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Here we show that the main results in the papers by Yalcinkaya (2008), Yalcinkaya and Cinar (2010), and Yalcinkaya, Cinar,
and Simsek (2008), as well as a conjecture from the last mentioned paper, follow from a slight modification of a result by G.
Papaschinopoulos and C. J. Schinas. We also give some generalizations of these results.

1. Introduction while in [25], the authors studied the system
Studying difference equations and systems which possess X,y = M,
some kind of symmetry attracted some attention recently Xp T Vno1
(see, e.g., [1-25] and the related references therein). y.x,  +a (3)
Paper [23] studied the following system of difference Vsl = %, n € N,
equations: I X1
where a > 0.
Since a > 0, it is clear that the change of variables
x — YnXn-1 T4
nHl Vo + X1 ’ (xw yn) - (\/Exn \/ayn) > (4)
XV, +a @) reduces systems (1) and (3) to the case a = 1. The authors
Vo1 = v n € N. of [24] claim that the change of variables (4) reduces (2) to
n ¥ V-1 the case a = 1 too; however by using the change system (2)
becomes
In [24], authors claim that they study the system o It X
" a (e +1)
+ X X, + ®)
Xpyy = Yn n—1 , V1 = nt Yo , ne No-
YnXp-1 + 4 (2) a (xnyn—l + 1)
Xy + Vo1 Therefore, in fact, [24] studied only system (2) for the case
Yne1 = » NnE NO’

XpYp-1 T 0 a=1



Based on this observation we may, and will, assume that
a = 1 in systems of difference equations (1)-(3).

In the main results in [23-25] it is proved that whena = 1,
the positive equilibrium point (X, y) = (1, 1) of systems (1)-
(3) is globally asymptotically stable.

The authors of [25] finish their paper by the statement
that they believe that the results therein can be conveniently
extended to the following higher order system of difference
equations:

XpYp-1 14
b
Xnt Vn-i

y, _ Xy t 4
n+l = >
Yt Xy

Xnt1 =

(6)

n € Ny,

when [ € N\ {1}.

Here, among others, we show that all the results and con-
jectures mentioned above follow from a slight modification
of a result in the literature published before papers [23-25].
For related systems see also [2, 5-10, 12, 17-20].

2. Main Results

Let R, = (0,4+00) and R’ be the set of all positive n-
dimensional vectors. The following theorem was proved in

[4].

Theorem A. Let (M,d) be a complete metric space, where
d denotes a metric and M is an open subset of R", and let
T : M — M be a continuous mapping with the unique
equilibrium x* € M. Suppose that for the discrete dynamic
system

Xy = Tx,, neN,, (7)
there is a k € N such that for the kth iterate of T, the following
inequality holds:

d (Tkx, x*) <d(x,x"), 8)

for all x#x*. Then x* is globally asymptotically stable with
respect to metric d.

The part-metric (see [21]) is a metric defined on R’ by

)X i
X,Y)=-1 oA,
p (X.Y) og@lﬁg{% xi} )

for arbitrary vectors X = (x},%,,...,x,) € R} and Y =

1> Yoo ) € R

It is known that the part-metric p is a continuous metric
on R}, (R}, p) is a complete metric space, and that the
distances induced by the part-metric and by the Euclidean
norm are equivalent on R’} (see, e.g., [4]).

Based on these properties and Theorem A, the following
corollary follows.

Corollaryl. LetT : R} — R bea continuous mapping with
a unique equilibrium x* € R'. Suppose that for the discrete
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dynamic system (7), there is some k € N such that for the part-
metric p inequality

P (Tkx, x")<p (xx") (10)
holds for all x + x*. Then x* is globally asymptotically stable.

Some applications of various part-metric-related inequal-
ities and some asymptotic methods in studying difference
equations related to symmetric ones can be found, for
example, in [1, 3-5, 10, 11, 13-16, 22] (see also the related
references therein).

In Lemma 2.3 in [10], Papaschinopoulos and Schinas
formulated a variant of the following result, without giving a
proof. However, the part concerning the equality in inequality
(12) below, is not mentioned, but it is crucial in applying
Corollary1 (see inequality (10)). For this reason, the com-
pleteness and the benefit of the reader we will give a complete
proof of it.

Proposition 2. Let f : R?™ — R,, g : R — R,
be continuous functions. We suppose that the system of two
difference equations,

° Vn+m—1) >

Upim = f (un’ Upits -5 Upim—15 Vs Viy 15 - -

(1)

Vatm = 9 (un’ Ui 5 Unim-1 Yo Vot o+ > Vrm-1)

has a unique positive equilibrium (w,w). Suppose also that
there is anr € N such that for any positive solution (u,, v,,) e,
of system (11), the following inequalities:

2
w
(un - un+r) (l/l_ - un+r) <0,

" (12)
2

w
(Vn - 1}n+r) <V_ - vn+r) <0, ne NO’

n

hold, with the equalities if and only ifu,, = w, for everyn € N,
andv, = w, foreveryn € N, respectively. Then the equilibrium
(w, w) is globally asymptotically stable.

Proof. First, we prove that for every n € N,

o (u,,. v w w C(u, v, wow
min | &, , > min{ =2, 2, —, — ¢,
w w wu, v

w un-H’ VH‘H’ n
(13)
if and only if (u,, v,) # (w, w).
To prove (13), it is enough to prove that
min{—u"”,—w } > min{lﬁ,ﬂ}, (14)
w u?H'T w uﬂ
if and only if u,, # w, and
mm{m,i}mm{ﬁ,ﬂ}, (13)
w VVL+T w Vfl

ifand only if v, # w.
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The proofs of inequalities (14) and (15) are the same (up
to the interchanging letters u and v) so it is enough to prove
(14).

Now note that if the equality holds in the first inequality
in (12), then we have that

U, =u,,, Or — = > (16)

from which, in both cases, it easily follows that

min{h,i}zmin{ﬂ,ﬂ}. 17)
w un+r w un

On the other hand, if (17) holds, then we easily obtain that
one of the equalities in (16) holds, and consequently it follows
that the equality holds in the first inequality in (12). Hence, by
one of the assumptions, we have that (17) holds if and only if
u, = w for every n € N,

Now suppose that the first inequality in (12), is strict.
Then, ifu, > u,,,, directly follows that w/u,,,, > w/u,, while
from the first inequality in (12) it follows that u,,,./w > w/u,,.
Hence

min{@,i} - 18)

w un+r un

from which inequality (14) easily follows.

Ifu, < u,,,,thenu,, /w > u,/w, while from the first
inequality in (12), it follows that w/u,,,, > u,/w. From these
two inequalities, we have that

n+r

min{h,l} > ﬂ’ (19)
w un+r w
and consequently (14).

If (14) and (15) hold then if u, # w and v, # w, inequality
(13) immediately follows by using the following elementary
implication: if a > b and ¢ > d, then min{a, ¢} > min{b, d}.

If u, #+ w and v,, = w, then from the second inequality in
(12), we have that v,,, = v, = w. Hence

(v w (v, w o (u, w
mm{”—”,—}=m1n{—”,—}=l>m1n{—",—},
w v, w’ v, w’ u,

(20)

which along with (14) implies (13). The case u,, = wand v,, # w
directly follows from the case u,#w and v, = w, by the
symmetry.

Finally, note that if u,, = v, = w, then from (12), we have
thatu,,,, = u, = wandv,,, = v, = w, so that the first equality
in (20) holds and

min{@,i}zmin{ﬂ,ﬂ}zl, 1)
w un+r w un
from which it follows that both minima in (13) are equal,

finishing the proof of the claim.
Now we define the map T : R2" — R>" as follows:

n+r

> Xn—1> Xpp> V1> V2o - - "ym—l’ym)
s X f (X950 o V) > (22)

Vareoos Y G (X1 X V1o -5 Vi) -

T (x, %5, - ..

= (x,,... s Xpps V1o -+

3
Then we get
T (un’ Upits o Upim—2 Uniom—15 Vo Ve 1o - -5 Viem—25 Vn+m—1)
= (un+1’ o Upim—1 Unims Var 1o -+ Vaem-1 Vn+m) >
(23)
and by induction
TS (“n’ Unis - Unem—2 Unem—1> Vo Vit 1> - - > Vrm—-2> Vn+m—1)
= (un+s’ s Upim-2io Unim—-1+s
Vs Vrm—2+s Vn+m—1+s) >
(24)

for every s € N.

By using inequality (13) and the fact that the inequalities
1>a;>b,ielc{l,...,m},I1#0,alongwith equalities g; =
b =1,ie€{l,...,m}\ I imply the inequality min,_;_,, a; >
min, _;,, b, we have that for each vector X € Rim such that

X+ (ww,...,w) =W € Ri’",
u w u
oo N . n+r n+r+m-—1
p(T (x),w)z—logmln{ , yeee, S
w uVH'T w
w Vipgr W
bl bl bl b
un+r+m—1 w vn+r
Visrem-1 w }
bl
w Vitr+m—-1
. u _ w
<—logm1n{—,—, ,mmel 2
n w un+m—l
ﬁ ﬂ 1/n+m—1 w }
bl bl c bl
w vy, w Vitm-1
o a
=p(X,w),
(25)
from which the proof follows by Corollary 1. O

It is not difficult to see that the following extension of
Proposition 2 can be proved by slight modifications of the
proof of Proposition 2.

Proposition 3. Let f; IRII” - R,i = 1,...,1 be
continuous functions. Suppose that the system of difference
equations

0 _ o @ 1 (O} 0
un+m - fl (un 4 un+1’ Tt urﬁ-m—l’ Tt un ’un+1’ e un+m—1) >
@ _ o @ (6] [OI0) 0
Upom = fl (un sUpipee Uy oo Uy Uy un+m—1) >
(O [COICY) 1) [OR0) 0
Upom = fl (un sUp i1 Um0 s Uy s Uy ’un+m—1)
(26)



,w) € R, and that

thereis anr € N such that for any solution (uﬁll), s u;l))neNU C

has a unique positive equilibrium (w, ...

IRZJr of system (26), the following inequalities:

2
(u;’) —uf:ir) <$ —ugir> <0, neNyi=1,...,],
Un
(27)
hold, with the equalities if and only ifuﬁf) = w, foreveryn € N,

andi = 1,...,1. Then the equilibrium (w,...,w) is globally
asymptotically stable.

Now we use Proposition 2 in proving the results in papers
[23-25].

Corollary 4. Let k,1 € N, k# 1. Consider the system

_ XpkVn-1t 1

n+l — >
Xp-k t Vn-i

_ YnkXn-1 t 1

Yn+1 = >
Y-k T Xu-1

X
(28)
n € Nj.

Then the positive equilibrium point (x,y) = (1,1) of system
(28) is globally asymptotically stable with respect to the set
RY x R, where m = max{k, I}.

Proof. We may assume that m = k. From system (28), we have
that

2
1-x, 4

ntl ~ Xn—k = >
V-1 T Xk

2 (29)
X _ L _ Yn-1 (xn—k - 1)
e Xn-k Xn-k (yn—l + xn—k) ’

2
l_yn—k

Yo+1 = Vn-k = >
Xp1t Vu-k

(30)

ot - 1 Xn-1 (J’i—k - 1)
e Y-k Yn—k (xn—l + yn—k)

from WhiCh it fOllOWS that
Xy )
< 0,
n-k

— )
< 0
y}’l k

so that condition (12) in Proposition 2 is fulfilled with r =
k+1.
Clearly if

(xn+1 - xn—k) (xn+1 -

(31)

(yn+1 - yn—k) <yn+1 -

x,=1=y, forevery n>-max{lk}, (32)
then in (31) equalities follow. On the other hand, if equality
holds in the first inequality in (31), we have that

1
Xpt1 = Xk OF Xpyy = x_ (33)

n—k
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If x,,;, = x,_> then from the first equality in (29) we have
that x,,_, = 1, while if x,,; = 1/x,,_;, then from the second
equality in (29), we have that x,,_, = 1.

By symmetry (see (30)), we have that if equality holds
in the second inequality in (31), then y, , = 1. Therefore,
equalities in (31) hold if and only if (x,_i, y,.) = (1, 1).
Hence all the conditions of Proposition 2 are fulfilled from
which it follows that the positive equilibrium (1, 1) is globally
asymptotically stable with respect to the set R} x RY". [

Remark 5. Corollary 4 extends and gives a very short proof
of the main result in [23], which is obtained for k = 1 and
I = 0. Further, it also extends and gives a very short proof
of the main result in [25], which is obtained for k = 0 and
I = 1. Moreover, it confirms the conjecture in [25], which is
obtained fork = 0and ! € N\ {1}.

Corollary 6. Letk,l € Ny, k#1. Consider the system
Xnk t Yn-l
Xn-kVn-1t 1’

¥ _ Yok T Xp
n+l = >
Yn-kXn-1t 1

Xp+1 =

(34)
n e N,.

Then the positive equilibrium point (X,y) = (1,1) of system
(34) is globally asymptotically stable with respect to the set
RY x R, where m = maxik, I}.

Proof. We may assume that m = k. From system (34), we have
that

e )’n—l(l —xﬁ—k)
n+1 n—-k — Xy 1 Vot + 1 >
1 X2, -1
X 1~ = >
" Xn-k Xn-k (xn—kyn—l + 1)
(35)
2
B _ ‘xn—l(l _yn—k)
Vo1 = Vn-k X Yok + 1 >
Yoy — I J’i—k -1
|- — =
" Yok Y-k (xn—lyn—k + 1)
from which it follows that
1
(xn+1 - ‘xn—k) Xn+1 ~ <0,
Xn-k
(36)

—, >
yﬂ k

Hence condition (12) in Proposition 2 is fulfilled with » =
k + 1. On the other hand, similarly as in the proof of
Corollary 4 it is proved that equalities in (36) hold if and
only if (x, 4, ¥,«) = (1,1). Hence all the conditions of
Proposition 2 are fulfilled from which it follows that the
positive equilibrium (1, 1) is globally asymptotically stable
with respect to the set R x R'". O

(ym—l - yn—k) <)’n+1 -
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Remark 7. Corollary 6 extends and gives a very short proof
of the main result in [24], which is obtained for k = 1 and
I=0.

Remark 8. Corollary 6 is also a consequence of Corollary 4.
Namely, by using the change of variables (x,,y,) =
(1/u,, 1/v,), system (34) is transformed into the system

ViU + 1

V. =
n+1 >
Vi T Up-i

(37)
Uy 1V T 1

n+l = >
Uy T Vi

u n e Ny,

which is system (28). In particular, this shows that systems (1)
and (2), for the case a = 1, are equivalent and consequently
the results in [23, 24].

Remark 9. Similar type of issues appear in some literature on
scalar difference equations (see, e.g., related results in papers
(1, 5,11, 13]).

It is of some interest to extend results in Corollaries 4 and
6 by using Proposition 2. The next result is of this kind and it
extends a result in [5].

Corollary 10. Let f € C(R*,R,) and g € C(R.,R,) with

kleN O0<r <---<roand0<m; <--- <m <1 and
satisfy the following two conditions:

(HI) [f(uy, 1y, . ..

(H2) f(uj,u;,...

s ul™ = ful,us,...

Jup) < up,

UL

where a* := max{a, 1/a}.
Then (x,y) = (1,1) is the unique positive equilibrium of
the system of difference equations

f (xn—rl—l’ te ’xn—rk—l) g9 (yn—ml—l’ te ’yn—ml—l) +1
Xy = ,
f (xn—rl—l’ s >xn—rk—1) +9 (yn—ml—l’ s >yn—ml—1)
neN,

f(yn—rl—l"' .

’yn—rk—l) 9 (xn—ml—l’ e ’xn—ml—l) +1

! f (yn—rl—l’ R yn—rk—l) +9 (xn—ml—l’ R xn—ml—l)
nelN,
(38)
and it is globally asymptotically stable.
Proof. Let
fn = f (xn—r1—1> cee xn—rk—l) >
(39)

In=9 (yn—ml—l"‘ "yn—ml—l .

We should determine the sign of the product of the following
expressions:

1
Pn = J;:lgi+ - ‘xn—rk—l
nt Gn
(40)
_;<fg (1—M>+l—x f)
- Jut 9n = In i)
Q = Jugnt1 1

fn t 9n xn—rk—l
1
= m (gn (xn—rk—lfn - 1) (41)
+fn <xnj:k1 - 1> >

From (40) and (41), we see if we show that Xpep -1 f.-1
and (x,,_, _,/ f,) — 1 have the same sign for n € N, then P,Q,
will be nonpositive.

We consider four cases.

Case 1.x,_, 4 21, f, > 1. Clearlyin this case x,,_, _; f,—=1 >
0. By (HI) and (H2), we have that

1< fn = (fn)* = f(x;;—rl—l""’x:—rkfl)

*
n-r—1

(42)
<x

= ‘xn—rk—l .

Hence (x,,_,._,/f,) — 1 = 0 and consequently

n—ry—

(%r 1 fu—1) (% - 1) > 0. (43)

1, f, < 1.Since 1/f, > 1, we obtain

Case 2. X, 2
> 0. On the other hand, by (HI) and (H2),

(xn—rkfl/fn) -1

we have

fi B (fn)* - f <xz_r1_1’ Tt ’xZ—T’k—l)
! (44)

*

< xn—rk—l

= xn—rk—l’
sothat x,,_, _; f, — 1 > 0. Hence (43) follows in this case.

Case 3. Case x,,_,, _; <
and consequently (x
have

1
*
fn = (fn) = f (x:;—rl—l’ e ’x:t—rkfl) £ x;rﬂ = >

xn—rk—l
(45)

1, f, = 1. Then we have that 1/ f, < 1
_1/fu)—1 < 0.On the other hand, we

n—ry

sothatx,_, _; f, —1 < 0. Hence (43) follows in this case too.

Case 4. Case x,,_,,_; <1, f, < 1.Thenx,_, _,f,—1<0.0n

the other hand, we have
1

Ja

1
(fn)* = f (x:—rl—l’ e ’x;—rk—l) < x:—rk—l = >

'xn—rk—l
(46)




so that (x,_, _;/f,)—1 < 0. Hence (43) also holds in this case.
Thus P,Q, < 0, for every n € N.

Assume that P,Q, = 0, then P, = 0 or Q,, = 0. Using (40)
or (41) along with (43) in any of these two cases, we have that

1
fu= =Xy p-1» nEN. (47)
xn—rk—l
Hencex, , ;=1,neN.
Let

fn = f (ynfrlfl’ e ’ynfrk—l) >
(48)

gn = g (xn—m1—1> tec xn—m,—l .

Using the following expressions:

1 -~ . yn—rf -
(a2 ) o),

_ —AA)< 3y Yur i fr— 1)

- yn—rk—l
- = - 1 b
2(52))

it can be proved similarly that P,Q,, < 0, for every n € N, and
that P,Q, = 0, if and only ify, =1 neN
Finally, let (x*, y*) be a solution of the system

o fGEDaGN+1 L fO)gG)+1
fGE)+90G7)’ fO0+93)
Then we have that
AT RN
FGE)+a0n)
1

S TE) 90D (f(y"j)g(?f)<l‘ f(?cZ)) D

(49)

. (50)

+1—x*f(5€;;)),

where 2; = (z%,..

copies of z*. Then similar to the considerations in Cases (i)-
(iv), it follows that f(%;) = x* = 1/x", so that x* = 1, and
similarly it is obtained that y* = 1. Hence (x", y*) = (1,1) is
a unique positive equilibrium of system (26).

From all above mentioned and by Proposition 2, we get
the result. O

.,z") denotes the vector consisting of j
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