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The purpose of this paper is to present the sufficient y-exponential, uniform exponential, and global exponential stability conditions

for nonlinear impulsive dynamic systems on time scales.

1. Introduction

In recent years, a significant progress has been made in the
stability theory of impulsive systems [1, 2], and in [3] authors
studied the y-exponential stability for nonlinear impulsive
differential equations. There are various types of stability of
dynamic systems on time scales such as asymptotic stability
[4, 5], exponential and uniform exponential stability [6-8],
and h-stability [9]. In the past decade, many authors studied
impulsive dynamic systems on time scales [10-14]. There
are some papers on the theory of the stability of impulsive
dynamic systems on time scales. In [15], stability criteria for
impulsive systems are given and in [16], authors studied y-
uniform stability of linear impulsive dynamic systems.

In this paper, we consider the y-exponential stability
of the zero solution of the first-order nonlinear impulsive
dynamic system

() = ftx(®),

x () = x (t) = I (x () »

x(t;;) = Xo»

teT), t#t,

t=t, k=12,...,n, (1)

where T is a time scale which has at least finitely many right-
dense points of impulsive #;, f : [0,00) x R" — R"is

a nonlinear function and rd continuous in (¢_;,#;] x R",
I, € CylR",R"],and 0 < t, < t, <, < -+ < t, < tare
fixed moments of impulsive effect. Let y; : T — (0, 00),
i = 1,2,...,n, be rd continuous functions and let v =
diag[vy, v,, ..., ¥,]. Throughout the paper, we assume that
f(t,0) =0, for all £ in the time scale interval [0, c0), and call
the zero function the trivial solution of (1) and we consider
'I]'t: = {t € T:t > t,}. Existence and uniqueness of solutions
of (1) have been studied in [10].

In the following part we present some basic concepts
about time scale calculus and we refer the reader to resource
[17] for more detailed information on dynamic equations on
time scales.

2. Preliminaries

A time scale T is an arbitrary nonempty closed subset of
the real numbers R. For t € T we define the forward jump
operatoro : T — Tby

o(t):=inf{seT:s>t} 2)
while the backward jump operator p : T — T is defined by

p(t)=supf{seT:s<t}. (3)



If o(t) > t, we say that t is right scattered, while if p(t) < t,
we say that t is left scattered. Also, if o(t) = ¢, then ¢ is called
right dense, and if p(t) = t, then ¢ is called left dense. The
graininess function y: T — [0, 00) is defined by

u(t)=o(t) -t (4)

We introduce the set T* which is derived from the time
scale T as follows. If T has a left-scattered maximum 1, then
T* = T - {m}; otherwise T* = T.

A function f on T is said to be delta differentiable at some
pointt € T if there is a number f*(t) such that for every ¢ > 0
there is a neighborhood U ¢ T of ¢ such that

lf@@)-F& - O @t -9)|<selo®) -,

selU.

)

The function p: T — R s said to be regressive provided
1+ u)p(t)+0 for all t € T*. The set of all regressive rd-
continuous functions f: T — R is denoted by R.

Let p € R and u(t)#0 for all t € T. The exponential
function on T, defined by

e, (t,s) = exp <J-S ﬁ log (1 + u(z) p(2)) Az), (6)

is the solution to the initial value problem y* = p(t)y,
y(s) = 1. Properties of the exponential function on T are
given in [6].

In [6] authors defined the Lyapunov function on time
scales, type I Lyapunov function V as,

V) =) Vila)=Vi(x)+-+Va(x), @)
i=1

and A derivative of type I Lyapunov function as follows:

[V (x ()]

V(e (@) f; (80)) = Vi (x)] for () #0,
= 1i=1 ()
VV (x)- f (t,x) for u(t) = 0.
(8)

We start introducing notations that will be used
in the following sections. In the Euclidean n-space,
norm of a vector x = {xl,xz,...,xn}T is given by |lx|| =
max{|x,|, [x,],...,]x,[}. The induced norm of an n x n matrix
Ais defined to be [|A] = sup <, | Axll.

Now, we give definition of y-exponential, y-uniform
exponential, y-global exponential stability, and stability con-
ditions for the solution of nonlinear impulsive dynamic
system (1).

3. y-Exponential Stability

Definition 1. The trivial solution to (1) is ¥ exponentially
stable on [0, 0co) if any solution x(t, t,, x,) of the system (1)
satisfies for all t € [t;_;,t;), k= 1,2,...,n,

I (©) x (£ £, x0)|| < C (|| o - £0) (eenr (& to))d> )
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where d is a positive constant and C(h,t) € R* x T, — R*
is a nonnegative increasing function, M > 0. If the function
C is independent of t,,, then the trivial solution to system (1)
is said to be y uniformly exponentially stable on [0, c0).

Definition 2. The trivial solution to (1) is ¥ globally exponen-
tially stable on [0, c0) if there exist some constants § > 0
and M > 1 such that any solution x(%, t,, x,) of (1), for all
telt i), k=1,2,...,n wehave

ly () x (£ to, x0) || < Megs (t.,) - (10)

Now, we shall present sufficient conditions for the y-
exponential stability, ¥ uniformly exponential stability, and
y globally exponentially stability of(1).

Theorem 3. Assume that D C R" contains the origin and there
exists a type I Lyapunov function V : 'I]';O x D — [0, 00) such

that, for all (t, x) € 'I]';; xDandt € [t tp), k=1,2,...,n

LOJy@x@)f <V <rholyox@], a

A ) ly O x @) - L(Mo8) e ()
1+ Mpu(t)

VA (t,x) <

>

(12)

V(t,x) = V7U(t, x) < yegs (1. 15) » (13)

where A, (t), A,(t), and A;(t) are positive functions, where A (t)
is nondecreasing; p,q,r, and y are positive constants; L is a
nonnegative constant, and 8 > M := inf,_ A5 (t) /[A,(£)]79 >
0. Then the trivial solution to (1) is v exponentially stable on
[0, 00).

Proof. Let x be a solution to (1) that stays in D for all t > t,,.
As M :=inf,.gA;(t) /[A,(£)]79 > 0, ey (t, t,) is well defined
and positive. Thus A;(t)./[A,(t)]”? > M. Consider
[V (8 x () ey (88)]°

=Vt x (1) € (t,t,) + V (t,x (1) ery (£, 25) s

< (A Oy Ox O - LM 8) ey (t.1)) ers (t:15)

+ MV (t,x (t) ey (£, 1)
= (—/\3(15)”1// O)x O +MV(t, x (£))-L(M © 8) egs (t, to))

x ey (t,t)

“As () .,
S| =Vt x(t) + MV (t,x (t))
([Az(f)] 1

—L(M ) ey (t.ty) > ey (t.ty)
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<(M(Vtx®) - V79t x())-L(M 6 8) egs (1:1))

xey (1)

< (My-L(M©90))epes (t:1,) -
(14)

Integrating both sides of above inequality from ¢, to t with
x, = x(t,), we obtain, for t € [t,_,, 1),

V(t,x) ey (t2y) <V (£, %)

+ Jt (My —L(M©90)) epos (T:t9) AT

to

M
=V (t0%0) + (75 ~ L) ewes (1)
My
deM
M
<V (g, xo) + 59);\4 +L.
(15)

From condition V (¢, xo) < A, (o)l (te)x,l?

M
V(t,x) ey (t:8) < A, (t) v (£0) o7 + 5914 +L. (16)
Letting
M
Ay (to) 1y (o) xof " + 5 e)]}\/I +L=C(|x].t0) >0 (17)
we get,
V (£, x) e (£, 1) < C(||xo] > £0) - (18)

By condition (11), we have
lv O x@®) <A77P @Vt x)"? (19)

And by the fact that A, (t) > A,(¢,), we obtain

lw @) x@®] < 2777 () (V (£, )72 (20)

From (18) and (20) we obtain the result for all, t € [t,_;, 1),
k=1,2,...,n,

v @) x @) < /\II/p (to) (C(||xo] » to))l/PeeM(t’ to)l/p-
(21

By Definition 1 system (1) is y exponentially stable. O

If we consider v as scaler function independent of ¢, then
we get a sufficient condition for y uniformly exponential
stability as stated below.

Theorem 4. In Theorem 3 if y is a constant function indepen-
dent of t and A,(t) = A;, i = 1,2, 3, are positive constants, then
the trivial solution to system (1) is v uniformly exponentially
stable on [0, 00).

Proof. The proof is similar to proof of Theorem 3 by taking
8> A;/[A,] 9and M = A;./[A,]"79, hence omitted. O

Theorem 5. Assume that D c R" contains the origin and there
exists a type I Lyapunov function V : 'I]':O x D — [0, 00) such

that, for all (t,x) € T, x Dandt € [t;_,t;), k=1,2,...,n

Mlyx®)F <V (x), (22)

-A,V(x) - L(Med) ey (t,0)

A
Vix) < 1+ Mu(t)

> (23)

where y is a constant function independent of t. A, A,, p,6 >
0, L > 0 are constants and 0 < M < min{A,, 8}. Then the
trivial solution to (1) is w uniformly exponentially stable on
[0, 00).

Proof. Let x be a solution to (1) that stays in D for all ¢ >
to. Since M € RY, e,,(t,0) is well defined and positive. Now
consider

[V (x () ey (£,0)]°
= V2 (t, x (£) €, (£,0) + MV (x () ey, (£,0),
< (-A,V (x(t) = L(M 6 8) ey (£,0)) ey (£,0)
+ MV (x (£)) ey (£, 0)
= A,V (x () +MV(x ()L (M © 8) eg5 (£,0)) e, (£, 0)
< ((M=21,)V (x(t)) - L(M 6 8) ey (£,0)) ey (£, 0)
< —L(M66) ey (t,0) ey (£,0)

=-L (M S] 6) €prted (t’ 0).
(24)

Integrating both sides of the above inequality from ¢, to t, we
obtain, for t € [t,_;, L),

V (x (1) eps (£,0) <V (x) eng (£9,0) — Lepgos (£,0)

+ Lepes (t0, 0)

(25)
<V (x0) enr (t0> 0) + Lepges (t0, 0)
< (V(xo) + L) ey (£9,0).
This implies that
V(x(#) < ((V(xo) + L) ens (£5,0)) eapr (. 0) 06)

= (V(x0) + L) ecp (o)

From (26) and by invoking condition (22) we obtain, for all
t e [tk—l’tk)’ k = 1,2,...,”,

||1//x (t)” < )‘Il/p((v (x0) + L) egpy (ts to))l/p- (27)

By Definition 1 system (1) is y uniformly exponentially stable.
O



Theorem 6. Assume that D ¢ R" contains the origin and there
exists a type I Lyapunov function V : 'I]'t: x D — [0, 00) such

that, for all (t, x) € T:O xDandt € [t;,_,t;), k=1,2,...,n

MyOx@)f v <hlyox@)’, (29

Ay () x O] - L(K ©8)egs (£,0)
1+ Ku(t)

VA (t,x) < (29)

>

where Ay, A,, A, and p are positive constants, K = A;/A,, L >
A, is a nonnegative constant, and § > A;/A,. Then the trivial
solution to (1) is y globally exponentially stable on [0, 00).

Proof. Let x be a solution to (1) that stays in D for all t > t,,.

Since K = A5/A,, ex(t,0) is well defined and positive. For all
t €t te), k=1,2,...,n, consider

[V (x (0) ek (£,0)]°
= VAt x (1) e (,0) + V (x (1)) ek (£,0),
< (<Al O x O] - LK ©8) egs (£,0)) ex (£,0)
+ KV (x(t)) ex (£,0)
= (-Aly O x O + KV (x (1) - L(K ©8) egs (£,0))

X ex (1,0)
< <_A_MV (x()+ KV (x(t)) - L(K©d) ey (t, 0)) ex (t,0)
2

= (~L(K ©8) ey (£,0)) ex (,0)

=-L(K©§)ekeys (t,0).
(30)

Integrating both sides of the above inequality from ¢, to
t,t #1;, with x, = x(t,), we obtain,

V (x (1) eg (£,0) < V (x,) e (t,,0)

+ L (exes (9> 0) — exes (£:0)) 31
<V (xo) ex (£, 0) + Leges (£, 0)
< (V(xo) + L) ex (t,,0).
This implies that
V (x (1) < ((V (x0) + L) ex (£, 0)) eck (£, 0) 2

= (V(xg) + L) egg (1, ) -

From (32), and by invoking condition (28), we obtain, for all
t e [tk—l’tk)’k = 1,2,...,1’1,

lw ©x @] < 2772V (x0) + L) e (:8)) 77

< 1PV (o) + L o (20)) 7"

(33)
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If we set M = ((V(x,) + L)//\l)l/P, then (33) can be written
as

lv 0 x 0] < Mlee (1)) " (34)
Since M > 1, by Definition 2 system (1) is v globally
exponentially stable. O
4. Examples

Example 7. We consider Example (35) in [7] and extend the
example by using impulse condition,

A

1
x°=—x+ gxmeea (t,0), t#t, teT, (35)

1
x(f;:)=—§, t=k k=12,...,n (36)

where § > 0 is a constant x;, € R. If there is a constant 0 <
M < 6 such that

(H@®)=1)(1+ Mu(1) < -M, (37)
3/2 2/5) = (2/5
@(%M) L lers) - (/)u(ﬂl) M)
<-L(Med) (),
(38)

for some constant L >
exponentially stable.

Under above assumptions, we will show that the condi-
tions of Theorem 4 are satisfied. Let w(t) = 1/2,choose D = R
and V(x) = x% t#k, then (11) holds with p = g = 2, A, =
A, = 4. If we calculate VA forallt +k,

0 and all t#k, (35) is v uniformly

1
VA = 2x <—x + gxmee@ (t, 0))

. ) (39)
+u(t) (—x + §x1/3e95 (t, 0)) ,
we have the following comparison:
1
VA =2x (—x + gxmeea (t, 0))
1 2
Fu) (—x b ea e (1 0))
<(p®-1)x
201 NP l@/5) - @5 w0l
O s e
(40)

Dividing and multiplying the right-hand side by (1 + Mu(t)),
we see that (12) holds under the above assumptions with r = 2
and A; = 4M. Also, since p = g = 2, we have

Vi(x)-V7(x) = x* - (x2)2/2 =0 < yeys (t,ty), (41)
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for all t # k. Therefore (13) is satisfied. Hence, all hypotheses
of Theorem 4 are satisfied and we conclude that the trivial
solution to (35) is ¥ uniformly exponentially stable. We
consider following two special cases of (35).

Casel. If T = R, then u(t) = 0. It is easy to see that (37) holds
for M = 1. Also for L = 8/[375(8 — M)], condition (38) is
satisfied. Hence, we conclude that if § > 1, then the trivial
solution to (35) is y uniformly exponentially stable.

Case 2. If T = (1/2)Z, then u(t) = 1/2. In this case rewriting

(37) we have
(-3)(1+3)s-m

then (37) holds for 2/3 > M > 0. Also for L = ((6 + V2)/
2250(6-M))(1-(M/2))(1-(5/2)), condition (38) is satisfied.
Therefore for § > 2/3, then the trivial solution to (35) is ¥
uniformly exponentially stable.

(42)
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