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The purpose of this note is to present the different fractional order derivatives definition that are commonly used in the literature on
one hand and to present a table of fractional order derivatives of some functions in Riemann-Liouville sense On other the hand. We
present some advantages and disadvantages of these fractional derivatives. And finally we propose alternative fractional derivative

definition.

1. Introduction

Fractional calculus has been used to model physical and
engineering processes, which are found to be best described
by fractional differential equations. It is worth nothing that
the standard mathematical models of integer-order deriva-
tives, including nonlinear models, do not work adequately
in many cases. In the recent years, fractional calculus has
played a very important role in various fields such as
mechanics, electricity, chemistry, biology, economics, notably
control theory, and signal and image processing. Major topics
include anomalous diffusion, vibration and control, continu-
ous time random walk, Levy statistics, fractional Brownian
motion, fractional neutron point kinetic model, power law,
Riesz potential, fractional derivative and fractals, computa-
tional fractional derivative equations, nonlocal phenomena,
history-dependent process, porous media, fractional filters,
biomedical engineering, fractional phase-locked loops, frac-
tional variational principles, fractional transforms, fractional
wavelet, fractional predator-prey system, soft matter mechan-
ics, fractional signal and image processing; singularities
analysis and integral representations for fractional differential
systems; special functions related to fractional calculus, non-
Fourier heat conduction, acoustic dissipation, geophysics,
relaxation, creep, viscoelasticity, rheology, fluid dynamics,

chaos and groundwater problems. An excellent literature of
this can be found in [1-9]. These entire models are making use
of the fractional order derivatives that exist in the literature.
However, there are many of these definitions in the literature
nowadays, but few of them are commonly used, including
Riemann-Liouville [10, 11], Caputo [5, 12], Weyl [10, 11, 13],
Jumarie [14, 15], Hadamard [10, 11], Davison and Essex [16],
Riesz [10, 11], Erdelyi-Kober [10, 11], and Coimbra [17]. All
these fractional derivatives definitions have their advantages
and disadvantages. The purpose of this note is to present the
result of fractional order derivative for some function and
from the results establish the disadvantages and advantages
of these fractional order derivative definitions. We shall start
with the definitions.

2. Definitions

There exists a vast literature on different definitions of frac-
tional derivatives. The most popular ones are the Riemann-
Liouville and the Caputo derivatives. For Caputo we have
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For the case of Riemann-Liouville we have the following
definition:
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Guy Jumarie proposed a simple alternative definition to the
Riemann-Liouville derivative:
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For the case of Weyl we have the following definition:

oc)ddn Joo(x_t)

With the Erdelyi-Kober type we have the following definition:
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With Hadamard type, we have the following definition:
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With Riesz type, we have the following definition:
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We will not mention the Grunward-Letnikov type here
because it is in series form. This is not more suitable for
analytical purpose. In 1998, Davison and Essex [16] published
a paper which provides a variation to the Riemann-Liouville
definition suitable for conventional initial value problems
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within the realm of fractional calculus. The definition is as
follows:

dt. 9

dn+1 -k X (x—t - dk (t)
Dif= o [ e
X"t o T(1-«) dt
In an article published by Coimbra [17] in 2003, a variable
order differential operator is defined as follows:
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3. Table of Fractional Order Derivative for
Some Functions

In this section we present the fractional of some special func-
tions. The fractional derivatives in Table 1 are in Riemann-
Liouville sense.

In Table 1, HypergeometricPFQ [{}, {}, {}] is the general-
ized hypergeometric function which is defined as follows in
the Euler integral representation:

F,(a,b,c,z)
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a,b € C(0 < Re[b] <Relc];arg(l - 2)| < 7).
(11)

The PolyGammal(n, z] and PolyGamma[z] are the logarith-
mic derivative of gamma function given by

n !
PolyGamma [, z] = % (_F @ ) >

I'(2) (12)

PolyGamma [z] = PolyGamma [0, z] .

These functions are meromorphic of z with no branch
cut discontinuities. E,(—t") is the generalized Mittag-Leffler
function and is defined as

E, (~t) = iﬂ (13)
« ST (ke +1)

I' is denotes the gamma function, which is the Mellin
transform of exponential function and is defined as

I'(z) = J t“le7dt, Relz] > 0. (14)
0
J.(x), K,,(x), and Y,,(x) are Bessel functions first and second

kind. Zeta[s] is the zeta function, has no branch cut disconti-
nuities, and is defined as

Zeta [x] =

Yn, (15)
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The above obtained special functions as derivation of Rie-
mann-Liouville fractional derivative are solution of some
fractional ordinary differential equation, for instance, Cauchy

type.

4. Advantages and Disadvantages

4.1. Advantages. Itisveryimportant to point out that all these
fractional derivative order definitions have their advantages
and disadvantages; here we will include Caputo, variational
order, Riemann-Liouville Jumarie and Weyl. We will examine
first the Variational order differential operator. Anomalous
diffusion phenomena are extensively observed in physics,
chemistry, and biology fields [18-21]. To characterize anoma-
lous diffusion phenomena, constant-order fractional diffu-
sion equations are introduced and have received tremendous
success. However, it has been found that the constant order
fractional diffusion equations are not capable of characteriz-
ing some complex diffusion processes, for instance, diffusion
process in inhomogeneous or heterogeneous medium [22].
In addition, when we consider diffusion process in porous
medium, if the medium structure or external field changes
with time, in this situation, the constant-order fractional
diffusion equation model cannot be used to well characterize
such phenomenon [23, 24]. Still in some biology diffusion
processes, the concentration of particles will determine the
diffusion pattern [25, 26]. To solve the above problems, the
variable-order (VO) fractional diffusion equation models
have been suggested for use [27]. The ground-breaking work
of VO operator can be traced to Samko et al. by introducing
the variable order integration and Riemann-Liouville deriva-
tive in [27]. It has been recognized as a powerful modelling
approach in the fields of viscoelasticity [17-32] viscoelastic
deformation [28], viscous fluid [29] and anomalous diffusion
[30]. With the Jumarie definition which is actually the
modified Riemann-Liouville fractional derivative, an arbi-
trary continuous function needs not to be differentiable; the
fractional derivative of a constant is equal to zero and more
importantly it removes singularity at the origin for all func-
tions for which f(0) = constant for instance, the exponentials
functions and Mittag-Leffler functions. With the Riemann-
Liouville fractional derivative, an arbitrary function needs
not to be continuous at the origin and it needs not to be
differentiable. One of the great advantages of the Caputo
fractional derivative is that it allows traditional initial and
boundary conditions to be included in the formulation of the
problem [5, 12]. In addition its derivative for a constant is zero.
It is customary in groundwater investigations to choose a
point on the centerline of the pumped borehole as a reference
for the observations and therefore neither the drawdown nor
its derivatives will vanish at the origin, as required [33]. In
such situations where the distribution of the piezometric head
in the aquifer is a decreasing function of the distance from the
borehole, the problem may be circumvented by rather using
the complementary, or Weyl, fractional order derivative [33].

4.2. Disadvantages. Although these fractional derivative dis-
play great advantages, they are not applicable in all the

situations. We shall begin with the Liouville-Riemann type.
The Riemann-Liouville derivative has certain disadvantages
when trying to model real-world phenomena with fractional
differential equations. The Riemann-Liouville derivative of
a constant is not zero. In addition, if an arbitrary function
is a constant at the origin, its fractional derivation has a
singularity at the origin for instant exponential and Mittag-
Leffler functions. Theses disadvantages reduce the field of
application of the Riemann-Liouville fractional derivative.
Caputo’s derivative demands higher conditions of regularity
for differentiability: to compute the fractional derivative of
a function in the Caputo sense, we must first calculate its
derivative. Caputo derivatives are defined only for differ-
entiable functions while functions that have no first-order
derivative might have fractional derivatives of all orders less
than one in the Riemann-Liouville sense. With the Jumarie
fractional derivative, if the function is not continuous at the
origin, the fractional derivative will not exist, for instance
what will be the fractional derivative of In(x) and many other
ones. Variational order differential operator cannot easily be
handled analytically. Numerical approach is sometimes needs
to deal with the problem under investigation. Although Weyl
fractional derivative found its place in groundwater investi-
gation, it still displays a significant disadvantage; because the
integral defining these Weyl derivatives is improper, greater
restrictions must be placed on a function. For instance, the
Weyl derivative of a constant is not defined. On the other
hand, general theorem about Weyl derivatives are often more
difficult to formulate and be proved than are corresponding
theorems for Riemann-Liouville derivatives.

5. Derivatives Revisited

5.1. Variational Order Differential Operator Revisited. Let f :
R — R, x — f(x) denotes a continuous but necessary
differentiable, let a(x) be a continuous function in (0, 1]. Then
its variational order differential in [a, 00) is defined as

DX (f (x)

1 d

=P F(l—oc(x))a (16)
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where FP means finite part of the variational order operator.
Notice that the above derivative meets all the requirements of
the variational order differential operator; in additional, the
derivative of the constant is zero, which was not possible with
the standard version.

5.2. Variational Order Fractional Derivatives via Fractional
Difference. Let f: R — R, x — f(x) denotes a continuous
but necessary differentiable, let a(x) be a continuous function



in (0, 1], and h > 0 denote a constant discretization span.
Define the forward operator FWh by the expression

FEW (h) (f (%)) = f (x +h) (17)

Note that, the symbol means that the left side is defined by the
right side. Then the variational order fractional difference of
order a(x) of f(x) is defined by the expression
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And its variational order fractional derivative of order a(x) is
defined by the limit
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5.3. Jumarie Fractional Derivative Revisited. Recently, Guy
Jumarie proposed a simple alternative definition to the Rie-
mann-Liouville derivative. His modified Riemann-Liouville
derivative has the advantage of both standard Riemann-
Liouville and Caputo fractional derivatives: it is defined for
arbitrary continuous (nondifferentiable) functions and the
fractional derivative of a constant is equal to zero. However
if the function is not defined at the origin, the fractional
derivative will not exist, therefore in order to circumvent this
defeat we propose the following definition. Let f : R — R,
x — f(x) denotes a continuous but necessary at the origin
and not necessary differentiable, then its fractional derivative
is defined as:

Dy (f (x))
= ;d_ﬂ * _ pyn—a-l _
_FP<F(1—oc)dx" L =" (f () f(O))dt>,

(20)

where FP means finite part of the fractional derivative
order operator. Notice that, the above derivative meets all
the requirement of the fractional derivative operator; the
derivative of the constant is zero, in addition the function
needs not to be continuous at the origin. With this definition,
the fractional derivative of In(x) is given as

Df (In (x))

x~* (EulerGamma + Cot [ &] — In (x) + PolyGamma [0, «])
T(l-«) ’

(21

The above fractional order derivative definition can be used
in many field for instance in the field of groundwater. Because
this definition does not produce a fractional derivative
with any kind of singularity as in the case of Jumarie and
the traditional Riemann-Liouville fractional order deriva-
tive. This concept was introduced by Hadamard [34-36].
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The Hadamard regularization [34-36], based on the concept
of finite part (“partie finie”) of a singular function or a
divergent integral, plays an important role in several branches
of Mathematical Physics see [29-37]. Typically one deals
with functions admitting some non-integrable singularities
on a discrete set of isolated points located at finite distances
from the origin. The regularization consists of assigning by
definition a value for the function at the location of one of
the singular points, and for the generally divergent integral of
that function. The definition may not be fully deterministic,
as the Hadamard “partie finie” depends in general on some
arbitrary constants [38].

6. Discussions and Conclusions

We presented the definitions of the commonly used fractional
derivatives operators which are ranging from Riemann-
Liouville to Guy Jumarie. We presented the disadvantages
and advantages of each definition. No definition has fulfilled
the entire requirement needed; for example, the Jumarie
definition fulfills some interesting requirements including the
derivative of a constant is zero, and a nondifferentiable func-
tion may have a fractional derivative. However, if the function
is not defined at the origin, it may not have a fractional
derivative in Jumarie sense. With the Riemann-Liouville
fractional derivative, the function needs not to be continuous
at the origin and needs not to be differentiable; however, the
derivative of a constant is not zero; in addition, his has certain
disadvantages when trying to model real-world phenomena
with fractional differential equations. Also if an arbitrary
function is a zero at the origin, its fractional derivation has a
singularity at the origin, for instance exponential and Mittag-
Leftler functions. Theses disadvantages reduce the field of
application of the Riemann-Liouville fractional derivative.
The Caputo derivative is very useful when dealing with
real-world problem because, it allows traditional initial and
boundary conditions to be included in the formulation of the
problem and in addition the derivative of a constant is zero;
however, functions that are not differentiable do not have
fractional derivative, which reduces the field of application of
Caputo derivative. It is in addition important to notice that,
to characterize anomalous diffusion phenomena, constant-
order fractional diffusion equations have been introduced
and have received tremendous success. However, it has been
found that the constant order fractional diffusion equations
are not capable of characterizing some complex diffusion pro-
cesses. To solve the above problems, the variable-order (VO)
fractional diffusion equation models have been suggested for
use; however, the calculations involved in these definitions
are very difficult to handle analytically; therefore, numerical
attentions are needed for these cases. To solve the problem
found in Jumarie definition, we proposed an alternative
fractional derivative and we extended the definition to the
case of variational differential operator. We provided a table
of Liouville fractional derivative of some special functions.
Now we can conclude here by observing, that all fractional
derivatives examined here are all useful, and they have to be
used according to the support of the function.
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