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We introduce the notion of a weak ¢s-sharp minimizer for set-valued optimization problems. We
present some sufficient and necessary conditions that a pair point is a weak ¢-sharp minimizer
through the outer limit of set-valued map and develop the characterization of the weak -sharp
minimizer in terms of a generalized nonlinear scalarization function. These results extend the
corresponding ones in Studniarski (2007).

1. Introduction

The notion of weak sharp minima in general mathematical program problems was first
introduced by Ferris in [1]. It is a generalization of a sharp minimum in [2] to include
the possibility of nonunique solution set. The study of weak sharp minima is motivated
primarily by applications in convex and convex composite programming, where such
minima commonly occur. Weak sharp minima plays an important role in the sensitivity
analysis [3, 4] and convergence analysis of a wide range of optimization algorithms [5].
Recently, the study of weak sharp solution set covers real-valued optimization problems [5-
8] and piecewise linear multiobjective optimization problems [9, 10].

In [11], Bednarczuk defined weak sharp Pareto minima of order m for vector-
valued mappings and used weak sharp Pareto minima to prove upper Holderness and
Holder calmness of the solution set-valued mappings for parametric vector optimization
problems. In [12], Studniarski gave the definition of weak ¢-sharp local Pareto minima
in multiobjective optimization problems and presented necessary and sufficient conditions.
In [13], Xu and Li established a sufficient and necessary condition for weak ¢-sharp local
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Pareto minima in vector optimization problems in infinite spaces, the approach is that they
transformed weak ¢-sharp local Pareto minima of a vector-valued function to weak ¢-
sharp local minima of a family of scalar functions. Most recently, Durea and Strugariu [14]
introduced the definition of weak ¢s-sharp local minima by an oriented distance function in
set-valued optimization problems and established necessary optimality conditions in terms
of Mordukhovich coderivative.

In the paper, motivated by the work in [15, 16], we also introduce the notion of
weak ¢-sharp minima, which is different from one in [14], and establish some sufficient and
necessary conditions through the outer limit of set-valued map. In particular, we develop
the characterization of the weak ¢-sharp minimizer in terms of the generalized nonlinear
scalarization function.

This paper is organized as follows. In Section 2, we recall some basic definitions and
give the notion of the weak ¢-sharp local minimizer for set-valued optimization problems. In
Section 3, we present some sufficient and necessary conditions through the outer limit of the
set-valued map. In Section 4, we establish a characterization of weak ¢-sharp local minima in
terms of the generalized nonlinear scalarization function.

2. Preliminary Results

Throughout this paper, let X, Y be real normed spaces. B(x, ) denotes the open ball with
center x € X and radius 6 > 0, /(x) is the family of all neighborhoods of x, and dist(x, W)
is the distance from the point x to the set W C X. The symbols S¢, clS, and intS denote,
respectively, the complement, closure, and interior of S. Let D C Y be a convex cone
(containing 0) with nonempty interior int D and let Y be partially ordered by D.

Let F : X — 2Y be a set-valued map. We denote the graph and domain of F,
respectively, by

GrF={(x,y)eXxY:y€eF(x)}, DomF = {x € X : F(x) #0}. (2.1)

If S is a subset of X, then F(S) = UyesF(x) and the inverse set-valued map of Fis F71 : Y —
2X given by (y, x) € Gr F! if and only if (x,y) € GrF.

Definition 2.1. Suppose that D is a closed convex pointed ((-D) N D = {0}) cone. A point
Yo € A C Y is called a strict efficient (resp., weak) point of A, denoted by yo € Strp A (resp.,
Yo € WMinpA) if

(A-yo)N(-D\ {0}) =0 (resp. (A—yo) N (-intD) = 0). (2.2)

Given a set-valued map F : X — 2Y and a subset S of X, the following abstract
optimization is considered:

min F(x), st.x€S. (2.3)

Definition 2.2. Suppose that D is a closed convex pointed cone. A point (xo,19) € GrF,
with xp € S, is said to be a local strict (resp., weak) minimizer of F over S, written as
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(x0,y0) € LStrp(F,S) (resp., (xo0,¥0) € LW Minp(F,S)), if there exists a neighborhood U
of xp in X such that

Yo € Strp(F(UNS))  (resp., yo € W minp(F(U N S))),

that is,Vx € SNU, (F(x) — yo)N(-D\{0}) =@ (resp. Vx € SNU, (F(x) — yo)N(—int D) =0).
(2.4)

We will say that (xo, o) is a global strict (global weak) minimizers when U = X.
The set of all global strict minimizers (resp., weak minimizers) is denoted by Strp
(F,S) (resp., WMinp(F,S)).

Definition 2.3. Let ¢ : [0,+00) — [0,+00) be a nondecreasing function with the property
¢(t) =0 & t =0 (such a family of functions is denoted by ¥¥) and x( € S. We say that a point
pair (x0,y0) € GrF N (S xY) is a weak ¢-sharp local Pareto minimizer for (2.3), denoted by
(x0,¥0) € WSL(, F, S), if there exists a constant « > 0 and U € /V(x) such that

(F(x) + D) N B(yo, ag(dist(x, W))) =8, VxeSnU\W, (2.5)
where
W={xeS:yoeF(x)} =SNF ' (y). (2.6)

If we choose U = X, we will say the point pair (x9,10) € GrF N (S x Y) is a weak ¢-sharp
minimizer for (2.3), denoted by (xo,y0) € WS(g, F,S). In particular, let ¢, (t) = t" for m =
1,2,.... Then, we say (xo, yo) € Gr F N (S x Y) is a weak ¢-sharp local minimizer of order m
for (2.3) if (x9,y0) € WSL(,, F, S).

Obviously, condition (2.5) can be expressed in the following equivalent form:
F(x) C (B(yo, ag(dist(x, W))) —=D)", ¥xeSnU\W. (2.7)

Remark 2.4. Clearly, if the map F is a vector-valued function, the notion is equivalent to
Definition 8.2.3 with ¢ = ¢, in [17] and the weak ¢-sharp local minimizer for vector
optimizations in [12].

Remark 2.5. In [14], the definition of weak ¢-sharp local minimizer for set-valued optimiza-
tion is given by the oriented distance function A. However, we establish the definition by the
map F. When the map F is the real-valued function and the cone D = R, our definition is
equivalent to Definition 2.1 in [14].

3. Optimality Conditions for Weak ¢-Sharp Minimizer
for Set-Valued Optimization

In this section, we present sufficient and necessary conditions that a point pair is a weak
g-sharp local minimizer in set-valued optimization problems.
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Theorem 3.1. Let F: X — 2Y,xy € S, and @ € W. Assume that W defined in (2.6) is a closed set.
Then, (xo,y0) € WSL(w, F, S) if and only if

F(x) - D
0 ¢ limsup (%) ~ Yo+

X — x0,X€S m (3.1)

Proof. Part “only if”: suppose that (3.1) is false, then there exist sequences xx € S\ W, yi €
F(xi), dx € D such that xy — xg and

. Yk+tdi—Yo
A sty - (3-2)
Hence, for any € > 0, there is ko = ko(€) such that
lyx = yo + d|| < e (dist(xx, W)), Vk > ko. (3.3)

Namely, yi + di € B(yo, ep(dist(xx, W))).

By assumption, there exist a > 0 and U = B(x, 6) such that (2.5) holds. In particular,
for € = min{a, 6}, there exists kg = ko(e) such that for each k > ky, we have that x; € SN
B(xg,6) \ W

Yk + di € B(yo, ey (dist(xx, W))) C B(yo, ag(dist(xx, W))), (3.4)
which is contradiction to (2.5).
Part “if”: suppose that the relation (2.5) is false, then for any 6 > 0 and a > 0, there
exist x € SN B(xp,6) \ W and y € F(x) such that

(y + D) N B(yo, ag (dist(x, W))) #0. (3.5)

In particular, choosing a = 6 = 1/k, there exist xx € SN B(x,1/k) \ W and yx € F(xx) and
di € D such that

1 .
(yk +dk) € B(yO, Eqr(dlst(xk, W))>, (3.6)
that is,
d —
Ika'+ k= ol <1 (3.7)
g (dist(xx, W)) Kk
Hence, for sufficiently large k, we have
d, —
e+ =woll (3.8)
qf(dISt(xk/ W))

which contradicts (3.1). O
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From Theorem 3.1, we easily obtain the following result.

Corollary 3.2. Let F : X — 2Y, xq € S, and ¢ € W. Assume that W defined in (2.6) is a closed set.
If (x0,y0) € WSL(¢, F, S), then,

. F(x) —yo _
(1 o ) 00 =9 09

Theorem 3.3. Let Y = R?, D = R} = [0, +0)?, and Ez = [0,+0]". Let F : X — 2Y,xy€8S.
Assume that W defined in (2.6) is a closed set and ¢ € W. Then, the following statements are
equivalent:

(i) (x0,y0) € WSL(y, F,S),
(ii) dimsup, . s((F(x) = yo0)/¢(dist(x, W)))) N (-R}) #0.

Proof. (i = ii) By assumption and Theorem 3.1, there exist sequences x; € S\ W, yi € F(x),
di € RY such that xx — x and

. Yktdk—Yo
A st w)) (3.10)
Let by = ax + ¢k, where
Yk — Yo di P
— e — = —— R . .
W= S@ist, W) KT p(distteg W) (3.11)

Consider the first component of the vector ¢k = (c}(, ci, e, cZ). Let ¢! = lim supkﬁooci.
Then, there is an infinite set K1 C /U such that limg,sk— ¢, = ¢'. We have ¢! > 0 (it can be
taken +o0), since c}( > 0. Now, let us consider the second component of sequence (ck) e, - Let
¢? = lim sup Klak_)ooci. Hence, there exists an infinite set K, C K; such that liszakchi =c2.
We still have ¢? > 0 (it can be taken +o0). So, we have limg,sk— (¢}, ;) = (¢!, ¢?). Continuing
the process, we obtain a vector ¢ = (c',c?,...,cP) € Ez and an infinite set K, C WV such that
¢ = limg, 5k — o Ck-

Since by = ax + cx, taking the limit on both sides of the equation, we have

0= lim by= lim ax+ lim c.
Kpk—w  Kpk—ow - Kydk—ow (3.12)

Therefore, d := lim K,sk— ok = =€ < 0. Namely,

) F(x) —yo —p

X — x0,XES

(i < ii) If —-d € R”, by Theorem 3.1, the result is true. So, we suppose that some com-
y ; PP
—n+

ponents of d are —co. Reordering to d, letd = (31,32,. .. ,Hn,d e ,Ep) with Ei = —oo for
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i=1,2,...,nand d e (—o0,0] for i > n, with n > 1. Hence, from relation (3.13), we see that
there exist x; € S\ W, xx — x9, yi € F(xi) such that

Vi~ Y

lim—2k % __ o i12... n 3.14
g (dist(ae, W)) | PT 314

Since, for sufficiently large k and fori =1,2,...,n, d} := —(y; — y}) > 0. Let
dy = <d}<,...,d;j, g (dist(ee, W) ..., —g(dist(xe, W))d ) eR. (3.15)

Clearly, one has

. Yk — Yo + dk

lim ———————— =0. 1

A (st (e, W)) (3.16)
Namely,
. F(x)-yo+ R’i

0 € limsup —————+~+. 3.17
ok (@it W) 17
By Theorem 3.1, we derive the result. O

4, Scalarization

Scalarization is one of the most important procedures in vector optimization. In this section,
we apply a generalized nonlinear scalarization function introduced by Herndndez and
Rodriguez-Marin in [18] to discuss the weak ¢-sharp minimizer in set-valued optimization
problems.

Let D be a proper closed convex cone and int D #§. Let e € int D be a fixed point.

Definition 4.1 (see [18]). The generalized nonlinear scalarization function G : 2¥ — RU{-co}
is defined by

G(A) =inf{t € R: te € A + D}. (4.1)

A nonempty set A C Y is said to be D-properif A+ D#Y.

Next, we present several properties about the generalized nonlinear scalarization
function G.

Lemma 4.2 (see [18]). A is D-proper if and only if G(A) > —co.

Lemma 4.3 (see [16]). Let r € R and A be a nonempty subset of Y. Then,

G(A)>re=red cl(A+D). (4.2)
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Lemma 4.4 (see [18]). Let AC Y and yy € A. If yo € Strp A, then G(A -1y) =0

Given a set-valued map F : X — 2 and (xo, yo) € Gr F. Define F:X —2Y by
F(x) = F(x) - vo. (4.3)

Now, we consider weak ¢-sharp local minimizer for a set-valued map F through the
weak sharp local minimizer of the scalarization function G o F:X — RU{-o0}.

Theorem 4.5. Let xg € S and (xo,yo) € GrF. Suppose that W defined in (2.6) is a closed set and
Yo € Strp F(xp). Then,

(x0,y0) € WSL(y, F,S) &= x0 € WSL(g;, G o F, S). (4.4)

Proof. Part “only if”: assume that (xo, o) € WSL(g, F,S), there exist a > 0 and U € _N/(xp)
such that

(F(x) —yo+ D) NB(0, ag(dist(x, W))) =0, YVxeSnU\W. (4.5)
Since B(0, ags(dist(x, W)) is an open set,
B(0, ags(dist(x, W))) C (cI(F(x) —yo + D))". (4.6)
Note that, when W is a closed set,
Lﬁ(p(dist(x, W))e € B(0, ag(dist(x, W))). (4.7)
Hence,

e ”(p(d1st(x, W))e & cl(F(x) —yo + D). (4.8)

By Lemma 4.3, we have

G(F(x) —yo) > |qf(dlst(x ,W)). (4.9)

4lle|
On the other hand, since vy € StrF(xg), in terms of Lemma 4.4, we get

G(F(x0) —y0) =0. (4.10)
This relation, together with (4.9), yields

G(F(x) - yo) > G(F(x0) —yo) + ltp(dlst(x, W)), VYxeSnU\W. (4.11)

4le]
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Namely,

(GoF)(x)> (GoF)(x0) + ﬁtp(dis’c(x, W), VxeSnU\W, (4.12)

thatis, xo € WSL(g, G o F, S).
Part “if”: by assumption, there exist > 0 and U € A/(xp) such that

G(?(x)) > G(F(xo)) + By (dist(x, W)), ¥YxeSNU\W. (4.13)
Since vy € StrpF(xp), by applying Lemma 4.4, we get G(F(xo) — yo) = 0. Thus, we have
G(F(x) - yo) > Py(dist(x,W)), VxeSnU\W. (4.14)

Once more using Lemma 4.3, one has

Py (dist(x, W))e & cl(F(x) — yo + D). (4.15)
Furthermore,
Py (dist(x, W))e & F(x) —yo + D, (4.16)
which implies that
(B (dist(x, W))e - D) n (F(x) —yo+ D) =6, VxeSNU\W. (4.17)

Since e € int D, there exists a number € > 0 such that B(0, €) C e — D. Moreover,
B(0,Ae) CAe—-D, VA>0. (4.18)
Hence, from (4.18), we obtain
B(0, efy (dist(x, W))) C Py (dist(x, W))e - D. (4.19)
Combining it with relation (4.17), we deduce that
B(0, efy(dist(x, W))) N (F(x) —yo+ D) =0, VxeSnU\W. (4.20)

By the definition of weak ¢-sharp local minimum, we have (xo, yo) € WSL(¢, F, S). O

In Theorem 4.5, if the map F is a vector-valued function and the function G becomes
the nonlinear scalarization function g, we easily obtain the following result, which is Theo-
rem 3.4 in [13].
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Corollary 4.6. Let xo €S, f : X — Y, and f(x) = f(x) — f(x0). Then,

xo € WSL(g, f,S) <= x0 € WSL(y, g0 £, S). (4.21)
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