma 3.2 (see [4]). LetO<a+f<n l<p<n/(a+p), 1/qg=1/p—(a+p)/n, and w € A;.
Then for every 0 < k <p/qand 1 <r < p, one has

||M“+ﬁrrf||mkq/p(wq) < C”f”LPrq(wﬂ,wq)' (3-2)

Lemma 3.3 (see [5]). LetO<f<n 1<p<n/p, 1/s=1/p—p/n,and w € A, . Then for every
0<k<p/s, one has

”Mﬁrlf"Lsfks/P(wﬁ) < C”f”LP'k(wP,ws)' (33)
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Lemma 3.4 (see [4]). LetO<a+pf<n l<p<n/(a+p), 1/q=1/p—a/n 1/s=1/q-p/n,
and w9 € Ajy. Then for every 0 < k < p/s, one has

”Mﬂ:lf”Lsrks/p(m) < C”f”mkq/i’(wﬂ,wﬁ)' (3.4)

Lemma3.5. Let O <a+p<nl<p<n/(a+p),1/g=1/p-a/n 1/s=1/q-p/n, and
w € Aj. Then for every 0 < k < pf3/n, one has

“L—a/Zf

< C”f”LPfk(wp,ws)' (3.5)

Laka/p (wi,ws) —

Proof. Since the semigroup el has a kernel p;(x, y) which satisfies the upper bound (1.1), it
is easy to check that L™/ f(x) < CI,(|f])(x) for all x € R". Together with the result (cf. [4]),
that is,

”IIXf”L’?"“?/P(w‘?,ws) < C”f”LP'k(wP,ws)/ (36)

we can get the desired result. O

Remark 3.6. Using the boundedness property of I, we also know L™%/2 is bounded from L!
to weak L™ " Tt is easy to check that Lemmas 3.2-3.5 also hold when k = 0.

The following lemma plays an important role in the proof of Theorem 1.1.

Lemma3.7. Let0 <6 <1, 0<a<mn, 0<p<1, andb € Lipg(R"). Then for all v > 1 and for all
x € R", one has

M (o f) )

< Cllblluip ery (M1 (L2F) () + Masyr f () + Mapr f()).

(37)

The same method of proof as that of Lemma 4.7 (see below), one omits the details.

Proof of Theorem 1.1. We first prove (a). We only prove Theorem 1.1 in the case 0 < a < 1. For
the general case 0 < & < 1, the method is the same as that of [1]. We omit the details.

ForO<a+p<nand1 <p <n/(a+p), we can find a number r such that 1 <r < p. By
(2.17) and Lemma 3.7, we obtain the following:

1ET T P

<l o(loL"1)

Laka/p ()

(3.8)

< Cllbll o (| Mo (1)

Lakalp ()

1M Pl + 1Mo Fl s )
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Let1/q1=1/p-a/nand 1/q=1/q - p/n. Since w’ € Ay, then by (2.5), we have w € A, ;.
Since 0 < k < min{p/q, pp/n}, by Lemmas 3.2-3.5, we yield that

[[e-27%]s

< Clblygy e (1725

Lakalp (wd) Lavkar/p (e )

+ ”f”LPrk(wp,wq)> (39)

< C”b”Lipﬂ(]R") f”mk(wﬂ,m)'

Now we prove (b). Let L = —A be the Laplacian on R”, then L™*/2 is the classical
fractional integral I,. Let k = 0 and weight w = 1, then LP*(w?,w1) = LP and LI%4/P (w1, w) =
L3. From [2], the (L?, L9) boundedness of [b, I,] implies that b € Lipﬁ(R”).

Thus Theorem 1.1 is proved. O
4. Proof of Theorem 1.2

We also need some Lemmas to prove Theorem 1.2.

Lemma 4.1 (see [4]). Let 0 <a+pf<nl<p<n/(a+p),1/q=1/p-a/nl/s=1/q9-p/n,
and w’'P € Aq. Then if0<k<p/sandr, >1/(p/(q-k)), one has

”Mﬁrlf”LSf"S/P(ws/P,w) < C||f||mkq/iﬂ(wq/r’,w)' (4.1)

Lemma 4.2 (see [4]). Let 0 < a < n,1 <p <n/a,l/q=1/p—-a/n, and wl’P € Ay. Then if
O<k<p/qandr, > (1-k)/(p/(q—k)), one has

M1 f 1l asarrnr < CIF s (4.2)

Lemma 4.3 (see [4]). LetO<a<nl<p<n/a,l/g=1/p-a/n 0<k <p/q and w € A.
Forany 1 <r <p, one has

”Mamwf”mkw wi/P w < C”f”w w)* (4.3)
( ) (

Lemma44. LetO<a<nl<p<n/al/q=1/p-a/n, and w?’?P € Ay. Then if0<k<p/q
andr, > (1-k)/(p/(q—k)), one has

” 1-a/2 f

Laka/p (/P o) <l llurt - (4.4)

Proof. As before, we know that L™*/2 f(x) < CI,(|f])(x) for all x € R". Using the boundedness
property of I, on weighted Morrey space (cf. [4]), we have

||L“"/2f

< af W s e oy < CUF Nl ok ey (4.5)

Laka/p (wi/Pw) —

wherel <p<n/aand1/q=1/p—-a/n. O
Remark 4.5. 1t is easy to check that the above lemmas also hold for k = 0.



8 Abstract and Applied Analysis

Lemma 4.6. Assume that the semigroup e~'t has a kernel py(x,y) which satisfies the upper bound
(1.1), and let b € Lipﬂ(w),w € Ai. Then, for every function f € LP(R"),p > 1,x € R", and
1 <7 < oo, one has

sup f |75 (b () ~ b26) £ (1) |y < Clbli 0 () Mo f (). (16)
Proof. Fix f € LP(R"),1 < p < o0 and x € B. Then,
1
ﬁﬂfJf”L«b—bwfxyﬂdy
. |1§| fB JR” [P (v, 2) || (b(2) - bap) f (2) | dzdy

< |1?| IB J;B |Pt3 (y, Z) | | (b(Z) - sz)f(Z) |dzdy (4.7)

1
b(z) -b dzd
"Bl Lk 1meB|if’ts(1//2)||( (2) - bag) f (2)|dzdy

=M+ N.

It follows from y € B and z € 2B that

-n/2 -
|pe, (v, 2)| < Ct5"* < ClzBl. (4.8)

Thus, Holder’s inequality and Definition 2.2 lead to the following:

1
M< C@ LB|(b(z) —bap) f(2)|dz

<o ([ e -buroeaz) " ([ rareea:)”

pIns1/r 1/ r
< Clllhi, 0 0 @B 02" (s || w(2)dz) »

1 N , 1/r
< Cllblhiy 55028 ( f@N wdz)

a5 )

1/r
1 r
< C”b”Lipp(w)w(x) <W LB |f(2)] w(z)dz>

< Clblip ) @XM o f ()



Abstract and Applied Analysis

9

Moreover, for any y € B and z € 2K1B \ 2KB, we have |y — z| > 25¥!rg and |p;, (v, 2)| <

C(e—czz("’”z(kﬂ)n / |2k+1B|)

M=o ZJ s (v, 2) || (b(2) = bag) f (2)|dzdy
|Bl J g = Joxap\2x

0 efc22(k‘1) 2 (k+)n

< C;W J‘ZkHB|(b(z) ~bap) f(2)|dz

) e—c22(k’1)2(k+1)n
< CZ— f o |(b(z) = byenp) f(2)|dz
2k+1B

=1 Fat:]

0 e—cZZ(k’l) 2 (k+1)n

C T rkinl b+1 —b d
R M L

5_/U1 +./U2.

We will estimate the values of terms A and A, respectively.
Using Holder’s inequality and Remark 2.3, we have the following:

© e—cZZ(k’l) 2 (k+)n

M < CZ |2k+1B|

k=1

X<LMBw@>_merw@y4uz)”ﬂ<LhwLﬂznmmmdz>”r

©
< CZz(k+1)ne—C22(k’1)
k=1

w(2k+1B) 1 /r
r
X Hb”Lipp(w) |2k+1B| <w(2k+1B)1ﬁr/n J‘Zk”B |f(z)| (U(Z)dz>

< ClIbll i, )@ () Mp o f ().
By a simple calculation, we have
by — ba| < Ckeo(x)|bl; w(zkHB)W"
2k+1B 2Bl = Lipj(w) .

Since w € Aj, by the Holder inequality, we get

p/n

s kw (2K41B
_ ot e ( ) w(x)”bHLipﬂ(w)J‘ 1B|f(z)|dz

<C < 2(k+1)n
"/UZ - é e |2k+1B| ok

/n
o ~ w(2k+1B>ﬂ 1/r
<C k2(k+1)n —22(k-1) bl <I rd )
S g e (U(x)” ”Llpﬁ(w) |2k+1B|1/r oki1p If(z)| z

(4.10)

(4.11)

(4.12)
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_ Ci k2(k+1)n€—c22(k’1)
k=1

1/r
w(2k1B) 1 ,
X (U(x)”b”Lipﬂ(w)< |2k+1B| u)(zk"'lB)l_ﬂr/n J‘2k+1B |f(Z)| dz

1/r
< +1)n ,—c22(k-1 1
< CY k2 () |bllsp, <— Lk @ |fw<z>dz>

e w(2k+1B)l—ﬁT/n
< ClbllLip, ()@ (x) Mp e f (%)
(4.13)
Thus, Lemma 4.6 is proved. O

Lemma4.7. Let0 <6 <1,0<a<1l,we A, andb € Lip p((u). Then for all v > 1 and for all
x € R", one has

M s ( [b, Lia/z]f) (x)
< Clblluig, ) % (00 " My (L/2f) () (4.14)
0 Masraof () + (0 Moo f ()

Proof. For any given x € R", fix a ball B = B(xo, rg) which contains x. We decompose f =
f1+ f2, where f1 = fy2p. Observe that

|6, 72| f = (b= bag)L™/2f = L7/2((b = bag) f1) = L*/((b = bas) f2)

em;L([b’ L""/Z]f) — sl [(b ~bap) L2 f —L™2((b-bap) f1) - L™*"*((b - sz)fz)]- e
Then
<% IB ' [b, L—a/z]f(y) - e—t5L<[b, L—a/z]f> (y) '6dy)1/6
1/6
< c(% IB |(b(y) - bop)L™"2f (3) |6dy> /
1/6
. C(l%| IB |L*/2((b ~ ba6) 1) (3) |5dy> (4.16)

A —
1/6
+ C<% J‘B |e’tBL<L7“/2((b - b23)f1>> (v) |6d3/>

1 -a/2 _ _~tgLy-a/2 ‘ v
+C<EIB|<L —e B L >((b—b23)f2)(3/)| dy)
ST+ IT+IIT+IV+V. O
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We are going to estimate each term, respectively. Fix 0 < 6 < 1 and choose a real
number 7 such that 1 < 7 < 2 and 76 < 1. Since w € A;, then it follows from Holder’s
inequality that

1/7'6

I< C(l%| f ) |(b(y) - bag) I’de)l/TSGB |L“"/ fy) |T,6dy>

<C <I;7| LB |(b(y) - b2p) Idy> (L L2 (y) |dy) W)
< Cllipy o @) ([ 1772 )y
< ClBlip, 00 () " M (L2 ) ().

For II, using Holder’s inequality, Kolmogorov’s inequality (see page 485 [8],) and
Remark 3.6, then we deduce that

(e
1< Co [ 1726 =ban) ) )|y

1
S C_IBla/n
|B|

1
|B|1fa/n

L™"2(b - byp) f1

Ln/ (n-a),00

<C

f |(b(y) - bap) f1(y) |dy
? (4.18)

1/7

et ([ rwrewan)” ([ bw) -l wt) )

|B|1—ll/7l

w(2B)\ /"
< C”b”Lipﬂ(w)M“*ﬁrr'wf(x)( |§B| )>

< C”b||Lipﬁ(w)w(x)lia/nMaH},r,wf(x)/

where we have used the condition that w € A;.
Using Holder’s inequality and Lemma 4.6, we obtain that

11 < Clbllip, @ (X) M o (L—a/z f) (). (4.19)
For IV, using the estimate in II, we get
C —a
IV < = f f |Pt3 (V/Z) | |L /2((b - bZB)f)(Z)|dZdy
Bl )5 )25

C w2y 4.20

< C”b”Lipﬂ(a))w(x)l_a/nMa+ﬂ,r,wf(x)'
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By virtue of Lemma 3.1, we have the following:

Vs % J'B z[(ZB)c | Kty (v, 2)[|(b(2) = bap) f (2) | dzdy

[*) 2
SCZI 1 __ r_BZ|2|(b(z)—b23)f(Z)|dZ

k=1 ¥ 2krp<|xg—z|<2k+lrg |x0 - Zl |.X'0

—2k ~
= Ckzl 2k+1B|1 Tokslp|l-a/n J‘ +1B|(b(z) bZB)f(Z)le

(4.21)
. 1
<C)2 2’<—1_Wf |(b(2) = byep) f(2)|dz
=1 |2k+1B| 2k+1B
+C§:272k|b2k+13 —b23|;J‘ |f(z)|d=z
k=1 |2k+1B|17“/" 2k41B
=VI+VIL
Making use of the same argument as that of 11, we have
VI < Clbllip, @) ™" Masp o f (2)- (4.22)
Note that w € A,
b bos| < Ck b ke g)" (4.23)
[basosp = basl < Cko (@) Bl 0y (251B) :
So, the value of VII can be controlled by
C”bllLipp(w)w(x)1+ﬂ/nMa+ﬂ,1f(x)- (4.24)

Combining the above estimates for [-V, we finish the proof of Lemma 4.7.

Proof of Theorem 1.2. We first prove (a). As before, we only prove Theorem 1.2 in the case 0 <
a<l.ForO<a+p<nandl<p<n/(a+p), wecan find anumber r such that 1 < r < p. By
Lemma 4.7, we obtain the following:

-a/2
|[e.1%) £ Lot s
/ w )

<l 1)

Laka/p (1-(=a/mq )
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< Clibllip, ) <||w(-)1+ﬂ/"]\/1ﬂ,1 (L—a/2f>

Lakalp (l=(1-a/m)q 1)

+ ||(U(')1_a/nMa+ﬁ,r,wf

Laka/p (e -(-a/mq 4)

+ [0 P Mg f

Lakal/p (wlf(lfﬂt/n)qlw) >

< Clblip, (IIMm (L)

Lakalp (/P )

+ ”Mﬁﬂrr,wf”mkq/p(w) + ”M“*fﬁflf”Lq/kq/p(wq/p,w)>'

(4.25)
Letl/g1=1/p—-a/nand 1/q=1/q1 — p/n. Lemmas 4.1-4.4 yield that
-a/2
” [b’ L ]f Laka/p (el-(1-a/mq )
-a/2
< Cloly (2 i * 10 (4.26)

< C”b”Lipﬂ(w)”f”U"k(w)'

Now we prove (b). Let L = —A be the Laplacian on R”, then L™%/2 is the classical
fractional integral I,. We use the same argument as Janson [13]. Choose Zy € R" so that
|Zo| = 3. For x € B(Zy,2), |x|™*™" can be written as the absolutely convergent Fourier series,
x| = 3 @tV with 3, |am| < oo since |x|™**" € C*(B(Z,2)). For any x; € R and
p >0, let B=B(xo,p) and Bz, = B(xo + Zop, p),

dx

1
dx = —J‘
|BZ()| B

1 —a+n n-a
o f, 0 (f, Co-b kel ay

[ Jo) -,

; (b(x) = b(y))dy

(4.27)

where s(x) = sgn(J’BZ (b(x) —b(y))dy). Fixx € Band y € Bz, then (y — x)/p € Bz,», hence,

p;,n fB s(x) <fB (b(x) =b(y))|x—y| ™" ('x;fy'> dy) dx

=p™ D, an f s(x) <_[ (b(x) =b(y))|x - y|""eltrmp ’dy> e P dx
B By,

meZn

< p—a Z |am| J‘B s(x) [b, L—lx/Z] <XBZO ei<vm,-/P>> (x)XB (x)e—i<vm,x/P>dx

mezZh
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1/q
—a —a/2 (Vi /p) q(1/q-a/n)
<p Z |@m] ” [b,L ]( XBz, € ) L0 el <IB w(x) dx)

mezZ"
1/4
w(x)q’(l/q’—a/n) dx
LA (w) B

<Cp™ Iaml||szO

mezZn
< Cw(B)YPH/a=a/m = Coy(B) /™, (4.28)
This implies that b € Lip,(w). Thus, (b) is proved. O
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