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We investigate the following differential equations: —( ym(x))' + gq(x)y(x) = Af(x, y(x)), with impulsive and integral boundary
conditions —A(ym(xi)) = L(y(x;)),i = 1,2,...,m, y(0) — aym(O) = jow go(8)y(s)ds, y(w) — bym(w) = jow 91(s)y(s)ds, where
y[”(x) = p(x) y'(x). The expression of Green’s function and the existence of positive solution for the system are obtained. Upper
and lower bounds for positive solutions are also given. When p(t), I(-), g,(s), and g, (s) take different values, the system can be
simplified to some forms which has been studied in the works by Guo and LakshmiKantham (1988), Guo et al. (1995), Boucherif
(2009), He et al. (2011), and Atici and Guseinov (2001). Our discussion is based on the fixed point index theory in cones.

where y!(x) = p(x)y' (%), I~ = J\ {xpXps oo s Xpphs J =

The theory of impulsive differential equations in abstract
spaces has become a new important branch and has devel-
oped rapidly (see [1-4]). As an important aspect, impulsive
differential equations with boundary value problems have
gained more attention. In recent years, experiments in a
variety of different areas (especially in applied mathematics
and physics) show that integral boundary conditions can
represent the model more accurately. And researchers have
obtained many good results in this field.

In this paper, we study the existence of positive solutions
for the following system:

(M) +q(0) y () = A (x,y(x), xEx, xe€ T,
-A (J’m (xi)) =L(y(x)), i=12,....m,

0) —ay'V (0) = L 90 (5) y (s)ds,

¥ (@) - by (@) = jo g1 (5) y (s)ds,
W

[0,w],0 < x; <X, <+ <X, <w, f € C(JxR",R"). y(x),
y[l](x) are left continuous at x = x;, A(ym(xi)) = y[ll(x;') -
y“](xi_). I, € C(R",R").Anda > 0,b <0, gy g, : [0,1] —
[0, 00) are continuous and positive functions.

When p(t), I(-), go(s), and g,(s) take different values,
the system can be simplified to some forms which have
been studied. For example, [5-10] discussed the existence of
positive solution in case p(t) = 1.

Let p(t) = 1, go»g, = 0, [11, 12] investigated the system
with only one impulse. Reference [13] studied the system
when I(-) = 0, gy,g; = 0. Readers can read the papers in
[13] for details.

Throughout the rest of the paper, we assume w is a fixed
positive number, and A is a parameter. p(x), g(x) are real-
valued measurable functions defined on J, and they satisfy
the following condition:

(H1) p(x) > 0, g(x) = 0, q(x) # 0 almost everywhere,
and

w 1 w
L mdx < 00, Jo q (x)dx < co. (2)

This paper aims to obtain the positive solution for (1).
In Section 2, we introduce some lemmas and notations. In



particular, the expression and some properties of Green’s
functions are investigated. After the preparatory work, we
draw the main results in Section 3.

2. Preliminaries

Theorem 1 (Krasnoselskii’s fixed point theorem). Let E be a
Banach space and C € E. Assume Q,, Q, are open sets in E

with0 € O, ¢ O, € Q,,andS : CN(Q, \ Q,) — Cbhea
completely continuous operator such that either

@ Isll < liyl, y € CnoQy, and [s(y)ll = lyll, y €

CnoQy; or
(i) sl = lyll, y € Cn oy, and sl < lIyl, y €
CnoQ,.

Then S has a fixed point in C()(Q, \ Q,).

Definition 2. For two differential functions y and z, we
defined their Wronskian by

W, (,2) = y () 2" () - ! (%) 2 (x)
(3)
=p@) [y () -y )z ).

Consider the linear nonhomogeneous problem of the
form

(M @) +aWy@ =k, xel @

Its corresponding homogeneous equation is

—(ym (x))’ +gq(x)y(x)=0, x¢€]. (5)

Lemma 3. Suppose that y, and y, form a fundamental set of
solutions for the homogeneous problem (5). Then the general
solution of the nonhomogeneous problem (4) is given by

Y (x) =y (x) + 6y, (%)

. J" Y1 (X) y3(s) = 31 (5) 3y (x)h(s) ds, ©
0 Wy ()’1’ yZ)

where ¢, and c, are arbitrary constants.

Proof. We just need to show that the function

z(x) = Jx Y1 () ¥, () =y (5) y, (x)h (s)ds )

0 Wy ()’1>J’2)

is a particular solution of (4). From (7), we have for x € [0, w],

Y1 (6) 32 (8) = 31 (8) 3 (%)

2= | S CCLIR
(P02 @) =-h@) +q@z@). )

Besides, from (7) and (8), we have
z0)=0, zM©=o. (10)
Thus, z(x) satisfies (4). O
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Consider the following boundary value problem with
integral boundary conditions:

-(y“] (x))' +qx)y(x)=h(x), xe€],
y(0) -ay™ (0) = | gy(s)0,(s)ds, an
0

y(w) - by[l] (w) = L g, (s) oy (s)ds.

Denote by u(x) and v(x) the solutions of the homogenous
equation (5) satisfying the initial conditions

u@©=a  uYO) =1,
(12)
v(w) = -b, ol (w) = -1.
(H2) Let x, s € ], denote a function
(/5(3(3, 5) - u (w) . bM[I] ((U) 9 (S) + v (O) _ aU[l] (0) 9o (5)
(13)

satisfies 0 < ¢(x, s) < 1/w.
For convenience, we denote m := min{¢(x, s); x,s € J},
M = max{¢(x, s); x,s € J}.

Lemma 4. Let K(x,s) be a nonnegative continuous function
defined for —co < x; < x, s < x, < 00 and y(x) a
nonnegative integrable function on [x,, x,]. Then for arbitrary
nonnegative continuous function ¢(x) defined on [x,, x,], the
Volterra integral equation

v (x) :go(x)+J K (x,s)w(s) y(s)ds,

has a unique solution y(x). Moreover, this solution is continu-
ous and satisfied the inequality

y(x)=2@(x), x <x<x,. (15)

Proof. We solve (14) by the method of successive approxima-
tions setting

Yo (%) = ¢ (x),

x (16)
Yy = J K@, s)w(s)y,.,(s)ds, n=12,....

X1

If the series Y, ,(x) converges uniformly with respect to
x € [xy,x,], then its sum will be, obviously, a continuous
solution of (14). To prove the uniform convergence of this
series, we put

max ¢ (x) =g,
X SXSX,

max K(x,s) =¢. a7)

X SX,8KX;

Then it is easy to get from (16) that

0<yn(x)<cc—1,“ w(s)ds], n=0,12,.... (18
n. L

X
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Hence it follows that (14) has a continuous solution
o0
y () =) y,(x) (19)
n=0

and because y, = ¢(x), y, = 0,n = 1,2,..., for this solution
the inequality (15) holds. Uniqueness of the solution of (14)
can be proved in a usual way. The proof is complete. O

Remark 5. Evidently, the statement of Lemma 4 is also valid
for the Volterra equation of the form

y(x) :(p(x)+J 2K(x,s)l//(s)y(s)ds, x; < x < x,.
(20)

Lemma 6. For the solution y(x) of the BVP (1), the formula

w

() =w(x)+J G (x,)h(s)ds,

0

x€] (21)

holds, where

u (x) @
w(x) = mjo g, (s)oy (s)ds
v (x) w
v(0) — avl (0) L G @ds (22
G(x,s) = — 1 us)v(x), 0<s<x<w,
o w, (u,v) (u(x)v(s), 0<x<s<w

Proof. By Lemma 3, the general solutions of the nonhomoge-
neous problem (4) has the form

y (%) = qu(x) + qu (x)

[ 1 s, (23)
0o Wy ’

where ¢, and ¢, are arbitrary constants. Now we try to choose
the constants ¢; and ¢, so that the function y(x) satisfies the
boundary conditions of (11).

From (23), we have

ym (x) = clu“] (x) + ozvm (x)

x 1 (xX)v(s)—ul(s) ol (x) (24)
N L AR h(s) ds.
Consequently,
y(0) =ca+qu(0),
(25)

y10) = ¢ + 0" (0).

Substituting these values of y(0) and ym(O) into the first
boundary condition of (11), we find

1 w
E v (0) — avl'l (0) L 9o (s) 0y (s) ds. (26)

Similarly from the second boundary condition of (11), we can
find

w

_ 1 j
“a= u(w) — bull (w) Jo

Cu(s)
_ L R v)h(s) ds.

91 (s) o, (s)ds
(27)

Putting these values of ¢; and ¢, in (23), we get the formula
(21), (22). O

Lemma 7. Let condition (H1) hold. Then for the Wronskian
of solution u(x) and v(x), the inequality W _(u,v) < 0, x €
holds.

Proof. Using the initial conditions (12), we can deduce from
(5) for u(x) and v(x) the following equations:

Y (x)=1+ qu(s)u(s) ds,
0

u(x)=a+ Jox ﬁdt

Sl

o (x)=-1- qu(s)v(s) ds,

J %] q(s)u(s)ds,
| (28)

v(x) = —b + Iw ﬁdt

S|

From (28), by condition (HI) and Lemma 4, it follows that

E I%] q(s)v(s)ds.

u(x)2a+J i>0,

(1]
0 p®) u ' (x)=1>0,

(29)

© o dt 1]
v(ix)2-b+| — >0, v (x)<-1<0.

x p()

Now from (3), we get W, (u,v) < 0, x € J. The proof is
complete. O

From (21), (22), and Lemma 7, the following lemma
follows.

Lemma 8. Under condition (HI) the Green’s function G(x, s)
of the BVP (11) is positive. That is, G(x,s) > 0 for x,s € ].

Let C(J) denote the Banach of all continuous functions
y: I — Requipped with the form || y|| = max{| y(x)|; x € J},
for any y € C(J). Denote P = {y € C(J); y(x) = 0,y € J},
then P is a positive cone in C(J).

Let us set A = maxy, (,G(%,5), B = ming, «,G(x, ),
and by Lemma 8, obviously, A > B > 0, x,s € J.



4
Define a mapping ® in Banach space C(J) by
(@) ) =w@ 1 [ Glxs) f (s y(e)ds
+ 360 L (), xe)
where
Wi = = g @y 9 ds
omrrorod ROICHCES

Lemma 9. The fixed point of the mapping ® is a solution of

D).

(30)

31

Proof. Clearly, @y is continuous in x for x € J. For x # x;,

(@) (x) =w (x)+AJ —f(s y(s))ds

LI (),

i=0

where
W)= u(w) - bulll (w) L g1 () y(s)ds
v (x)
+mj go (5) y (s)ds.
We have

@0" @ =0 @42 [ P 5 f sy 9)ds

< aG(x x;)

+ZP( ) L(y(x,)),
where
u[l] (x) w
wt] (x) = m L g1 (s) y(s)ds
U[l] (x) w
v (0) — a1 (0) L 9o (s) y (s)ds.
We can easy get that

(@) O -a(@)" 0= [ g0y s,
(@0 @ -0 @ = | 06y ds

= p () (@) ()
~ p(x50) (@)’ (%)

A@y)" (x,)

(32)

(33)

(34)
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+ u' () v ()

W, (u,0)

px k)[ u(x) 0 ()

W, (u V)
x I (y (1))
=L (y (%)),

(P () (@y) () = [p () w' (x)
+/\pr(x) a—Gf(s (s))ds
0 ox) 7

+Zp() 1)

=q(x)w(x) +Aq(x)

(())

x Jw G(x,5) f(s,y(s))ds
0

= Af (%, y (%)) + g (x)
X ZG (%, ;) I; (y (x;))
i=0
=q(x) (@y) (x) - Af (%, y (%)),
(36)

which implies that the fixed poind of ® is a solution of (1).
The proof is complete. O

Lemma10. Let P, := {y € P;min,;y(x) > ((1 - Mw)B/(1 -
mw)A)|| yll}, then Py is a cone.

Proof. (i) For forall y,, y, € Pyand foralla > 0, 8 > 0, we
have

. (l Mw) B
min (ay,) 2 «
. Mw) B
min (By,) > ﬁ A—mo)A Iyl -
Moreover
. (1 - Mw)B
e 0> G bl D
(1 Mw) B
> 0 ma) A lecyy + By |-
Thus ay, + By, € P,
(ii) If y € Pyand —y € Py, we have
Mw) B
Mw) B
min () > (MO,
It implies that y = 0. Hence P, is a cone. O
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Defined a linear operator A : C(J) — C(J) by

(Ay) (x) = j b (x,5) y (s) ds. (40)

Then we have the following lemma.
Lemma 11. If (H2) is satisfied, then

(i) A is a bounded linear operator, A(P) C P;
(ii) (I — A) is invertible;
(iii) (1 - A)7' < 1/(1 - Mw).

Proof. (i)

Ao 0+ B, () = | 99 o )+ By, )] ds

= a(Ay;) (x) + B(Ay,) (%),
(41)

foralla, B € R, y;, ¥, € C(J)).

Using ¢(x,s) < M, it is easy to see that [(Ay)(t)| <
Moyl

Let y € P. Then y(s) > O for all s € J. Since ¢(t,s) > m >
0, it follows that (Ay)(x) > 0 for each x € J. So A(P) c P.

(ii) We want to show that (I — A) is invertible, or
equivalently 1 is not an eigenvalue of A.

Since M < 1/w, it follows from condition (H2) that
layll < Malyl < lyl.

So

. 5

|A]l = sup <Mw<1. (42)
y#o 7]

On the other hand, we suppose 1 is an eigenvalue of A, then
there exists a y € C(J) such that Ay = y. Moreover, we can
obtain that [|Ay|l/|lyll = 1. So ||A]l > 1. Thus this assumption
is false.

Conversely, 1 is not an eigenvalue of A. Equivalently, (I —
A) is invertible.

(iii) We use the theory of Fredholm integral equations to
find the expression for (I — AL

Obviously, for each x € J, y(x) = (I-A)"'z(x) & y(x) =
z(x) + (Ay)(x).

By (40), we can get

y(x)=z(x)+ Jow ¢ (x,5) y(s)ds. (43)

The condition M < 1/w implies that 1 is not an eigenvalue of
the kernel ¢(x, s). So (43) has a unique continuous solution y
for every continuous function z.

By successive substitutions in (43), we obtain

y(x)=z(x)+ Lw R(x,s)z(s)ds, (44)

5
where the resolvent kernel R(x, s) is given by
R(x,5)= ) ¢;(x,5). (45)
=

Here ¢;(x,s) = j: ¢(x, 7)1 (T,8)ds, j = 2,... and ¢, (x,
s) = P(x, ).

The series on the right in (45) is convergent because
lp(x, s)| < M < 1/w.

It can be easily verified that R(x,s) < M/(1 - Mw).

So we can get

(I—Af%tﬂ=ztﬂ+Jchmgz@ﬁh. (46)
0

Therefore
I-A)"'z(x)<z(x)+ - Mo L z(s)ds )
Mw
<l (14 o) - Izl
- Mw 1-Mw
So
-l
"(I A) Z” <! (48)

[B] T 1-Mao

Thus |(I - A)™'| < 1/(1 - Mw). This completes the proof of
the lemma. O

Remark 12. Since ¢(x, s) > m for each (x,s) € ], it is easy to
prove that R(x, s) = m/(1 — mw).

3. Main Results

Consider the following boundary value problem (BVP) with
impulses:

- (M (x))’ +q(x) y (x) = Af (x, y (%)),

xX#x; x€]J,

-A ()’[1] (xi)) =L(y(x;)), i=12....,m,

(49)
yO-ay O = [0 y©)ds
y(w) - bym (w) = L g, (s) y(s)ds.
Denote a nonlinear operator T : PC(J) — PC(]) by
(Ty) (x) = A JO G(x,3) f (s, y(s))ds
(50)

m

+ ZG (2, %) I (v (%)) -

i=0

It is easy to see that solutions of (49) are solutions of the
following equation:

y(x) =Ty (x)+ Ay (x), xeJn. (51)



According to Lemma 11, y is a solution of (51) if and only if it
is a solution of

y(x)=(I-A) Ty (x). (52)

It follows from (46) that y is a solution of (52) if and only if

y(x)=(Ty) (x) + J-wR(x,s) (Ty) (s)ds. (53)

So, the operator ® can be written as

(%MmdwmeRmmwmw& (54)

It satisfies the conditions of Theorem 1 with E = C(J) and the
cone C = P,.

Let us list some marks and conditions for convenience.

The nonlinearity f: J x [0,00) — [0, 00) is continuous
and satisfies the following.

(H3) There exist L; > 0 and a(x) € P, r; € R withry, >

Yo L(y(x))/A [ als)ds such that

floy) <ax) [y -Mo)-r] (55)

forall y € (0,L,], x € J.
(H4) There exist L, > L, and B(x) € P, p, € R with

pr < T Ly())/A jo B(s)ds such that

fxy)zBX) [y -mw)-p] (56)

forall y € (L,,00],x € ].
Then, we can get the following theorem.

Theorem 13. Assume (H1), (H2), (H3), and (H4) are satisfied.
And

w

(1 - maw) A? Jwa(s) ds < (1 - M) B J B(s)ds, (57)
0 0

then, if A satisfies

(1-mw)A
(1- Mw) B [ B(s)ds

<A< ;
T Aj:(x(s) ds (58)

The problem (49) has at least one positive solution.

Proof. First of all, we show that operator @ is defined by (54)
maps Py into itself. Let y € P,.
Then (Oy)(x) > 0 for all that ¢ € 7! and

(@) (x) < jf@y@)

- Mw
(59)
A m
2w 20
=0
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Because from the formula (54), we have

(©9)() = (19) @)+ | Rixi9) (1) (9 ds
[ 6w f sy )ds
; ic (xex) 1, (3 (%)
+/\J R(x, s)J G, f(ry (D) drds

+J R (x, s);G xx) L (y(x;))ds
Mw
- Mw

SA<1+1 )LwG(x,s)f(s,y(s))ds

+ iG (2, x;:) I (y (7))

MY 6 ex) 1 (3 (5)

Aﬁ jf@y@)
S

(60)

Hence, inequality (59) is established.

This implies that
foxt < 324 " f (s y@)ds + AT (x),
1-Maw Jo 1-Mw&" '

(61)

or equivalently

@ 1 - M 1 ¢
J, £ y@dsz S oyl - 13 H (). (62
i=0

On the other hand, it follows that

@00 2 [ f sy (9)ds

(63)

2 S )
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In fact, we have

@WNM=AL(H%Qf@J@»&
+ ZG (6, %) I; (v (x1))
+AJwR(x S)J G(x,71) f(1,y (1) drds

+J R (x, s)ZG(x x;) L (y(x;))ds

i=0

) J-OwG (x,9) f (s, ¥(s))ds

S ().

(64)
It follows from (62) that

AB
1 - mw

(@) ()2 2 10r - {24 ()

+

B if,- (v ()

l-mwZ

:M” @y -
(1 -mw) A mw

e AIE)

(65)
So, we get

(1 Mw) B
(1 mw) A

(®y) (x [y (66)

This show that Oy € P,.

It is easy to see that @ is the complete continuity.

We now proceed with the construction of the open sets
Q, and Q,.

First, let y € Py with [ y|| = L,. Inequality (59) implies

Sl

: 1}?4(0 Lw“(s) [y(s)(1 - Mw) —1,]ds

(©y) (%) <

e J f(sp(s)) ds+

(x:))

—)LAJ a(s)y(s)ds— T~ Mo

xroc(s)d5+ A ili(y(xi))

0 I—MwA:

—)LAJ oc(s)y(s)ds+ Mo

SLOE) - [ e ds] |

(67)

By condition (H3) and (58), we obtain

m

;)Ii (y(x;)) - Ary L a(s)ds <0,
(68)

)LAonc(s)dSSI.
0
So
@)W <[ a@dshl <l )

Consequently, [|[®y]l < ||yl

Let Q; = {y € C(J);llyll < L,}. Then, we have ||[®y]| <
lyll for y € P, N 0QY,.

Next, let L, = max{2L,, (1 — mw)A/(1 - Mw)B)L,} and
set Q, := {y € C(J); Iyl < L,}.

For y € P, with [ y|l = L,, we have
. ( - Mw) B - Mw)B —
miny (¥) 2 {70 Iyl = ) AL
(70)
- (1-Mw)B ' (1-mw)A
“(1-mw)A (1-Mw)B * 7%
It follows from (63) that
AB @ B
@) @2 5 [ F sy @)ds 7Y 1 (3 ()

i=0

AB
27T

wLﬁ@U@uﬂm%mws

b ili (y ()

1 -mwiz

+




=/\BLwﬁ(s)y(s)ds+ 1_B

x (iz G -an [ B ds>.

(71)

By condition (H4) and (58), we obtain

ZI (7 (x) - Aplj B(s)ds >0,

72
(1-mw) A 7

AB > & :
(1-Mw)B [ B(s)ds

Since y € Py we have y(x) > ((1 - Mw)B/(1 — mw)A)| y| for
all x € J. It follows from the above inequality that

(1 -mw) A
®
( y)(x)>(1—Mw)Bj ﬁ(s)dsj plods
(73)
- Mw) B
WMD)y

Hence |®y| = ||y|l for y € Py N 0Q,.
It follows from (i) of Theorem 1 that ® has a fixed point
in Py N (Q, \ Q,), and this fixed point is a solution of (49).
This completes the proof. O

Next, with L, and L, as above, we assume that f satisfied
the following.

(H5) There exist a*(x) € P, rf
Yo L(y(x))/A [ & (s)ds such that

€ R with r{ <

flxy)za® (x)[y(Q-mw)-r/] (74)

forall y € (0,L,], x € J.
(H6) There exist $*(x) € P, p;

Y7o L(y(x)/A [ B* (s)ds such that
floy)<p () [y(Q-Mo)-p/] (75)
0o, x € ].

Theorem 14. Assume (H1), (H2), (H5), and (H6) are satisfied.
And

€ R with p; >
forall y € (L,,

(1 - mw) A* Jw B* (s)ds < (1 - Mw) B jw o (s)ds, (76)
0 0

then, if A satisfies

(1-mw) A

1
A —5———.
(1 - Mw) B? Iow a* (s)ds 77)

A B (s)ds

The problem (49) has at least one positive solution.

Proof. Let @ be a completely continuous operator defined by
(54). Then ® maps the cone P, into itself.

Abstract and Applied Analysis

First, let y € Py with [ y|| = L,. Inequality (63) implies

AB @ B i
@)= 770 | Sy @)dss 130 ((x)
2 ?Zw J?(X" (s) [y () (1 —mw) —r/]ds

—ABJ a” (s)y(s)ds+1 B

X (i[i (y(x;)) = Ar) Lw o’ (s) ds> .

(78)
By condition (H5) and (77), we obtain
YLy (%) - Arf j o (s)ds >0,
iz 0
0 (79)
AB > (1-mw) A

(1- Mw)B j(:u ot (s) ds’
Hence

(1-mw)A

)
( y)(x)>(1_M B[ o (s

J o’ (s) y(s)ds.

(80)

Since y € Py, we have y(x) > ((1 - Mw)B/(1 — mw)A)| y|l for
all x € J. It follows from the above inequality that

(1 -mw) A
() a” (s)ds
(®7) (x (l—Mw)BJ o (s)dsJ ©
(81)
(l—Mw)B
SR = .

Let Q; = {y € C(J); Iyl < L,}. Then, we have [®y| = |yl
for y € P, N 0Q;.

Next, let L, = max{2Ly, (1 - mw)A/(1 - Mw)B)L,} and
set Q, == {y € C()s Iyl < L,}.

Then for y € Py with |y| = L, for all x € J, we have
min,; y(x) = L,. Inequality (59) implies

jwf(s,ﬂs))ds
A m
Z

=0

(@y) (%) < §4
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A (@, *
< ey B Ol 0 Mo pilds
A m
+ 1— Mw;Ii (v ()
= AAJ B (s) y (s)ds
0
A [z e
T Mo ;Ii (v (x:)) = Ap; L B (s) ds],
(82)
By condition (H6) and (77), we obtain
1) - Ap; | B ds<o,
i=0 (83)

A r B (s)ds < 1.
0
So
(®y) (x) < AA L B (ds|yl <y <1 (84

Therefore |[Oy| < [yl with |yl = L,.

Then, we have |®y| < ||yl for y € P, N 0Q,.

We see the case (ii) of Theorem 1 is met. It follows that @
has a fixed point in P, N (Q, \ Q,), and this fixed point is a
solution of (49).

This completes the proof. O
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