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The existence results of positive w-periodic solutions are obtained for the second-order functional
differential equation with multiple delays u”(t) + a(t)u(t) = f(t, u(t), u(t — i (t)),..., u(t — 7, (t))),
where a(t) € C(R) is a positive w-periodic function, f : R x [0, +00)™! — [0, +00) is a continuous
function which is w-periodic in t, and 71(t),...,7.(t) € C(R,[0,+00)) are w-periodic functions.
The existence conditions concern the first eigenvalue of the associated linear periodic boundary
problem. Our discussion is based on the fixed-point index theory in cones.

1. Introduction

In this paper, we deal with the existence of positive periodic solution of the second-order
functional differential equation with multiple delays

u'(t) +a(yu(t) = f(tult),ut-1(t),..., ut-7,()), tER, (L.1)

where a(t) € C(R) is a positive w-periodic function, f : R x [0,+00)™ — [0,+c0) is a

continuous function which is w-periodicin t, and 7 (f),. .., 7, (t) € C(R, [0, +o0)) are w-periodic
functions w > 0 is a constant.

In recent years, the existence of periodic solutions for second-order functional
differential equations has been researched by many authors see [1-8] and references therein.
In some practice models, only positive periodic solutions are significant. In [4-8], the
authors obtained the existence of positive periodic solutions for some second-order functional
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differential equations by using fixed-point theorems of cone mapping. Especially in [5], Wu
considered the second-order functional differential equation

u' (t) + ayu(t) = Af (L, u(t -1 (t)),..., u(t - 1,(t))), teER, (1.2)

and obtained the existence results of positive periodic solutions by using the Krasnoselskii
fixed-point theorem of cone mapping when the coefficient a(t) satisfies the condition that
0 < a(t) < w%/w? for every t € R. And in [8], Li obtained the existence results of positive
w-periodic solutions for the second-order differential equation with constant delays

—u (t) +a(yu(t) = ft,u(t-m1),...,ult—1,)), tER, (1.3)

by employing the fixed-point index theory in cones. For the second-order differential
equations without delay, the existence of positive periodic solutions has been discussed by
more authors, see [9-14].

Motivated by the paper mentioned above, we research the existence of positive
periodic solutions of (1.1). We aim to obtain the essential conditions on the existence of
positive periodic solution of (1.1) by constructing a special cone and applying the fixed-point
index theory in cones.

In this paper, we assume the following conditions:

(H1) a € C(R, (0,+00)) is w-periodic function and there exists a constant 1 < p < +oo
such that

lall, < K(2p"), (1.4)

where | a|, is the p-norm of a in L7 [0, w], p* is the conjugate exponent of p defined
by (1/p) + (1/p*) =1, and the function K(q) is defined by

_ 2
_2T (—2 )1 . —F(l/q) if1<g<+o0
K(q) = § 4@I\2+q r(1/2+1/q) ) ' ) ’ (1.5)
4 L
“w if g =+o0

in which T is the Gamma function.
(H2) f e C(R x [0, +00)™, [0, +00)) and f(t,x0,x1,...,%x,) is w-periodic in ¢.
(H3) 71(t),...,Ta(t) € C(R, [0, 00)) are w-periodic functions.

In Assumption (H1), if p = +0o, since K (2) = 2/ w?, then (1.4) implies that a satisfies
the condition

O<af(t) < %2, te[0,w]. (1.6)

This condition includes the case discussed in [5].
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The techniques used in this paper are completely different from those in [5]. Our
results are more general than those in [5] in two aspects. Firstly, we relax the conditions
of the coefficient a(t) appeared in an equation in [5] and expand the range of its values.
Secondly, by constructing a special cone and applying the fixed-point index theory in cones,
we obtain the essential conditions on the existence of positive periodic solutions of (1.1). The
conditions concern the first eigenvalue of the associated linear periodic boundary problem,
which improve and optimize the results in [5]. To our knowledge, there are very few works
on the existence of positive periodic solutions for the above functional differential equations
under the conditions concerning the first eigenvalue of the corresponding linear equation.

Our main results are presented and proved in Section 3. Some preliminaries to discuss
(1.1) are presented in Section 2.

2. Preliminaries

In order to discuss (1.1), we consider the existence of w-periodic solution of the
corresponding linear differential equation

u +a(u=h(t), teR, (2.1)

where h € C(R) is a w-periodic function. It is obvious that finding an w-periodic solution of
(2.1) is equivalent to finding a solution of the linear periodic boundary value problem

u +au=nh(t), te [0, w],
2.2)
u(0) = u(w), u'(0)=1u(w).

In [14], Torres show the following existence resulted.

Lemma 2.1. Assume that (H1 ) holds, then for every h € C[0,w], the linear periodic boundary
problem (2.2) has a unique solution expressed by

u(t) = I: G(t,s)h(s)ds, te[0,w], (2.3)

where G(t, s) € C([0, w] x [0, w]) is the Green function of the linear periodic boundary problem (2.2),
which satisfies the positivity: G(t, s) > 0 for every (t,s) € [0,w] x [0, w].

For the details, see [14, Theorem 2.1 and Corollary 2.3].

For m € N, we use C}}(R) to denote the mth-order continuous differentiable w-periodic
functions space. Let X = C,,(IR) be the Banach space of all continuous w-periodic functions
equipped the norm ||u|| = maxo<t<,|u(t)].

Let

Ko={ueX|u(t)>0, teR} (2.4)
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be the cone of all nonnegative functions in X. Then X is an ordered Banach space by the cone
Kjy. K¢ has a nonempty interior

int(Ko) = {ue X |u(t) >0, teR}. (25)
Let
G=min G(t,;s), G=maxGts); 0=G/G. (2.6)

Lemma 2.2. Assume that (H1) holds, then for every h € X, (2.1) has a unique cw-periodic solution
u LetT:hw—u, thenT : X — X isa completely continuous linear operator, and when h € Ko, Th
has the positivity estimate

Th(t) > o|Thl, VteR. 2.7)

Proof. Let h € X. By Lemma 2.1, the linear periodic boundary problem (2.2) has a unique
solution u € C?[0,w] given by (2.3). We extend u to a w-periodic function, which is still
denoted by u, then u := Th € C2,(R) is a unique w-periodic solution of (2.1). By (2.3),

Th(t) = f: G(t,s)h(s)ds, te[0,w]. (2.8)

From this we see that T maps every bounded set in X to a bounded equicontinuous set of X.
Hence, by the Ascoli-Arzela theorem, T : X — X is completely continuous.
Let h € K. For every t € [0, w], from (2.8) it follows that

Th(t) = f: G(t,s)h(s)ds < EJ: h(s)ds, (2.9)

and therefore,

I Th|| géj h(s)ds. (2.10)
0
Using (2.8) and this inequality, we have that

Th(t) = JW G(t,s)h(s)ds > G JW h(s)ds
0 0
ER— (2.11)
=(G/G) G| n(s)d
(6/6) G o
> o||Th].

Hence, by the periodicity of u, (2.7) holds for every t € R. O
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From (2.7) we easily see that T(Kp) C int(Kp); namely, T : X — X is a strongly positive

linear operator. By the well-known Krein-Rutman theorem, the spectral radius r(T) > O is a
simple eigenvalue of T, and T has a corresponding positive eigenfunction ¢ € Ky; that is,

T =r(T)¢. (212)

Since ¢ can be replaced by c¢, where ¢ > 0 is a constant, we can choose ¢ € Ky such that
J‘ p(t)dt =1. (2.13)
0

Set Ay = 1/r(T), then ¢ = T(11¢). By Lemma 2.2 and the definition of T, ¢ € C2(R) satisfies
the differential equation

¢'(6) +a)(t) = hp(t), teR. (2.14)

Thus, \; is the minimum positive real eigenvalue of the linear equation (2.1) under the w-
periodic condition. Summarizing these facts, we have the following lemma.

Lemma 2.3. Assume that (H1) holds, then there exist ¢ € Ko N C2,(R) such that (2.13) and (2.14)
hold.

Let f : R x [0,00)"™" — [0, o) satisfy the assumption (H2). For every u € X, set
F(u)(t) :== f(t,u(t),u(t—m),...,u(t—1,)), teR. (2.15)
Then F : Ky — Kj is continuous. Define a mapping A : Ko — X by

A=ToF. (2.16)

By the definition of operator T, the w-periodic solution of (1.1) is equivalent to the fixed point
of A. Choose a subcone of Ky by

K ={ueKy|u(t) >olulc teR}. (2.17)

By the strong positivity (2.7) of T and the definition of A, we easily obtain the following.
Lemma 2.4. Assume that (H1) holds, then A(Ko) C K and A : K — K is completely continuous.

Hence, the positive w-periodic solution of (1.1) is equivalent to the nontrivial fixed
point of A. We will find the nonzero fixed point of A by using the fixed-point index theory in
cones.

We recall some concepts and conclusions on the fixed-point index in [15, 16]. Let X
be a Banach space and K C X a closed convex cone in X. Assume that Q is a bounded open
subset of X with boundary dQ, and KNQ #0. Let A : KNQ — K be a completely continuous
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mapping. If Au#u for any u € KNoQ, then the fixed-point index i(A, KNQ, K) has definition.
One important fact is that if i(A, KNE, K) #0, then A has a fixed point in KNQ. The following
two lemmas in [16] are needed in our argument.

Lemma 2.5. Let Q be a bounded open subset of X with 6 € Q, and A : KN Q — K a completely
continuous mapping. If pAu#u foreveryu € KNoQand 0 < u <1, theni(A,KNQ,K) =1.

Lemma 2.6. Let Q be a bounded open subset of X and A : KN Q — K a completely continuous
mapping. If there exists an e € K \ {0} such that u — Au # pe for every u € K N 0Q and p > 0, then
i(A,KNQ,K)=0.

3. Main Results

We consider the existence of positive w-periodic solutions of (1.1). Assume that f : R x
[0,00)"" = [0, 00) satisfy (H2). To be convenient, we introduce the notations

f = lim inf min f(t’xOle,. ., Xn)
0 x—0* tE[O,w] E ,

0 . f(tlelel"'lxn)
f° =limsup max ,
3o+ tElOw] X

(3.1)

foo = liminf min ft X0, %, Xn)
*® x—+oo te[0,w] x

7

f%° =lim sup max Fl X0, x4, Xn)
X—+00 tE[O,w] X ’

where X = max{xy, x1,...,x,} and x = min{xg, x1, ..., X, }. Our main results are as follows.
Theorem 3.1. Suppose that (H1)-(H3) hold. If f satisfies the condition
(H4) fO< i < fo,
then (1.1) has at least one positive w-periodic solution.
Theorem 3.2. Suppose that (H1)-(H3) hold. If f satisfies the condition
(H5) f* <\ < fo,
then (1.1) has at least one positive w-periodic solution.

In Theorem 3.1, the condition (H4) allows f(t, xo, x1,...,x,) to be superlinear growth
on xo, xi,...,X,. For example,

Ft,x0,%1,. .., xn) = bo(£)x5 + b1 ())x] + -+ + by (1) x5 (3.2)

satisfies (H4) with fO =0and f, = +oo, where by, by, ..., b, € C,(R) are positive w-periodic
functions.
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In Theorem 3.2, the condition (H5) allows f(t, xo, x1, ..., x,) to be sublinear growth on
Xo, X1, .., X%,. For example,

ft,x0,x1,...,%n) = cot)\/|x0] +c1(D)\/|x1] + -+ calt)\/]%n] (3.3)

satisfies (H5) with fy = +oo0 and f* = 0, where ¢y, cy, ..., cn € Cw(R) are positive w-periodic
solution.
Applying Theorems 3.1 and 3.2 to (1.2), we have the following.

Corollary 3.3. Suppose that (H1)-(H3) hold. If the parameter \ satisfies one of the following
conditions

(1) M/ foo <A <M/ f°,
@) M/ fo<d<l/f%,

then (1.2) has at least one positive w-periodic solution.

This result improves and extends [5, Theorem 1.3].

Proof of Theorem 3.1. Let K C X be the cone defined by (2.17) and A : K — K the operator
defined by (2.16). Then the positive w-periodic solution of (1.1) is equivalent to the nontrivial
fixed point of A. Let 0 <7 < R < +o0 and set

Q ={ueX|[ul<r}),  ={ueX]|ul <R} (3.4)

We show that the operator A has a fixed point in K N (Q; \ Q) when r is small enough and
R large enough.
Since f° < Ay, by the definition of f°, there exist € € (0,1;) and 6 > 0, such that

flt,x0,x1,...,x,) (M1 —€)x, te[0,w], x€(0,0), (3.5)

where X = max{xg, x1,...,x,} and x = min{xg, x1,...,x,}. Choosing r € (0, ), we prove that
A satisfies the condition of Lemma 2.5 in K N 0Q4; namely, pAu#u for every u € K N0y
and 0 < pu < 1. In fact, if there exist ug € K N0Q; and 0 < py < 1 such that pgAuy = 1y and
since ug = T (uoF (u0)), by definition of T and Lemma 2.2, ug € C2 (R) satisfies the differential
equation

uy(t) + a(t)ug(t) = poF (uo)(t), teR, (3.6)
where F(u) is defined by (2.15). Since uy € K N 0Q4, by the definitions of K and Q;, we have

0 <o fluoll <uo(7) < luoll =7 <6, VreR. (3.7)

This implies that

0 < max{ug(t), ug(t — 1 (t)),..., ug(t =1, (t))} <6, teR. (3.8)
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From this and (3.5), it follows that

F(uo)(t) = f(t, uo(t), uo(t =71 (1)), ..., uo(t = 7u()))
< (M - ) -minfug(8), uo(t = 71(1)), - .., uo(t = Tu(£))} (3.9)

< (M -oup(t), teR.
By this inequality and (3.6), we have
ug(t) + a(t)uo(t) = poF (uo) (t) < (A —e)up(t), teRR. (3.10)

Let ¢ € K N C%(R) be the function given in Lemma 2.4. Multiplying the inequality (3.10) by
¢(t) and integrating on [0, w], we have

[ b0 + atopar < i) [ watprar, (3.11)

For the left side of the above inequality using integration by parts, then using the periodicity
of ug and ¢ and (2.14), we have

[ 150+ a0 poat = [ o9 0 + awpco)ar

" (3.12)
=\ J‘o uo (x)p(£)dt.
Consequently, we obtain that
A f: up(x)Pp(t)dt < (M1 —¢) J:j uo(x)P(t)dt. (3.13)
Since ug € K N 0Ly, by the definition of K and (2.13),
f: uo(x)p(t)dt > of|uo| I: ¢(t)dt = oljuol| > 0. (3.14)

From this and (3.13), we conclude that \; < A;—¢ , which is a contradiction. Hence, A satisfies
the condition of Lemma 2.5 in K N 0€2;. By Lemma 2.5, we have

i(A,KNQy, K) =1. (3.15)

On the other hand, since f,, > i, by the definition of f, there exist &; > 0 and H > 0
such that

f(t,.XO,.X1,...,xn) > (')‘1 +61) E/ te [O,(U], x> H/ (316)
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where x = max{xg,x1,...,x,} and x = min{xg, x1,...,x,}. Choose R > max{H/o,6} and
e(t) = 1. Clearly, e € K'\ {0}. We show that A satisfies the condition of Lemma 2.6 in K N0£2,;
namely, u — Au # u¢ for every u € KN 0oL, and p > 0. In fact, if there exist u; € K N 0Q, and
u1 > 0 such that uy — Auq = pye, since uy — pie = Aug = T(F(uy)), by the definition of T and
Lemma 2.2, u; € C2(R) satisfies the differential equation

u,(t) + a(t) (ui(t) — 1) = F(ur)(t), teR. (3.17)
Since u; € K N 0Ly, by the definitions of K and €,, we have

u1(t) > o|lu1|| =ocR>H, VYt eR. (3.18)
This means that
min{uy (£), u1(t = (t)),..., (t —1,(t))} > H, teR. (3.19)
Combining this with (3.16), we have that

F(u)(t) = f(t,ma(t), ur(t =71 (F)), ..., w1 (t — Tu(t)))
> (A + 1) -max{ug (t), us(t =1 (t)), ..., u1(t — ()} (3.20)

> ()Ll +e)ui(t), teR.
From this inequality and (3.17), it follows that
u;(t) +a(t)ur (t) = pra(t) + F(ur)(t) > (M +en)us(t), teR. (3.21)

Multiplying this inequality by ¢(t) and integrating on [0, w], we have
f [u’{(t) + a(t)ul(t)]tﬁ(t)dt > (b + El)f w1 (£)p(¢)dt. (3.22)
0 0
For the left side of the above inequality using integration by parts and (2.14), we have

j [u’l’(t)+a(t)u1(t)]¢(t)dt:f w(t)[¢ )+ at)d(r)]at
’ b (3.23)
- Alj 0 (x) ().

0

From this and (3.22), it follows that

A JW u(x)p(t)dt > (A + 1) JW u1(x)@(t)dt. (3.24)
0 0
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Since u; € K N 0L, by the definition of K and (2.13), we have

Jw w1 (x)p(t)dt > o[y f: P()dt = ollus| > 0. (3.25)

0

Hence, from (3.24) it follows that A; > A + £1, which is a contradiction. Therefore, A satisfies
the condition of Lemma 2.6 in K N 0£2;. By Lemma 2.6, we have

i(A, K NQy, K) =0. (3.26)
Now by the additivity of the fixed-point index (3.15), and (3.26), we have

i<A, KN (Qz \ §1>, K) =i(A, KNQy, K) —i(A, KNQ, K) = -1. (3.27)

Hence A has a fixed point in KN (€, \Q1), whichisa positive w-periodic solution of (1.1). O

Proof of Theorem 3.2. Let Q1,Q, C X be defined by (3.4). We prove that the operator A defined
by (2.16) has a fixed point in K N (Q, \ Q1) if 7 is small enough and R is large enough.
By fo > A1 and the definition of f, there exist € > 0 and 6 > 0, such that

F(t X0, X1, %) 2 (M +6)%, te[0,w], X € (0,5), (3.28)

where x = max{xg,x1,...,x,}. Let r € (0,6) and e(t) = 1. We prove that A satisfies the
condition of Lemma 2.6 in K N 0Q4; namely, u — Au # pe for every u € KN oQq and y > 0. In
fact, if there exist ug € KN0L2; and pg > 0 such that 1y — Aug = poe and since ug — poe = Aug =
T(F(up)), by the definition of T and Lemma 2.2, uy € C2(R) satisfies the differential equation

uy(t) + a(t) (uo(t) — po) = F(uo)(t), teR. (3.29)

Since uy € K N 0L, by the definitions of K and £, ug satisfies (3.7), and hence (3.8) holds.
From (3.8) and (3.28), it follows that

F(”O)(t) = f(tl uO(t)/uO(O - T1(t)), s /uO(t - Tn(t)))
> (A + &) -max{ug(t), ug(t =1 (t)),. .., ug(t — ()} (3.30)

> (.)Ll + &‘)uo(t), teR.
By this and (3.29), we obtain that
ug(t) +a(t)up(t) = poa(t) + F(up)(t) > (M + e)ug(t), teR. (3.31)

Multiplying this inequality by ¢(¢) and integrating on [0, w], we have

f: [o(t) + a(Hyuo(®)] pH)dt > (1 + ) I : uo(H)p(t)dt. (3.32)



Abstract and Applied Analysis 11

For the left side of this inequality using integration by parts and (2.14), we have

[ [+ attroo]pewat = [ uwio ]9’ @ + awpco]a
0 0
" (3.33)
= )»1J‘ uo (x)p(£)dt.

0

From this and (3.32), it follows that
A f ur (x)p(t)dt > (A1 + sl)f uy (x)P(t)dt. (3.34)
0 0

Since 1y € K N 0L, from the definition of K and (2.13) it follows that (3.14) holds. By (3.14)
and (3.34), we see that A\; > A1 + ¢, which is a contradiction. Hence, A satisfies the condition
of Lemma 2.6 in K N 0£2;. By Lemma 2.6, we have

i(A,KNQy,K)=0. (3.35)

Since f* < 4, by the definition of f*, there exist £; € (0,11) and H > 0 such that

f(tl X0, X1, - 'rxn) S ()‘l - 51){/ te [O,(AJ], £ > Hr (336)

where x = min{xg, x1,...,x,}. Choosing R > max{H/o,6}, we show that A satisfies the
condition of Lemma 2.5 in K N 0£2; namely, pAu#u for every u € KNoQyand 0 <y < 1. In
fact, if there exist u; € KN 0€Qy and 0 < p; < 1 such that py Auy = uy, since uy = T(pu1F(u1)),
by the definition of T and Lemma 2.2, u; € C2,(Q) satisfies the differential equation

u,(t) + a(t)us (t) = pu F(ur) (1), tER. (3.37)

Since u; € K N 0Ly, by the definitions of K and €, u; satisfies (3.18), and hence (3.19) holds.
By (3.19) and (3.36), we have

F(u)(t) = f(t, ma(t), ua(t — 71 (), ..., w1 (t — 7 ()))
< (M —é1) -min{uy (8), ur (t = 71(8)), ..., w1 (t = 7a(t))} (3.38)

< -eu(t), teR.
From this inequality and (3.37), it follows that
u;(t) +a(t)ur(t) = i F(up)(t) < (M —en)us(t), teR. (3.39)

Multiplying this inequality by ¢(t) and integrating on [0, w], we have

[0+ atum@pmar < ai-e [ mopar 3.40)
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For the left side of this inequality using integration by parts and (2.14), we have

JW [(8) + a(ty ()] g1yt = f ) [#'®) + atyg(]ar
0 0
(3.41)

=N f u (x)p(t)dt.
0
Consequently, we obtain that

A JW ui(x)p(t)dt < (A —&1) JW ui(x)(t)dt. (3.42)
0 0

Since u; € K N 0Qy, by the definition of K and (2.13) we see that (3.25) holds. From (3.25)
and (3.42), we see that \; < A; — &1 , which is a contradiction. Hence, A satisfies the condition
of Lemma 2.5 in K N 0£2,. By Lemma 2.5 we have

i(A, KNy, K) =1. (3.43)
Now, from (3.35) and (3.43) it follows that

i(A,K n <QZ \ﬁl),K> =i(A,KNQy, K) —i(A, KNQ, K) = 1. (3.44)
Hence, A has a fixed point in KN (€, \Q), whichisa positive w-periodic solution of (1.1). O
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