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This paper is concerned with solvability of the second-order nonlinear neutral delay difference equation A*(x, + a,x,_,) +
Ah(n, x5 X, oo Xy, ) + fnxg S xp .. xp ) = b, Vn > ny. Utilizing the Banach fixed point theorem and some new
techniques, we show the existence of uncountably many unbounded positive solutions for the difference equation, suggest several
Mann-type iterative schemes with errors, and discuss the error estimates between the unbounded positive solutions and the

sequences generated by the Mann iterative schemes. Four nontrivial examples are given to illustrate the results presented in this

paper.

1. Introduction and Preliminaries

Recently, the oscillation, nonoscillation, asymptotic behavior,
and existence of solutions of different classes of linear
and nonlinear second-order difference equations have been
studied by many authors; see, for example, [1-26] and
the references cited therein. Using the Banach fixed point
theorem, Jinfa [5] discussed the existence of a bounded
nonoscillatory solution for the second-order neutral delay
difference equation with positive and negative coeflicients:

AZ (xn + pxn—m) + PuXu-k ~ Gu¥Xn-1 = 0, Vnz gy (1)

under the condition p# — 1. Luo and Bainov [13] and M.
Migda and J. Migda [16] considered the asymptotic behaviors
of nonoscillatory solutions for the second-order neutral
difference equation with maxima:

Vn>1
(2)

A (x, + pyX, ) +q,max {x,:n -1 <s<n} =0,

and the second-order neutral difference equation:
N (%, 4 ps) + () =0, Vnz1 ()

respectively. Meng and Yan [15] studied the existence of
bounded nonoscillatory solutions for the second-order non-
linear nonautonomous neutral delay difference equation:

m
2 —
A (xn - pxn—r) - Z qixn—a,- + f (1’1, xn—mn’ cee xn—'izn) >
n=1

Applying the cone compression and expansion theorem in
Fréchet spaces, Tian and Ge [21] established the existence
of multiple positive solutions of the second-order discrete
equation on the half-line:

A’x, | — pAx, | —gx,, + f(n,x,)=0, ¥n=1 (5)
with certain boundary value conditions. But to the best of our
knowledge, results on multiplicity of unbounded solutions



for neutral delay difference equations are very scarce in
the literature. Nothing has been done with the existence of
uncountably many unbounded positive solutions for (1)~
(5) and any other second-order neutral delay difference
equations:

Inspired and motivated by the results in [1-26], in this
paper we introduce and study the second-order nonlinear
neutral delay difference equation:

’ xhkn )

Vn 2 ny,

A*(x, +a,x, )+ Ah (n, Xpy s Xp 5o
(6)

)=t

where 7,k,ny € N, {a,},oy >{b}len, € Ry B f € C(N, x

[Rk, [R)a {hlﬂ}HENno > {fl"}”GNno C N, and

+ f (n’ xfln’xfzn’

nangohln = nllngoﬁn =+00, l€{l,2,...,k}. (7)
By means of the Banach fixed point theorem and some
new techniques, we establish sufficient conditions for the
existence of uncountably many unbounded positive solutions
of (6), suggest a few Mann iterative schemes with errors
for approximating these unbounded positive solutions, and
prove their convergence and the error estimates. The results
obtained in this paper extend the result in [5]. Four nontrivial
examples are interested in the text to illustrate the importance
of our results.

Throughout this paper, we assume that A is the forward
difference operator defined by Ax, = x,., - x,, R =
(-00,+00), R" = [0,+00), Z, Ny, and N denote the sets
of all integers, nonnegative integers, and positive integers,
respectively,

N,={n:neNwithn>t}, VteN,
B = min {n, - 7,inf {hy,, f,, : 1<I<kneN, }} €N,

H, = max{hy, :1€{1,2,...,k}},

F,=max{f, :1€{,2,....k}}, VneN,,
(8)
ZEO represents the Banach space of all real sequences on Npg
with norm
x| = <+oo for each x = {x,}, . € lzo
nENﬂ b

A(N,M) = {x:{xn}neNﬁ EZEO:NS % <M,ne Nﬁ}

for any M > N > 0.
)

It is clear that A(N, M) is a closed and convex subset of lzo
By a solution of (6), we mean a sequence {xn}ngNﬁ with a

positive integer T > 1, + 7 + 3 such that (6) holds for all
nxT.

The following lemmas play important roles in this paper.
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Lemma 1 (see [27]). Let {(xn}neNo, {ﬁn}neNo, {yn}neNo, and
{t,}en, be four nonnegative sequences satisfying the inequality

o <(L=t) o, + 6,8, + Y, VYneN,, (10)

where {t )}, € [0,1], X208, = +00, lim,_, .3, = 0, and
Yoo Yu < +00. Then lim a =0.

n—0o00"'n

Lemma 2 (see [11]). Let 7,n, € N and {b,} be a

neN,,
nonnegative sequence. Then
o0 (00 (o]
(@) 220 Xgonyric bs < +00 & Y 7, sby < +00;

(b) ZIO:O zfzno+i1 Zz)s bt <+00 & Zgzno Z?i)s Sbt < +00.

2. Existence of Uncountably Many Unbounded
Positive Solutions

Using the Banach fixed point theorem and the Mann iter-
ative schemes with errors, we next discuss the existence
of uncountably many unbounded positive solutions of (6),
prove that the Mann iterative schemes with errors converge
to these unbounded positive solutions, and compute the error
estimates between the Mann iterative schemes with errors
and the unbounded positive solutions.

Theorem 3. Assume that there exist two constants M and
N with M > N > 0 and four nonnegative sequences
{Pn}neNno’ {Qn}neNno’ {Rn}neNno’ and {Wn}neNno satisfying

If (mouy,uy,..w) = f (n 1y, Uy, 1)
<P,max{|lu,—u|:1<1<k},
|h (nuy, ) — B (n, 0y, 1y, . 1) a1)
SanaXHul—ﬁll 01 SlSk},
V(mu,m) €N, x (R7\{0})", 1<I<k
If (mupuy,.w )| <Q,  [h(mup,uy, .. u )| < W,
V(nu) eN, x(R7\{0}), 1<I<k
(12)
nll{%on Izos;nmax {R.H, W} = (13)
l (e8] [ee] (e8]
— PF,.,Q,|bl}
n; Zmax b Qy l l (14)
a, =-1 eventually. (15)
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Then

(a) forany L € (N, M), there exist 0 € (0,1) and T > ny +
T + f3 such that for each x, = {xOn}neNﬁ € A(N, M), the Mann
iterative sequence with errors {x,,},cn, = {xmn}(m’n)eNoxNﬁ
generated by the scheme

xm+1n
(1-a,, = ) X
+a,, {nL
B Z Z |:h (S’ Xmhy> Xmhy> -+ > xmhks)
i=1 s=n+it
00
B ; (f (t’ Xmfy Xmfy> -
xmfkt)_bt) :|}
— +/3m))mn’ n>T, mz0,
(1= ety = Bn) Xpur
+a,, {TL
o0 0
- Z Z |:h (5’ Xmh, > Xmhy> - ,xmhks)
i=1s=T+it -
B Z (f (t’ Xmfre> Xmfyr o+ o>
t=s
xmfkt) - bt) ] }
+/3mymT> ﬁ§n<T, m>0

(16)

converges to an unbounded positive solution x € A(N, M) of
(6) and has the following error estimate:

s =] < [1 = (1~ 0) ] [~ x] + 2B,
Vm e N,

17)

where {ym}mENO
in A(N, M) and {ocm}mENO and {ﬂm}meNo are any sequences in
[0, 1] such that

= {Ymn}(m,n)ENUXNﬁ is an arbitrary sequence

(oe)
Z am = +OO)
m=0
[oe)
Z [3,,, < 400 or there exists a sequence
m=0 (18)
{Em}meNO C [0,+00) satisfying
B = & meNg,  lim &, = 0;

(b) equation (6) possesses uncountably many unbounded
positive solutions in A(N, M).

Proof. First of all we show that (a) holds. Set L € (N, M). It
follows from (13), (14), and (15) that there exist 0 € (0,1) and
T > ny + 7 + f3 satistying

(RSHS + PtFt) , (19)

%i i (Ws+§Qt+§|bt|) <min{M - L,L - N},

t=s t=s
(20)

a,=-1, Vn>T. (21)

Define a mapping S, : AN, M) — [z’ by

San
(1L
—Z Z {h(s,xhls,thS,...,xhks)
- i=1 s=n+it o
] S (0,3, -
n>T,
(SLXT> B<n<T

(22)

for each x = {xn}neNﬁ € A(N, M). In view of (11), (12), (19),
(20), and (22), we deduce that for each x = {xn}neNﬁ,y =
{yn}nele € A(N,M)andforalln>T

StXn  Sihn
n n

o0
> [|h(5’xhls’xhzs-~’xhks)

S=n+iT

IN
| =
Mg

I
—

1

- h(sayhls’yhh""’yhks)

(9]

+ Z 'f (t’ xflt’xfzr"' : ’xfkt)

t=s

N f(t’yfu’yfzt""’yfkt)|]

i Rsmax”xhls —yhls| 11<l< k}

1 s=n+it

IN
| =
Mg

1

+§Ptmax{'xfn —yfh| :1<i< k}]
t=s



%Z Z {h(s’xhls’thS,...,xhks)
_ Z[f(t,xflt,fot,...,xfkt)—bt]H

t=s

100 ()
= ;lz Z { |h (S’xhls’xhls’...,xhks)

i=1 s=n+it

# S 1 Goroo) + il

t=s

<23 5 IweS @]
=1 s=T+it

i=1 t=s

<min{M - L,L - N},
(23)

which yield that

SL(A(N,M)) € A(N,M), [Scx = Sry| <0|x-y|,

Vx,y € A(N,M),
(24)

which means that S; is a contraction in A(N, M). It follows
from the Banach fixed point theorem that S; has a unique
fixed point x = {xn}neNﬁ € A(N, M), that is,

x, =nL

(SN e]

- z Z <Ih(s,xhls,xhk,...,xhl“)

i=1 s=n+it

e

t=s

Vn>T,
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n-t
=mn-1)L
o o0
DD [TCERE
i=1 s=n+(i-1)7
S L s}
=s
Vn>T+r1,
(25)
which imply that
Xn = Xnr
[ee]
=1L+ Z {h (s, Xpyy> Xy > e e xhks)
S L o) -ul]
Vn>T+T,
(26)
which yields that
A(x,—x,.)= —h(n, Xpy s X 5o xhkn)
[ee]
+ Z [f (t’ xfu’fot’ e ’xfkt) - bt] ’
Vn>T+1,
A*(x, - x,.,) = —Ah (n, Xpy s Xy 5o es xhkn)
= (1o X, ) + B
vn>T+r1,
(27)
which together with (21) gives that x = {xn}neNﬁ is an

unbounded positive solution of (6) in A(N, M). It follows
from (16), (19), (21), (22), and (24) that for any m € N, and
n>T

Xn

n n

’ Xm+1n _

1
n (1 _‘xm_ﬁm)xmn
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+a, {nL
o 0
- Z;' Z |:h (5’ Xmh, > Xmhy>« - ,xmhks)
1=1 s=n+iT
00
- ; (f (t’ xmflt)xmfzf ey
xmfkt)_bt) ] }
+/3mYmn — Xn

S(l_am_ﬂm)w

a, |SLxmnn_ San| + ﬁm |ymnn_ xn|

< (1=, = B) 1%, — x| + Oax,,, |, — x| + 2MB,,,

+

<[1-Q1-0)a,]|x, - x| + 2MB,,,
(28)

which implies that

s =] < [1 = (1= 0) ], — 2] + 2MB,.,
(29)
Vm € N,.

That s, (17) holds. Thus, Lemma 1and (17) and (18) guarantee
that lim,,, _, ., x,, = x.

Next we show that (b) holds. Let L,,L, € (N, M) and
L,#L,. As in the proof of (a), we deduce similarly that for
each ¢ € {1,2} there exist constants 6, € (0,1), T, > ny, + 7 +
p3, and a mapping S, _ satisfying (19)~(24), where 6, L, and T
are replaced by 6,, L, and T,, respectively, and the mapping
S, has a fixed point z° = {z,} .\ € A(N, M), which is an

unbounded positive solution of (6) in A(N, M), that is,

which together with (11) and (17) implies that for n >
max{T;, T,}

zZ, %,
n n
> |L,-L,]
I 11 1
__Z Z 1'}1(5’2}11’2}12’ ’th)
i=1 s=n+it
- h(s,zh1 ,z,i , ,zflk )'
N 11 1
* ; FECETRETRRNETD)
=s
- (62|
> |Ly - L,
100 (o)
= [Rsmaxﬂz; _ 22 | 1sisk)
n i=1 s=n+it : )
(o)
DY ENEEREE]
t=s
1_ 20 o (o]
>|L, - L,|- MZ Z (RSHS + ZPtFt>
i=1 s=n+it t=s
=" -]
2 |Ly = L] - max {1, T,}

xi i (RSHS+OZO:PtFt>

i=1 s=max{T,,T,}+it t=s

> |L, - L,| - max {6,,6,} "z1 —22" ,

(D)
which yields that
L,-L
-2 tahl
1 + max {6,,6,}
that is, z' # z*. This completes the proof. O

Theorem 4. Assume that there exist two constants M and N
with M > N > 0 and four nonnegative sequences {P,}, .\ >

{Qn}neNno’ {Rn}neNno’ and {Wn}neNnO satisfying (11)’ (12)’

lim * > max {R.H,W,} =0, (33)
n—oop =
1 [eelyee]

lim = %" % max{P,F,Q,|b|} =0, (34)

[ (=t

a,=1 eventually. (35)



Then
(a) for any L € (N, M), there exist 0 € (0,1) and T > n, +
T + f3 such that for each x, = {xOn}neNﬁ € A(N, M), the Mann

iterative sequence with errors {x,,},cn, = {xmn}(m’n)eNoxNﬁ

generated by the scheme

Xm+1n

(1 O~ ﬁm) Xmn

+a,, {nL

0o n+2iT-1

DI

Abstract and Applied Analysis

Define a mapping S : AN, M) — [z’ by

Six,
nL
oo n+2it-1
DI 1h(5’xhls’xhza---’xhks)
i=1 s=n+(2i-1)1

= < _Z [f(tvxfl,’xfu""’xsz)_bt]}’

t=s
nxT,

B<n<T
(40)

ASLsz

[h (5 %o o X, )

(e

B Z (f (t’ Xfi> Xmfyr oo

for each x = {xn}neNﬁ € A(N, M). Using (11), (12), (37), (38),
and (40), we get that for each x = {xn}neNﬁ, y = {yn}neNﬁ €
AN,M)andn>T

i=1 s=n+(2i-1)1

T

+ﬁmymn’ n>T, m=>0,

(1 O ﬁm) XmT

+a,, {TL

oo TRir-1

DYDY ICSE—

i=1 s=TH2i-1)T

18

(f (t’ Xnfi> Xmfyr -+

%us,)-8) |}

B<n<T, m=0
(36)

-
]
3

+:BmymT’

converges to an unbounded positive solution x € A(N, M)
of (6) and has the error estimate (17), where {ym}mENO
{ymn}(m,n)eNoxNﬂ is an arbitrary sequence in A(N, M), and
&b men, and (B} nen, are any sequences in [0, 1] satisfying
(18);

(b) equation (6) possesses uncountably many unbounded
positive solutions in A(N, M).

Proof. Let L € (N, M). It follows from (33)~(35) that there
exist 0 € (0,1) and T > n,, + 7 + f3 satisfying

o=2% (RSHS + ZPtFt>, )
TSzT t=s
1 & o) .
?;(M+;(Qt+|btl)) <min{M - L,L - N},
(38)
a,=1, VnzT. (39)

StXy  Sihu
n n

100 n+2it—1
<) 2
n e

i=1 s=n+(2i-1)T

[ LICEAER

- h(s’yhls’thS""’yhks)'

[ee)

| f (xpxpy o,

t=s

N f(t’yfu’yfzz""’yfkt)

|

_ 00 n+2it-1 00
< ”x—ny" > oy (RSHS + ZP@)

i=1 s=n+(2i-1)7 t=s

x—y 00 00
< ”—T" z (RSI‘IS + ZptFt)
s=T t=s

=0]x -],
M_L‘
n

1
< —
n

oo n+2it-1
<2

i=1 s=n+(2i-1)t

<l 'h (s,xhls,xhh,...,xhks)
(o]
+Z [|f (t’ xflr’xfm’ ' "’xfkt)| + |bf|]}

1y |meS@ )

i=T t=s

IN

<min{M - L,L - N},
(41)



Abstract and Applied Analysis

which imply (24). Consequently, (24) means that S; is a
contraction in A(N, M) and has a unique fixed point x =
{xn}neNﬁ € A(N, M), which is also an unbounded positive
solution of (6) in A(N, M). The rest of the proof is similar
to the proof of Theorem 3 and is omitted. This completes the
proof. O

Theorem 5. Assume that there exist three constants a, M, and
N with (1 —a)M > N > 0 and four nonnegative sequences
{Pn}neNno’ {Qn}nGNno’ {Rn}nENno’ and {Wn}neNno satisfying (11)’
(12), (33), (34) and

0<a,<a<1l eventually. (42)

Then

(a) for any L € (aM + N, M), there exist 0 € (0,1)
and T > ny + 7 + fB such that for any x, = {xOn}nEle €
A(N, M), the Mann iterative sequence with errors {x,,}

{x generated by the scheme

meN, —

mn}(m,n)GNO xNg

Xm+1n

(1 0y — ﬁm) Xmn

+a,, inl - a,x,,, .

o0
+ Z [h (s, Xy > Xy, - - ’xmhks)
s=n

o0

- ; (f (t’xmflr’xmfzr" t
i) -0) |}

+ BV n=T, m=20,

(1 Oy ﬁm) XmT

+a, 1TL — arx

mT—-1

o0
+ Z [h(s, xmhls’xmhzs""’xmhm)
s=T
- IZ (f (t’ xmflt’xmfu’ e
=s
wui)-0) |}

B<n<T, m=0
(43)

+ﬁmYmT’

converges to an unbounded positive solution x € A(N, M)
of (6) and has the error estimate (17), where {ym}mENO
{Ymn}(m,n)eNoxNﬁ is an arbitrary sequence in A(N, M) and
{@ntmen, and (Bl men, are any sequences in [0, 1] satisfying
(18);

(b) equation (6) possesses uncountably many unbounded
positive solutions in A(N, M).

Proof. Put L € (aM + N, M). It follows from (33), (34), and
(42) that there exist 0 € (0,1) and T > n, + T + f3 satisfying

6:a+%;(RSHS+ZPtFt>,

t=s

1 o0 (o] )
T ZT WS+tZ(Qt+|bt|)] <min{M - L,L-aM - N},
s= =s
0<a,<a<l, Vnx>T.
(44)
Define a mapping S, : AN, M) — Ig° by
San
(nL - a,X, .
[ee]
+Z {h (S, xhls’ ths’ Tt xhks)
= 9 s=n 0
D [ (SRS )| N
t=s
| S p<n<T,
(45)

for each x = {xn}neNB € A(N, M). In view of (11), (12), and
(44) and (45), we obtain that for each x = {xn}neNﬁ, y =
{yn}neNﬁ € AIN,M)andn>T,

StXn  SiYn
n n
Xyt = V-
San n—t yﬂT
n

[ [ACENETRIRE

1 &
+;Z

s=n

- h(s’)’hls’)’hh>-~-’)’hk5)

0
+ Z ‘f (t’ xfn’xfzt"' ' ’xfkr)

- f(t’yflt’yfu’“"yfkt)':|

<

13 (RSHS+§ptFt)] -

t=s

~|

=0fx -yl



8
San <L
n
1 [ee]
+;Z { 'h(s,xhls,xhh,...,xhks)|
+;['f(t’xflt’xfzr"'"xfkt)|+|bt|]}
1 & ©
SL+?Z [M+Z(Qt+|bt|)]
s=T t=s
<L+min{M-L,L-aM - N}
<M,
% >L—-aM
n

- % Z { |h (S’xhls’xhzs""’xhks)'
s=n
0
+Z ['f (t’ xflt’fot"' ' ’xfkt)| + Ib"]}
t=s

zL—aM—%g Wﬁi(Qﬁlhl)]

>L-aM—-min{M - L,L—-aM — N}
> N,
(46)

which give (24), in turn, which implies that S; is a contraction
in A(N, M) and possesses a unique fixed point x = {xn}nENﬁ €
A(N, M), which is an unbounded positive solution of (6) in
A(N, M). The rest of the proof is similar to that of Theorem 3
and is omitted. This completes the proof. O

Theorem 6. Assume that there exist constants a, M, and N
with (1 + a)M > N > 0 and four nonnegative sequences
{Pn}neNy,O’ {Qn}nENy,O’ {Rn}neNno’ and {Wn}nENno Satisfying (11))
(12), (33), (34), and

-1<a<a,<0 eventually. (47)

Then

(a) for any L € (N, (1 + a)M), there exist 0 € (0,1) and
T > ny + T + f3 such that for any x, = {xOn}neNB € A(N,M)
and the Mann iterative sequence with errors {x,},,en,
{xmn}(m)n)eNoxNﬁ generated by (43) converges to an unbounded
positive solution x € A(N,M) of (6) and has the error
estimate (17), where {y,},en, = {ymn}(m’n)eNoxNﬁ is an
arbitrary sequence in AN, M), {&,},,cn, and {B,},en, are
any sequences in [0, 1] satisfying (18);

(b) equation (6) possesses uncountably many unbounded
positive solutions in A(N, M).

Abstract and Applied Analysis

Proof. Put L € (N, (1 + a)M). It follows from (33), (34), and
(47) that there exist 0 € (0,1) and T > n,, + T + [3 satisfying

0=-a+t > (RSHS + ZPtFt>, (48)
Ts:T t=s
= o .
T ZT [Ws +Z(Qt + |bt|)] <min{(1+a)M-L,L-N},
(49)
-1<a<a, <0, Vn>T. (50)

Define a mapping S; : A(N,M) — lzo by (45). By virtue of
(12), (45), (48), and (50), we easily verify that

Srx
AL —aM
n
1 (o)
) { (5, %1550, )|
s=n

+tZ [|f (t’ xfn’xfzt" "’xfkt)' + |bt|]}

1 o0 o0
SL—aM+fZ [WS+;(Qt+|bt|)]

s=T
<L+min{(l1+a)M-L,L- N}
<M,

SL'xn > L

n

ln—l
- ; Z { 'h (S’xhls’xhk"”’xhks)

s=T
S (e o]

t=s
1 o0 oo
s1-1 5 (w3 @)
s=T t=s
>L-min{(l1+a)M - L,L - N}
>N,
(51)

which yield that S; (A(N, M)) < A(N, M). The rest of the
proof is similar to that of Theorem 5 and is omitted. This
completes the proof. O

Remark 7. Theorems 3~6 extend and improve Theorem 1 in
[5].
3. Examples

In this section we suggest four examples to explain the results
presented in Section 2. Note that Theorem 1 in [5] is useless
for all these examples.
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Example 8. Consider the second-order nonlinear neutral
delay difference equation:

.2
A (xn_an)+A<sm f”*) + ! 3
n (n6+n3+2)(1+|xnz| )

_n2—3n+1 ns3
wnt+1’ -7
(52)

where 7 € Nis fixed. Letnny =3,k =1, f = min{3 - 7,1}, M
and N two positive constants with M > N and

2
n-3n+1
a, =-1, b = ——,
" "o +nt+1
1
f(nu) =

(n® +n® +2) (1 + |u|3)’

.2
sin“u
h(”)”): T Fn:fln:nz’ Hn:hln:n_z’
3M? 1
P =, = —, = —,
" (14 N3)us Qn n® Ry nt
_ 1
W"_F’ V(nu) €N, xXR.

(53)
It is easy to see that (11), (12), and (15) are satisfied. Note that

(e8]
Z smax {R,H,, W,}

< 2(s=2) 1
=Zsmax{ (S4 ),—4} (54)
= s s
< 2(s-2
:Z (53 )<+oo, vneN,,
= s 0
s=n

Z Z smax {P,F,, Q,, |bt|}

XX 3M? 1 |t2—3t+1|
=ZZsmax<|(1+N3)2t4,t—6, 7 +ti+1 }

(1 +N3)2 t=n
M? 31
< max 1,(3 3)2 Zt_2<+oo, VneN,,
1+N t=n
(55)

which together with Lemma 2 yield that (13) and (14) hold.
It follows from Theorem 3 that (52) possesses uncount-
ably many unbounded positive solutions in A(N, M). On
the other hand, for any L € (N, M), there exist 0 ¢
(0,1) and T > ny, + 7 + f such that for each x, =
{x0n}neNl; € A(N,M), the Mann iterative sequence with
errors {X,,},en, = {xmn}(m,n)eNoxNﬁ generated by (16) con-
verges to an unbounded positive solution x € A(N, M)
of (52) and has the error estimate (17), where {ym}mGNO =
{Ymn}(m,n)eNoxN,; is an arbitrary sequence in A(N, M) and
{@ntmen, and {B},en, are any sequences in [0, 1] satisfying
(18).

Example 9. Consider the second-order nonlinear neutral
delay difference equation:

A? (x, +x,_;)+A ( Bt LiES! >
n (n?+2) (1+ x§n2_3)
(1" (X2t + X)) (56)
(n"'+n°+1) (1+ X%+ x%n+1)(n+2))

n* —lnn
27, ﬂ25,
n°+n +1

where 7 € Nis fixed. Letny =5,k =2,=5-7,Mand N
two positive constants with M > N and

n*—Inn
a, =1, b=
n°+n +1

(-1)"n® (u +v)

n,u,v) = ,
f ) (M +n°+1)(1+u? +0?)
.2
sin“v
h(n,u,v) = >
( ) n (n? +2)(1+u*)
flnznz—n—l, F =f,=n+1)(n+2),
h,=2n"-3,  H,=h,,=3n+1,
4 10 2
P”:Q"ZE’ Rn:anﬁ, Y (n,u,v) N, xR".

(57)
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It is clear that (11), (12), and (35) are fulfilled. Note that

1 o0 o0
- Z Zmax {PF, Q. |b|}
N =hiss
1 4(t+1)(t+2) 4 t*-Int
_n;;max{ t8 T80 415+ 1
43831 431
< - —<—->)» ——0 asn— oo,
n ;; t T n ;l t3
(58)
which yields that
1 [celNee]
lim =% max {P,F,, Q, |b]} = 0. (59)
N s=ni=s

Thus, Theorem 4 guarantees that (56) possesses uncountably
unbounded positive solutions in A(N, M). On the other
hand, for any L € (N,M), there exist 0 € (0,1) and
T > 7+ ny + f such that the Mann iterative sequence with
error {x,,},,c\, generated by (36) converges to an unbounded
positive solution x € A(N,M) of (56) and has the error
estimate (17), where {y,,},,en, is an arbitrary sequence in
A(N, M) and {a,,},,en, and {B,},en, are any sequences in
[0, 1] satistying (18).

Example 10. Consider the second-order nonlinear neutral
delay difference equation:

) 3n° -1
8 (xn ' ﬁ")
A sin (ln (1 + 1 |x3nz,1|))
n —\n-4
n2 _ (_l)n(n—l)/z )

(W7 +3n5 — 1) 2Pl

(60)

(=" 1

n® (1+x;_,) (n°+1) 1+|x

n+4|

(-1 -1 .
= == nz/
n®ln’n + 1

Abstract and Applied Analysis

where 7 € Nis fixed. Letny = 7,k = 2,a = 3/4, f = min{7 -
7,5}, M and N two positive constants with M > 4N and

W= 3n° - 1 (=)' -1
" a3+ 2 mln’n+ 1’
-1)" 1
f(nu,v) = (=1)

n(1+u2) (w5 +1) T+

sin <ln (1 + 1 |u|)) e (_l)n(n—l)/z

hmwv) = — s s T (W 300 — 1) 2
fin=n-2,
F, = f,,=n+4, h,, =3n" -1,
H, = h,, = 4n’ +1,
PH:QH:%, Ry =W, =, V(nu,v) €N, xR

(61)

It is not difficult to verify that (11), (12), and (42) are fulfilled.
Note that

s=n
o1& 2(4s3+1) 2
:nll)m —S_Zlmax{ 3 ,5—5]»
1 22(487+1)
=fim ) e =0

1 [oelee)
lim — Z Z max {P,F,,Q,, |b|}

Il
l»—’T‘

g8

|
™
g

tt Tt Bndr+1

13 “max{zms 2 |(—1)tt3—1|}

1S 2+8
= nh—>ngo; Z Z t4 =
5= t=s

(62)

That is, (33) and (34) are satisfied. Consequently Theorem 5
implies that (60) possesses uncountably many unbounded
positive solutions in A(N, M). On the other hand, for any
L € ((3/4)M + N, M), there exist 6 € (0,1) and T >
ny, + 7 + f such that the Mann iterative sequence with
error {xm}meNU generated by (43) converges to an unbounded
positive solution x € A(N,M) of (60) and has the error
estimate (17), where {ym}mGNO is an arbitrary sequence in
A(N, M) and {ocm}mENO and {ﬂm}meNo are any sequences in
[0, 1] satisfying (18).
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Example 11. Consider the second-order nonlinear neutral
delay difference equation:

5 1-2n°
A <x” T

+ A -1
(m+2n®=1)(1+x%,_5)

L 2(3
sin (n xSnz_z)

(n+2)°

(63)

B (-1)'n* +1° +3n° — 1 011
I O -

where 7 € Nis fixed. Letny = 11,k = 1,a = —-4/5, 3 =
min{11-7,7}, M and N two positive constants with M > 5N
and

. 1-2n° (=)'t 4307 -1
" 24302 0 +3ne+nd 41
. z( 3 )
sin” (n’u
(n)u) = —7
/ (n+2)>°
2
n -1
h(n,u) = )
() (n° +2n3 - 1) (1 +u?) (64)

Fn:fln:5n2_2’

2 1
H,=h,=2n-15, P,=—,  Q,=—,
n n
2 1
Rn—z, Wn—;, V(H,M)ENWOXR.

Obviously, (11), (12), and (50) are satisfied. Note that

1 (o]
lim — RH, W,
lmn;max{ STTSs S}

n— 00

1S 45-30 1
= lim —Zmax{—3,—3} = 0,
naoonszn s s

LS max{BF.Qulbl)

n=hiss

1 2(5t-2) 1 |-Dft+ £+ 38 -1
Z;Zmax{ 5 t9+t7+3t6+t4+1}

A
=
18
18
ol =
!

— as n — 0o,
N s=ni=s
(65)
which gives that
1 [celNee)
Jim Y Y max{PF,Q, b} = 0. (66)
$=n t=g

1

That is, (33) and (34) hold. Thus, Theorem 6 shows that (63)
possesses uncountably many unbounded positive solutions in
A(N, M). On the other hand, for any L € (N, M/5), there
exist 0 € (0,1) and T > ny+ 7+ 8 such that the Mann iterative
sequence with error {xm}meNo generated by (43) converges to
an unbounded positive solution x € A(N, M) of (63) and
has the error estimate (17), where {y,},,y, is an arbitrary
sequence in A(N, M) and {ocm}me,\,0 and {ﬁm}meNo are any
sequences in [0, 1] satisfying (18).
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