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This paper is concerned with the existence of three solutions to a nonlinear fractional boundary
value problem as follows: (d/dt)((l/Z)on‘l (gD;'u(t)) - (1/2)tD§’.‘1 (tCDé".u(t))) + Xa(t) f(u(t)) =
0,ae.t € [0,T],u(0) = u(T) = 0, where &« € (1/2,1], and A is a positive real parameter. The
approach is based on a critical-points theorem established by G. Bonanno.

1. Introduction

Differential equations with fractional order have recently proved to be strong tools in the
modeling of many physical phenomena in various fields of physical, chemical, biology,
engineering, and economics. There has been significant development in fractional differential
equations, one can see the monographs [1-5] and the papers [6-20] and the references
therein.

Critical-point theory, which proved to be very useful in determining the existence of
solution for integer-order differential equation with some boundary conditions, for example,
one can refer to [21-25]. But till now, there are few results on the solution to fractional
boundary value problem which were established by the critical-point theory, since it is often
very difficult to establish a suitable space and variational functional for fractional boundary
value problem. Recently, Jiao and Zhou [26] investigated the following fractional boundary
value problem:

d/1 B, 1 B, _
E(E oD, " (' (1)) + 5 D" (u (t))) +VF(t,u(t)) =0, ae. tel0,T], 1)

u(0) =u(T)=0
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by using the critical point theory, where (D, # and tD;ﬂ are the left and right Riemann-
Liouville fractional integrals of order 0 < f < 1, respectively, F : [0,T] x RN — R s a given
function and VF (¢, x) is the gradient of F at x.

In this paper, by using the critical-points theorem established by Bonanno in [27], a
new approach is provided to investigate the existence of three solutions to the following
fractional boundary value problems:

jt <1 De- 1<CD (t)> D2 1<CDTu(t)>) +da(t)f(u(t)) =0, ae. te[0,T], 12)

u(0) =u(T) =

where a € (1/2,1], OD;H and tD%*1 are the left and right Riemann-Liouville fractional
integrals of order 1 — a respectively, Dy and ;D7 are the left and right Caputo fractional
derivatives of order a respectively, A is a positive real parameter, f : R — R is a continuous
function, and a : R — R is a nonnegative continuous function with a(t) 0.

2. Preliminaries

In this section, we first introduce some necessary definitions and properties of the fractional
calculus which are used in this paper.

Definition 2.1 (see [5]). Let f be a function defined on [a,b]. The left and right Riemann-
Liouville fractional integrals of order a for function f denoted by ,D;“f(t) and ;D,”f(t),
respectively, are defined by

1 _
D) = o f (-5 f(s)ds, t€][ab], a>0, Ny

b
D) = s f (5= f(s)ds, tel[abl, a>0,

provided the right-hand sides are pointwise defined on [a,b], where I'(a) is the gamma
function.

Definition 2.2 (see [5]). Lety > 0and n € N.

(i) Ify € (n—1,n) and f € AC"([a,b],RYN), then the left and right Caputo fractional
derivatives of order y for function f denoted by $D] f(t) and tCDZ f(t), respectively, exist
almost everywhere on [a, b], aCDtY f(t) and EDZ f(t) are represented by

1 t o
IO = s [[@-srrtrneas, teta),
2.2)
DI (1) = (1) T f (s— "1 (s)ds, te [a,b],

respectively.
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(i) f y = n—-1and f € AC"™!([a,b],RN), then DI 'f(t) and (DI 'f(t) are
represented by

SO f(t) = F" (), DR f(t) = (D)), te[a,bl. (2.3)

With these definitions, we have the rule for fractional integration by parts, and
the composition of the Riemann-Liouville fractional integration operator with the Caputo
fractional differentiation operator, which were proved in [2, 5].

Property 1 (see [2, 5]). we have the following property of fractional integration:

jb[ <D, f(1)] gty = jb[ D,'g()] ()t y>0 (24)

provided that f € LP([a,b],RYN), ¢ € L([a,b],RN),andp >1,g>1,1/p+1/g<1+yor
p#l,q9#1,1/p+1/g=1+y.

Property 2 (see [5]). Letn € Nandn-1<y <n.If f € AC"([a,b],RN) or f € C"([a,b],RY),
then

() )
D, (SDIf®) = f(t)—Zf Fa) (t-ay,

) o (2.5)
n— ] )
Dy (€Dlf®) = F - 32 f "®) g, i
j=0
for t € [a,b]. In particular, if 0 < y <1 and f € AC([a,b],RN) or f € C'([a,b],RYN), then
D;Y<aCDtYf(t)> = f(t) - f(a), fD?(tCDZf(t)) = f(t) - f(b). (2.6)

Remark 2.3. In view of Property 1 and Definition 2.2, it is obvious that u € AC([0,T]) is a
solution of BVP (1.2) if and only if u is a solution of the following problem:

d

dt<10D P (1)) + tD xye% (t))>+Aa(t)f(u(t 0, ae tel0,T],

(2.7)
u(0) =u(T) =0,

where f=2(1-a) € [0,1).

In order to establish a variational structure for BVP (1.2), it is necessary to construct
appropriate function spaces.
Denote by C°[0, T] the set of all functions g € C*[0, T] with g(0) = g(T) =
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Definition 2.4 (see [26]). Let 0 < a < 1. The fractional derivative space Ej is defined by the
closure of C§°[0, T] with respect to the norm

T 5 T 1/2
lull, = UO |ngu(t)| dt+f0 |u(t)|2dt> , VucE- (2.8)

Remark 2.5. Tt is obvious that the fractional derivative space Ej is the space of functions u €
L?[0,T] having an a-order Caputo fractional derivative ng’u € L?[0,T] and u(0) = u(T) = 0.

Proposition 2.6 (see [26]). Let 0 < a < 1. The fractional derivative space Ej is reflexive and
separable Banach space.

Lemma 2.7 (see [26]). Let 1/2 < a < 1. For all u € E{, one has the following:

(i)
TII C 2
< el =
(ii)
Ta-1/2
llullge < 7 || §Dyull . (2.10)
I(a)(2(a—-1)+1) L
By (2.9), we can consider Ej with respect to the norm
T .\ 2
a a
lull, = <f0 |§Du)| dt> = ||§Dfu| ., vueEs (211)
in the following analysis.
Lemma 2.8 (see [26]). Let 1/2 < a <1, then for all any u € E{, one has
2 " ep Cps L 2 2.12
|cos(za)|[[ull; < - , oD u(t) -y Dru(t)dt < Wllulla- (212)

Our main tool is the critical-points theorem [27] which is recalled below.

Theorem 2.9 (see [27]). Let X be a separable and reflexive real Banach space; @ : X — R be
a nonnegative continuously Gateaux differentiable and sequentially weakly lower semicontinuous
functional whose Gateaux derivative admits a continuous inverse on X*; ¥ : X — R be a
continuously Gateaux differentiable function whose Gateaux derivative is compact. Assume that there
exists xo € X such that ®(xy) = ¥(xg) =0, and that

(i) Hmyx) = 400 (@(x) — AW(x)) = +oo, forallL € [0,+oo]. Further, assume that there are
r >0, x; € X such that
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(ii) r < D(x1);

(iii) SUP, T (Toer )" Y(x) < (r/(r+D(x1)))¥(x1).

Then, for each
(I)(xl) r
LeA = , , (2.13)
‘P(xl) — supxemw lP(JC) supxemw IP(X)
the equation
@' (x) - A¥'(x) =0 (2.14)
has at least three solutions in X and, moreover, for each h > 1, there exists an open interval
hr
A, C |0, 2.15
: [ (r(P(x0) /(1)) ~ SUP, g1 qf(x)] 219

and a positive real number o such that, for each A € Ay, (2.14) has at least three solutions in X whose
norms are less than o.

3. Main Result

For given u € Ef, we define functionals ®, ¥ : E* — R as follows:

]. T C a C a
®) =3 [ §DTu)- fDfutat
3.1)

T
Y(u) = f a(t)F(u(t))dt,

0

where F(u) = fg f(s)ds. Clearly, ® and ¥ are Gateaux differentiable functional whose
Gateaux derivative at the point u € EJ are given by

T
@ (u)v = —%f (§Dju® - FDyot) + FDyu(t) - §DJv(1))dt,
0
. - (3.2)
¥ (u)v = J a(t) f(u(t))o(t)dt = —f f a(s) f (u(s))ds - v'(t)dt,
0 0Jo



6 Abstract and Applied Analysis

for every v € Ej. By Definition 2.2 and Property 2, we have

D' (u)v = Jj(%oD?_l <§Dfu(t)) - %th':l(f D;u(t))> V(B dt. (3.3)

Hence, I} = ® - \¥ € C'(E%,R). If u, € E{ is a critical point of I, then

0=1I\(u)v

_ LT <%0Df“1<0CD':u*(t)> - %tD%_1<tCD;u*(t)> -

+A ft a(s)f(u*(s))ds> -o'(H)dt,
0

for v € Ejj. We can choose v € EjJ such that

2kt

v(t) = sin v(t) =1-cos T k=1,2,.... (3.5)
The theory of Fourier series and (3.4) imply that
1 ., a I a !
50Df 1<§Dt u*(t)> - 50§ 1<tCDTu*(t)) + AL a(s) f(u.(s))ds = C (3.6)

a.e. on [0, T] for some C € R. By (3.6), it is easy to know that u, € Ef is a solution of BVP
(1.2).
By Lemma 2.7, if « > 1/2, we have for each u € Ej that

T 5 1/2
flull, < Q<I |0CDt u(t)| dt> = Qllull,, (3.7)
0

where

Ta—1/2

RREVEW, g

(3.8)

Given two constants ¢ > 0 and d #0, with ¢ #1/(2A(a) /| cos(ra)|)Q - d, where Q as in
(3.8).
For convenience, set

8T2(2 - a)

A" Ta-zm)

T1—2a<<1 + 33—2a>24a—5 _p2a-3 _ 1>‘ (3.9)
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Theorem 3.1. Let f : R — R be a continuous function, a : R — R be a nonnegative continuous
function with a(t)#0, and 1/2 < a < 1. Put F(x) = [; f(s)ds for every x € R, and assume that
there exist four positive constants c,d, p, and p, with ¢ < \/(2A(a)/|cos(wra))Q -d and p < 2,
such that

(H1) F(x) < u(1+|x|P), for all x e R;

(H2) F(x) > Ofor all x € [0,T'(2 — a)d], and

Flx) < |cos(sra)|c?
(|cos(ara)|c? + 2Q2 A(a)d?) ] a(t)dt
3T/4
x [F(F(Z —a)d) a(t)dt (3.10)
T/4

T rQ-a)d
+m ,[o b(s)F(s)ds], Vx € [-¢,c],

where b(s) = a((T/4T' (2 - a)d)s) + a(T — (T/4I'(2 — a)d)s). Then, for each

e
_ Aa)d? c?|cos(ra)l
R, + R [1 O b(x)F(x)dx - [ a(t)dt- maxpe F(x) 292 [1 a(t)dt - maxjye F(x) |
(3.11)
3T/4

where R, and R denote F(I'(2—a)d) jT sy a(t)dtand T/(4T(2 - a)d) respectively, the problem (1.2)
admits at least three solutions in E] and, moreover, for each h > 1, there exists an open interval

Az C [0’ 2T (2-a) o 72 T
Ra+R |, b(x)F(x)dx — (2Q2A(a)d?/ c?|cos(rra)|) [, a(t)dt - maxjy<. F(x)
(3.12)

hA(a)d? ]

such that, for each A € A, the problem (1.2) admits at least three solutions in Ej whose norms are
less that o.

Proof. Let @, ¥ be the functionals defined in the above. By the Lemma 5.1 in [26], ® is
continuous and convex, hence it is weakly sequentially lower semicontinuous. Moreover,
® is coercive, continuously Gateaux differentiable functional whose Gateaux derivative
admits a continuous inverse on Ej. The functional ¥ is well defined, continuously Gateaux
differentiable and with compact derivative. It is well known that the critical point of the
functional ® - AW in Ej is exactly the solution of BVP (1.2). O



From (H1) and (2.12), we get
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(00 = V) = 4o, 613)
forall A € [0, +oo]. Put
A2 -a)d [T
Tt, te _0, Z [,
ui(t)y =4 I2-a)d, te z, E] , (3.14)
|47 4
AT(2 - a)d 1T
kT(T—t), te_ Z,T:I

It is easy to check that u1(0) = u1(T) = 0 and u; € L*[0, T]. The direct calculation shows

_tl—a

7

<t1“" - <t
<tl—a _ <
\
T . ” T/4
||u1||i = I <0CDt u1(t)> dt:f +
0 0
T
I
T
5 I
T/4
T
+ZI
3T/4

[((

T

) J’
3T/4

4d
T
Cra 4d
o Dfui(t) = 1 T
4d
T

_ 16d? ’

= -0 gt 4 f

T/4

-3
)"
(%)

1642
T

3

4

1

4

a

3T/4
IT/4
T\ 20~ T
<t - —) dt + f
4 3T/4
T 1—17( T
t“"(t— —) dt—zf
4 3T/4

)"

dt+2

[ T
el
T\'™* [T 3T
i) ) Clea)
T\'™ 3T\ '™ 13T
4> ‘<t‘z> > te_?T]'

T 11 2
+j <thu1(t)> dt
3T/4

3T 2(1—0{)
(--2)

3T

- (t >Hdt
4

)

T3—2a
3-2a

3T

4

T

S I
T/4
T
Jiu

T
- —

1-a
1)
1-a
> dt] <o

(3.15)

-
1) (

3T
-

4

- —
4
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That is, ng’ul € L?[0,T]. Thus, u; € E{. Moreover, the direct calculation shows

4d 1 (3T e /T e [T
Bl (T (5-)7) el
4d e (3T e [T 3T
CD%uy (t) = < <(T t) <T_t> >, te _Z'T]'
T(T t) te‘ radl

1 (T ¢ p
Ow) = -3 [ EDfun(t) - Dfu ()
0
8d2 T/4 l-a la 3T 1-a T 1-a
S e (o (L) () a
3T/4 1-a 1-a
T 3T
+ e <t— —> (T-H" - <— —t) dt
Jon (- (=3) ) :
T T 1-a 3T 1-a
+ o~ (t——) - (t——) T -t)'™dt
LT/4< 4 4 ( )
8d2 T L . T/4 T 1-a
o N Y o
3T /4 1-a T 1-a
+I <t - —> 5T t) dt - f <t - E) (T - H)'"™dt
T/4 4 3T/4 4

3T/4 1-a T T 1-a
—f < t) f (t - —) (T - t)l""dt]
0 T/4 4
_8I2(2-a) . 100 3-2a\ nda5 _ H2a-3 _ 2
= Taoam (<1+3 )2 -2 —1>—A(a)d,

T
W) = fo a(t)F (1 (1)t

/ /
- Jj ' a(ﬂF(Mt) dt + fT ' a(H)F(L(2 - a)d)dt

T/4
T AT(2 - a)d
+J3T/4 a(t)F(—T (T—t))dt
3T/4 T (2-a)d
= F(F(Z - a)d) - a(t)dt + m fo b(X)F(X)dX

(3.16)

Let r = (| cos(ora)|/2Q2)c?. Since ¢ < v/(2A(a) /| cos(ora)|)Q - d, we obtain r < @ (u).
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By (2.12) and (3.7), one has ®(u) < r = ||lu||, < c. Thus,

T
sup  ¥(u) = sup  W(u) < maxF(x)J a(t)dt. (3.17)
ued(J=oo,r[) " ued1(]-oo,r 1) ldl<e 0

Moreover, we have

r
T+ (I)(ul)lp(ul)

~ (|cos(ra)|/2Q%)c?
"~ (|cos(a)|/2Q2)c? + A(a)d?

3T/4 r(2-a)d
X [F(F(Z - (X)d) - a(t)dt + m Jl) b(X)F(X)dX] (318)
B |cos(ora)|c?
" |cos(ra)|c? + 2Q2 A(a)d?
3T/4 r(2-a)d
X [F(F(Z—a)d) - a(t)dt+ mfo b(.X')F(X)dX]
Hence, from (H2) one has
sup W (u) < YO ¢r>(u1) W (). (3.19)

ue®1(]-oo,r[)

Now, taking into account that

D(u)

W(uy) —sup il W(u)

ued®1(]-oo,

< A(a)d?
= r2-a)d T ’
Ra+R |, b(x)F(x)dx — [, a(t)dt - maxy< F(x)
r c?|cos(rra)]
> —— ,
SUP i)’ T (W) T~ 2Q2 [y a(t)dt - maxyy<c F(x)

hr
r(W(u)/®(u1)) - supuewwq’(u)

—oo,1[)
§ hA(a)d?
T R+ R 2T b(x)F(x)dx — (2Q2A(a)d?/ 2|cos(ra)|) [} a(t)dt - maxpye, F(x)

=m.

(3.20)
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Thus, by Theorem 2.9 it follows that, for each A € A;, BVP (1.2) admits at least three solutions,
and there exists an open interval A, C [0, m] and a real positive number ¢ such that, for each
A € Ay, BVP (1.2) admits at least three solutions in Ej whose norms are less than o.
Finally, we give an example to show the effectiveness of the results obtained here.
Leta=08T=1,a(t) =1, and f(u) = e “u’(9 — u) + v/u. Then BVP (1.2) reduces to
the following boundary value problem:

%(%ODI(’Q(SD?Su(t)) - %tDIO-Z(tCD?'Su(t)» #A (e - u) +var)
=0, ae. tel0,1], (3.21)

u(0) = u(l) =0.

Example 3.2. Owing to Theorem 3.1, for each A €]0.291,0.318[, BVP (3.21) admits at least
three solutions. In fact, put ¢ = 1 and d = 2, it is easy to calculate that Q = 1.1089, A(0.8) =

1.3313, and
2A(0.8)
—————Q-d=4.02 1=c 3.22
V|cos(o.87r)| 0235>1=c (3.22)
Since

F(x) = f: f(s)ds =e™x’ + §x3/2, (3.23)

we have that condition (H1) holds. Moreover, F(x) > 0 for each x € [0,2I'(1.2)], and

|cos(0.8ur)]
|cos(0.8r)| + 2Q2A(0.8) - 22

[1 (Or(12)) + —~ fmmﬂ )d]
—F(2 . + — s)ds
2 ar(12) J, 620

>1.064 >1.0345 = ¢! + % >F(x), |x|<1,

which implies that condition (H2) holds. Thus, by Theorem 3.1, for each A € ]0.291,0.318[,
the problem (3.21) admits at least three nontrivial solutions in Eg's. Moreover, for each h > 1,
there exists an open interval A C]0,3.4674h[ and a real positive number o such that, for each
A € A, the problem (3.21) admits at least three solutions in E8‘8 whose norms are less than o.
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