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We deduce formulas for the Fréchet derivatives of cost functionals of several inverse problems for a parabolic integrodifferential
equation in a weak formulation. The method consists in the application of an integrated convolutional form of the weak problem

and all computations are implemented in regular Sobolev spaces.

1. Introduction

Many methods to solve inverse problems (e.g., the Landweber
iteration, conjugate gradient method) use the Fréchet deriva-
tives of the cost functionals of these problems [1]. The explicit
formula for the Fréchet derivative in terms of the variation of
the unknowns of the inverse problem contains the solution of
an adjoint problem.

The derivation of the explicit formula for such a Fréchet
derivative includes testing the direct problem with the solu-
tion of the adjoint problem and vice versa: testing the adjoint
problem with the solution of the direct problem. In the
case of the parabolic weak problem, such a procedure is
cumbersome, because of the asymmetry of the properties of
the solution and the test function. In the classical formulation
of the parabolic weak problem (see, e.g., [2] and also (19)
below), the test function must have higher time regularity
than the weak solution. This means that in case of nonsmooth
coeflicients neither the solution of the direct problem nor the
solution of the adjoint problem can be used as a test function.
Another formulation of the weak parabolic problem consists
in reducing the problem to an abstract Cauchy problem over
the time variable (see, e.g., [3]). In such a case, a partial
integration over the time has to be implemented within
singular distributions in the derivation procedure.

In this paper, we present a new method that enables
the deduction of the formulas for the Fréchet derivatives

for cost functionals of inverse problems related to weak
solutions of parabolic problems. The method is based on an
integrated convolutional form of the weak direct problem.
The requirements to the test function are weaker than in the
classical case and coincide with the properties of the solution
of the direct problem. All computations in the deduction
procedure can be implemented within usual regular Sobolev
spaces.

More precisely, we will consider inverse problems related
to a parabolic integrodifferential equation that occur in heat
flow with memory [4-6]. This equation contains a time
convolution. Therefore, the convolutional form of the weak
problem is especially suitable. Supposedly, the proposed
method can be generalised to parabolic systems, as well.

2. Formal Direct Problem: Notation

Let Q) be an n-dimensional domain, where n > 1, and T be
the boundary of Q. Let I' = T} U I, where either I} or T, is
allowed to be an empty set. In case n > 2, we assume that I'is
sufficiently smooth, meas I, N T, = 0, and for any j € {1;2}
it holds either [ = @ or meas I; > 0. Denote

Q, =Qx(0,1), I, =T, x(0,1), L, =T, x(0,1),

)



for t > 0. Consider the problem (direct problem) to find
u(x,t) : Qr — R such that

=Au-m=*Au+ f+V-¢ in Q, (2)
u=u, in Qx{0}, (3)
u=g inrl,T, (4)

vy -Vu+mxv,-Vu=9u+h+v-¢ inlLp, (5

where T > 0 is a fixed number,

n

Av = Z(ai-vx_> + av,
I X;

ij=1

(6)
(Zaq Vili-t., )

v =(vy,...,v,) — outer normal of T,,

aGpauy : Q> R f:Qp > R¢:Qp - R g
Ly » RI:T, » Rh:Ly - Rm:(0T) - R
are given functions, the subscripts £, x, x; denote the partial

derivatives and

t

m*w(t)zjm(t—r)w(r)d‘r )

0

denotes the time convolution. In case I} = 0 (I, = 0), the
boundary condition (4) and (5) is dropped.

The problem (2)-(5) describes the heat flow in the
body Q with the thermal memory. Concerning the physical
background, we refer the reader to [4, 6, 7]. The solution u is
the temperature of the body and m is the heat flux relaxation
(or memory) kernel. The boundary condition (5) is of the
third kind where the term —v, - Vu + m * v, - Vu equals the
heat flux in the direction of the conormal vector.

Let us introduce some additional notations. Let ¢ > 0. We
use the Sobolev spaces

Wi (Q) = <lv QO — R ol

1/2
= |: Z ||D$v||iz<m] < OO]’ .

||l

(8)

Here,l = 0,1,2,...,a = (&g, ..., q,) is the multiindex, |a| =
a +--+a, and D*v = 0%v/0xS" - .- 9x%. Further, let X be a
Banach space. We denote by C([0, t]; X) the space of abstract
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continuous functions from [0, ¢] to X endowed with the usual
maximum norm [[vll¢,,x) = MaXe(g v(s)[|. Moreover, let

LF((0,1); X) = ‘|U :(0,8) — X [l rego:x0
t 1/p
> Ho ||v(s)||Pds] < oo}
for 1 < p < 0o, ©)
L% ((0,£); X) = {U 2(0,8) — X vl oo,

=ess sup [v(s)] < oo]» .
t€(0,T)

By means of these spaces, we define the following important
functional spaces:

% (Q,) = C([0,t];L7(Q)) n L2 ((0, 1) W, (©)),
(10)
Uy (Q,) = {r] €% (Q) :yly, =0 in case T %0}.

Convention. In case n = 1, the integrals Ir. v(x)dl, j = 1,2
J

are equal to Zszl v(xy), where x; € T; and K is the number

of points in L, and LP(Fj) is simply RX.

3. Weak Direct Problem and
Its Convolutional Form

Let us return to the direct problem (2)-(5). Throughout the
paper we assume the following basic regularity conditions
on the coefficients, the kernel, and the initial and boundary
functions:

a; € L% (Q), a; = a;;, SGC(E), 9>0,
(11)
ae LT (Q), whereq, =1ifn=1, q, > g ifn>2
(12)
meL (0,T),  geL*((0,T);W, (),
(13)
2
g €L (Qg),
feLl?((0,T);L% (Q), whereg,=1ifn=1,
(14)
. n .
¢ €(l,q) ifn=2, G = ifn>3,
9= (1) € (17 () (15)
u, € L* (Q), hel”(T,r) (16)
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and the ellipticity condition

n
Y agdd zelA’, x€Q, A eR" with some € > 0,
i,j=1
(17)

(for the sake of simplicity we introduced an assumption for
the extension of g onto Q).
The first aim is to reformulate the problem (2)-(5) in a

weak form. Let us suppose that a;; € W, (Q), (0/0x;)¢; €
L*(Qp),i = 1,...,nand (2)-(5) has a classical solution u €
W, (Qr). Then, we multiply (2) with a test function # from

the space

T (Qr) = {n € L*((0,T); W, () :
n e I ((0,7); 12 (), (18)

fly,, =0 incasel; #0}

and integrate by parts with respect to time and space varia-
bles. We obtain the following relation:

0= J [u(x, T) 1 (x, T)—uy (x) 17 (x,0)] dx— ” un, dxdt
Q Qr

*“%[Z%Kw;m*w)mrﬂwwwumrﬂw

ij=1

+“r” (Su + h) ndldt - ”ﬂT (fn—¢ - V) dxdt.
(19)

This relation makes sense also in a more general case when
%j» ¢ satisfies only (11) and (15) and u does not have regular
first-order time and second-order spatial derivatives.

We call a weak solution of the problem (2)-(5) a function
from the space % (Qr) that satisfies the relation (19) for any
n € 9 (Qr) and in case I} # 0 fulfills the boundary condition
(4).

Lemma 1. The following assertions are valid.

(i) U(Qy) — L*((0,T); LE(Q)) where g, = coifn =1, g, €
(919:/(q, —g5)>00) ifn = 2 and g5 = 2n/(n-2) ifn > 2, where
q, and q, are given in (12) and (14), respectively;

(i) for any u € L*((0,T); L(Q)) it holds au € L*((0,T);
L%(Q)) and ||au||L2((o,T);qu(Q)) < Clalla ) "u"Ll((o,T);qu(Q)),
where C is a constant.

Proof. Since %(Qy) — L*((0, T);WZI(Q)), the assertion
(i) follows from the continuous embedding of W21 (Q) in
L%(Q)). The assertion (ii) can be proved by means of Holder’s
inequality. O

Theorem 2. The problem (2)-(5) has a unique weak solution.
This solution satisfies the estimate

||“||91(QT)

< Co [Iollzier * Ilizcomaian * llascay

+ 6, {“g”LZ((O,T);W;(Q)) + "gt"LZ(QT)} + 62||h||L2(Fz,T)] >
(20)

where 0, = 0incasel; = 0,0, = 0incasel, =0 and Cjisa
constant depending on Q, I, a;j, a, 9 and m.

Proof. The assertion of the theorem in case m = 0 is well
known from the theory of parabolic equations (see, e.g., [2]).
Let Z be the operator that assigns to the data vector d :=
(ty5 f>$, g, h) the weak solution of the problem (2)—(5) in case
m = 0. Then it holds

1Zdllyq,) < RHS, (21)

where RHS is the right-hand side of (20).
Further, let us formulate the problem for the difference
v = u—Zd. Introducing the linear operator </ by the formula

n
dJw=Z <0, —am * w, —Zaijm * wxj,0,0> , (22)
=1

the weak problem (2)-(5) for the solution u € %(Qp)
equivalent to the following operator equation for the quantity
v:

v=Jv+AdZd. (23)

We have to estimate &. For this purpose, we firstly prove the
following auxiliary inequality:

t
[lrm J’"LZ((o,t);LP(Q)) < Jo lm (& - 7)] "y”LZ((O,T);LP(Q))dT’

te[0,T],
(24)

forany p > 1and y € L*((0,t); LP(Q)).

Denoting 7(t) = y(, 6, IO = 7Ol mak-
ing use of the following property of the Bochner integral:

I fy wis D,
LY((0,T); LP(Q)) and the Cauchy’s inequality, the relation

< IOS lw(s, T)llp(qydT for functions w €



(24) can be deduced by means of the following computations:

“m *y ”LZ((O,L‘);LP(Q))

-1l
= “ (J m @) [y =) df>2d5]m

- UO m ()] J =0l [, Im @) I - 2)] dzdsde .

< “; mn| [ [y~ olfas] N
“ (] m @117 -21 d2>2d5] m"”}

< “0 mn][ Iy (s)llzds]mdf] :
x “0 (], m @117 -2I dz)zds]

t 1/2
) Uo It =7l "y||L2((0,r);LP(Q))dT] <

2

. 1/2
J m(t)y(s—1)dr ds] < I, where
0

LP(Q)

1/2

1/4

(25)
Next, let t € [0, T] and introduce the operator
in Q)
Pw = {“’ . (26)
0 in Qp\Q,.

Due to the causality we have Z(0,P,f,P,¢,0,0)(x,t) =
Z(0, f,¢,0,0)(x,t) for any (x,t) € Q,. Using these relations,
the continuity of the linear operator Z, the inequality (24),

and the boundedness of a;;, we compute the following:

L wllg(q,)

= 2"(0 —am * w, — Zam*w 00)

j=1

Q)

,0, 0>
_ A2(Q,)

,0, 0>
J AQr)
LX(Qp ):|

Za m*w

= fZ(O,—Pt [am = w],-P,

IN

Za m*w

F (0,—Pt [am = w],-P,

<C

|2, [am * w]||L2 (OT)LE (O +Z||P [a m E W, ]
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LZ(Q):|

t
<C L Im (t = )] (lawll 2o oy + IVWI 2, ) 47,

(27)

C | lam * wll 21,12 ) + Z"a i W

with some constants C and C depending on Q, FJ, a;j> a, .
Using Lemma 1, we obtain
lawlzz o,z @) < Cillalin @Il oomsy- (28)

Using this relation in (27), we arrive at the following basic
estimate for o/:

e€fo,T],
(29)

t
||<57iw||uzz(ot) <G, L |m (t — 1) ”w"%(QT)dT’

where C, is a constant depending on Q, I}, a;, a, 9.
Let us define the weighted norms in %(Qy): |vl, =
SUPo; <Te_‘"||v||%(9t) where o > 0. The estimate (29) implies
the further estimate

t
—ot
|Zw|, < C,supe ‘ JO |m (t - 7)| ||w||%(QT)dT

0<t<T

t
=C, sup J e’ m(t - 7) e wly(qa,dr
0<t<T JO

T
<G, jo e Im (s)| dslwll,-
(30)

) T _ .
Since _[0 e “lm(s)lds — 0aso — o0, there exists o,

depending on C, and m, such that C, JOT e *Im(s)|ds < 1/2.
Thus, ||essz||(IO < (1/2)||w||00. The operator & is a contraction
in % (). This implies the existence and uniqueness asser-
tions of the theorem.

To prove the estimate (20), we firstly deduce from (23)

the inequality [lvll,, < llZvl,, + I Zdl,, < (1/2)[llvll,, +
| Zdl, ] This implies ||v|| < ||.i?fd||%.Usingthe equivalence
relatlons e g < 11 II% < - llg, where || - lly = I ll ()
and (21), we reach (20). O

We note the upper integration bound T in (19) can be
released to be any number ¢ from the interval [0, T']. Indeed,
(19) is equivalent to the following problem:

0= J [u(x,t) 1 (x,t) — ug (x) 7 (x,0)] dx — ” un,dxdt
Q Q

—a(u—mx* u)n] dxdt
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" ” (9u + h) ndTdt
rZ,t

- ”Q (fn—¢-Vn)dxdt, tel[0,T],
(31)

for any € J(Qy). This assertion can be proved using the
standard technique defining the test function as follows:

1 (x,T) for 7 € [0,¢],
7 (x,t) = r;(x,T)(l—T—_t> for T € (t,t +¢€),
€
0 forte[t+eT],

(32)

and letting the parameter € to approach 0.

Next we transform the weak direct problem (31) to a form
that does not contain a time derivative of the test function #.
This form enables the extension of the test space. This is useful
for treatment of problems for adjoint states of quasisolutions
of inverse problems in next sections.

Theorem 3. The function u € (Qp) satisfies the relation
(19) for any n € T (Qy) if and only if it satisfies the following
relation:

t
O:J u*ndx—J J uy (x)n (x, 7) drdx
Q alo

ij=1

+| 1 i -
JQ ) l: Zal] <u"j m u"j) * Mz,
—a(u—m*u)*n:| dx (33)
+J 1+ (Ou+h) = ndl
rZ

_J01*<f*;7—zn:¢i*;7xi>dx, te[0,T],
i=1

foranyn € U (Qp).

Here, according to the definition of the time convolution
t
in the previous section, 1 * w(t) = Jo w(t)dr.

Proof. 1t is sufficient to prove that u € % (Qy) satisfies (31)
for any # € I (Qy) if and only if it satisfies (33) for any # €
U o(Qp). Suppose that u € %(Q) satisfies (31) and choose an
arbitrary # € I (Qr). Let t; be an arbitrary number on the
interval [0, T] and choose some function & € J(Q;) such
that the relation

' (x,t) =n(x,t, —t) forte[0,t] (34)
is valid. For instance, it is possible to define £ as a periodic
function with respect to t, that is, & (x,t) = n(x,t, —t) for

t € [0,t,], E(xt) = nix,t —t)) fort € [t,,2t,], E1(x,t) =
n(x,3t, —t) fort € [2t,,3t,] and so on. Using the relation (31)
with # replaced by &' and setting there t = t, we obtain the
equality

0=K,(t;)+K,(t), (35)

where

K, (t) = J-Q [ (x, 1) 17 (x,0) = uy (x) 7 (x,8)] dx

t (36)
+ L L u(x, 7)1, (x,t — 1) drdx,
K, (t) = JQ I: Zaij (uxj —m uxj) * 1,
ij=1
—a(u—-m=*u) *;7] dx
(37)

+J (Ou + h) % ydl'
FZ

—L (f*n—i@*nx,.)dx-

Note that the time derivative of  can be removed from K, by
integration. Indeed, let t, € [0, T]. Then

t t
J K, (t,)dt, = J- J u(x,t;)n(x,0) dxdt,
0 0o Ja
t
—J J Uy (x) 1 (x,t,) dxdt,
0o Ja

t t
+ j J J u (%, 7) 7, (x,t, — 7) drdxdt,.

0 QJo
(38)

Changing the order of the integrals over 7 and ¢, in the last
term, we easily obtain

t,
JO Kl (tl) dtl

= J rz u(x,7)n(xt, - 7)drdx (39)
aJo

_ Jtz J uy (x) 1 (x, t,) dxdt,.
o Jo

Integrating now the whole equality (35) over ¢, from 0 to ¢,,
observing (37) and (39), and finally redenoting ¢, by t, we
reach the desired relation (33). Summing up, we have proved
that (33) holds for any # € I (Qr). But all terms in the right-
hand side of (33) are well defined for # € %,(Q), too. Since
T (Qy) is densely embedded in %,(Q), we conclude that
(33) holds for any € % ,(Qp).

It remains to show that (33) implies (31). Suppose that
u € %(Qy) satisfies (33) and choose an arbitrary € I (Qr)



and t; € [0,T]. Again, let &" be a function from 7 (Q;) such
(34) is valid. Inserting £ instead of 77 into (33), differentiating
with respect to t and setting t = ¢, we come to the relation
(31). Theorem is proved. O

Corollary 4. A functionu € %(Qy) is a weak solution of (2)-
(5) if and only if it satisfies the relation (33) for anyn € U (Qr)
and in case Iy # 0 fulfills the boundary condition (4).

4. Inverse Problems and Quasisolutions

In the sequel, let us pose some inverse problems for the weak
solution of (2)-(5). These problems are selected in order to
demonstrate the wide possibilities of the method that we will
introduce in Section 5.

Firstly, we suppose that (2)-(5) has the following specific
form:

N
ut:Au—m*Au+f0+V~¢+Zyj(t)wj(x) in Qr,
=1

u=u, in Qx{0},

u=g inlyp,

vy Vut+msv,-Vu=9u+h+v-¢ inl,,

(40)

where w = (wy,...,wy) is unknown. The coeflicients and
other given functions f, ¢, u,, g, h are assumed to satisfy

(11)-(17). Moreover, y € (L*(0, T))N is prescribed.

IP1. Find the vector w € (L? (Q))N such that the weak solution
of (40) satisfies the following instant additional conditions:

u(x,T;) =ur (x), x€Q,i=12...,N, (4]

where 0 < T} < T, < -+ < Ty < Tanduy € L*(Q),
i=1,...,N are given functions (observations of u).

Since Y7\, yjw; € L*((0,T); L*(©)) ¢ L*((0,T); L(Q))
forw € (LZ(Q))N, the weak solution u of (40) exists in % (Q);
hence, it has traces u(-, T;) € LZ(Q), i=1,...,N.In practice,
the term Zﬁil y;w; may represent an approximation of a more
general function F(x, t) € Lz(QT), where yj,j =1,2,...form
a basis in L%(0, T).

Further, let 1, also be unknown.

IP2. Find the vector w € (LZ(Q))N and u, € L2(Q) such
that the weak solution of (40) satisfies the following integral
additional conditions:

T
J K Du(t)dt=v;(x), x€Q,i=12,...,N+1,
0

(42)
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where v; € L*(Q),i = 1,...,N + 1 are given observation
functions and «;, i = 1,..., N are given weights that satisfy
the following condition:
|<; (x, )| <&(t) inQpi=1...,N+1
(43)
with some % € L* (0,T).

Note that the integral _[OT K; (- t)u(-, t)dt in (42) belongs to

L2(Q) for any w € (LZ(Q))N and u, € L2(Q). Indeed, for
such w and u it holds u € %(Qy) ¢ L*(Qy), which implies

< Rl 20,1y 1ull 2,y < 00
L2(Q)

T
J K (x, t)u (x,t) dt
0

(44)

In practice, the weights ; are usually concentrated in neigh-
borhoods of some fixed values of time ¢ = T;.

Finally, let us pose a nonlinear inverse problem for the
coefficient a and the kernel m. Assume thatn € {1;2;3}. Then
any coefficient a that belongs to L*(Q) satisfies (12). Moreover,
letussetg, =2ifn =2and T, # 0. The other coefficients
and the given functions u,, f, ¢, g, h are assumed to satisfy

(1)-(17).

IP3. Find a € L*(Q) and m € L'(0,T) such that the weak
solution of (2)-(5) satisfies the following integral additional
conditions:

u(T)=ur(x), x€Q,

(45)
J k(tu(x,t)dl =v(t), te(0,T),

2

where u, € L*(Q), v € L*(0,T) are given observation func-
tions and « is a given weight function such thatx € L*((0, T);
L*(I)).

As in IP1, we can show that the trace u(-,T) belongs
to L*(Q). Moreover, using the property u € %(Qy), the
embedding of W, () in L*(T,) and Holder’s inequality, one
can immediately check that the term Irz k(x, )u(x,-)dT in

(45) belongs to L2(0, 7).

Available existence, uniqueness, and stability results
for IP1-IP3 require stronger smoothness of the data than
imposed in the present paper. Let us cite some of these results.

In case N = 1, the well posedness of IP1 was proved in
[8]. Partial results were deduced earlier in [9]. A more general
problem involving both IP1 and IP2 without the unknown
u, in case N = 1 was studied in [10] by means of different
techniques. IP1 and IP2 in case m = 0 and N = 1 were treated
in many papers, for example, [11-14]. The case N > 1 is open
even if m = 0. Inverse problems to determine m with given a
were studied in a number of papers, for example, [7, 15-23].
The problem for a with given m was treated in [8].

In the present paper, we will deal with quasisolutions of
IP1-IP3 and related cost functionals. Denote Z; = (LA(Q)N.
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Let M ¢ Z,. The quasi-solution of IP1 in the set M is an
element w* € argmin,,,,J; (w), where J is the following cost
functional

2

vy 9

N
Ty (@) = ) Jutx, Tis ) = v, (x)
i=1

and u(x,t; w) is the solution of (40) that corresponds to a
fixed element w.

Similarly, let M € Z, := (LZ(Q))NH. The quasi-solution
of IP2 in the set M is z* € argmin,.,,/,(z), where J, is the
cost functional

N+1 2

L, (z) = Z

i=1

, (47)

T
J K; (x,t) u (x, t;2) dt —v; (x)
0 12(Q)

and u(x, t; z) is the weak solution of (40) that corresponds to
a given vector z = (w, t).

Finally, defining M € Z, := L*(Q) x L*(0,T), the quasi-
solution of IP3 in M is an element z* € argmin,,J5(2),
where J; is the cost functional

J5(2) = |u(x,Ts2) - ur (x)”iz(ﬂ)

2 (48)
+

>

L*(0,T)

J k(x,t)u(x, t;z)dl —v(t)
L

and u(x, t; z) is the weak solution of the direct problem (2)-
(5) corresponding to given z = (a,m). Here, we restricted the
space for the unknown m to L2(0,T), because we will seek
for the Fréchet derivative of J; in a Hilbert space. Moreover,
the kernel of the second addend corresponding to m in the
representation formula of ]; (90) is an element of L*(0, T) and
in general does not belong to the adjoint space L*°(0, T).

According to the above-mentioned arguments, the func-
tionals Ji, k = 1,2,3, are well-defined in Z,, Z,, and Z3,
respectively.

5. The Fréchet Derivatives of Cost Functionals
of Inverse Problems

5.1. General Procedure. Suppose that the solution u of the
direct problem depends on a vector of parameters p that
has to be determined in an inverse problem making use
of certain measurements of u. Let the quasi-solution of the
inverse problem be sought by a method involving the Fréchet
derivative of the cost functional (i.e., some gradient-type
method). Usually in practice, a solution of a proper adjoint
problem is used to represent the Fréchet derivative.

We introduce a general procedure to deduce such adjoint
problems. Assume that Au is the difference of solutions of
the direct problem corresponding to a difference of the vector

of the parameters Ap. More precisely, we suppose that Au is
a solution of the following problem:

Au, = Ahu-m+ Ahu+ fT+V-¢'  inQp  (49)
Au = Ay, in Q x {0}, (50)
Au=0 inT, g, (51)

v VAu+m#v,-VAu=9Au+h' +v-¢' in L
(52)

with some data f7, ¢', Au,, h' depending on Ap. We restrict
ourselves to the case when the Dirichlet boundary condition
of the state u is independent of p. Therefore, the condition
(51) for Au is homogeneous.

In practice, the adjoint parabolic problems are usually
formulated as backward problems. In our context, it is better
to pose adjoint problems in the forward form. The involved
memory term with m is defined via a forward convolution
and from the practical viewpoint, it is preferable to have the
direct and adjoint problems in a similar form (e.g., to simplify
parallelisation of computations).

More precisely, let the adjoint state y be a solution of the
following problem:

Y,=Ay-mx Ay + T +V-¢ in Qp,

y=u" in Qx{0},

y=0

(53)
in I p,

Vo Vy+mxvy-Vy =9y +h +v-¢" inT,rp,
where f°, ¢°, u’, and h° are some data depending on Au and
the cost functional under consideration.

Assume that the quadruplets f T ng, Auy, h', and 19,
u’, h’ satisfy the conditions (14)-(16). Then, due to Theorem 2,
the problems (49)-(52) and (53) have unique weak solutions
in the space %(Qr). Actually, we have Au,y € %,(Qr)
because of the homogeneous boundary conditions on I 7.

Let us write the relation (33) for Au and use the test
function # = y. Then we obtain for any ¢ € [0, T]

t
0= J Au*wdx—J J Augy (x) v (x,7) drdx
Q alo

+J01* |:iaif(Auxj T Auxj> * W,

ij=1
—a (Au —m = Au) * 1//;1] dx (54)

+J 1* (9Au+hT) s« ydl
I

— % T _” s
Ll (f y 2145 wx,.>dx-



Secondly, let us write this relation for v and use the test
function # = Au. Then we have for any t € [0, T]

t
O:J w*Audx—J J u’ (x) Au(x, 1) drdx
a alo

o] St

i,j=1

ey ) i,

—a(t//—m*y/)*Au] dx (55)

+J 1+ (9y + k) = Audl
rZ

—| 1% F*xAu- S A d
|, (f Y ux,.>x

Subtracting (54) from (55), using the commutativity of the

convolution, the symmetricity relations a;; = a; and

differentiating with respect to ¢, we arrive at the folfowmg
basic equality that can be used in various inverse problems:

J- u’ (x) Au(x,t)dx — j K * Audl
Q L

+ “ % Au— S A d
j0<f* YR u) x

:j Auo(x)l//(x,t)dx—J Bt % ydl
Q L,

+J (fT*W—i¢:*Wxi>dx> tel0,T].
Q i=1

(56)

5.2. Derivative of ],

Theorem 5. The functional ], is the Fréchet differentiable in
2 )Y and

]{ (w) Aw

N

J Z J Y Oy (6, T; - tw) dtAw; (x) dx,
1 -1

(57)

j:

wherey; € U(Qr), i = 1,..., N, are the unique w-dependent
weak solutions of the followzng problems:

Vie = Ay —m x Ay, in Qr,
v, =2 [u(x,Ti;w) - ug, (x)] in Q x {0},
(58)
¥, =0 inlyy,

—Vu VY +mev,-Vy; =9y, inlrp,

i=1,...,N.
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Proof. Let us fix some w, Aw € (LZ(Q))N. One can immedi-

ately check that it holds
J; (w)

—ZZJ [u x, T,

J; (w+ Aw) —

~ur, (x)] Au (x, Tj ) dx

(59)

N
+ ZJ Au(x, Tj; w) dx,
i-1

where Au(x, t;w) = u(x, t;w + Aw) — u(x, t;w) € U%y(Qp) is
the weak solution of the following problem:

N
Au, = AAu—m x AAu + Zyjij

in Qrp,
=1
Au=0 in Qx{0}, (60)
Au=0 inTr,
Vs VAu+m*v,-VAu=9Au inT,r.

Applying the estimate (20) to the solution of this problem
we deduce the following estimate for the second term in the
right-hand side of (59):

N

Au(x, dx < n|A
;J;) u(x, T, w) x < n u||%(ﬂ)
2

<Cn

Zy]Aw

j=1

2
< C4||CU||(L2(Q))N,

L((0.15L% ()
(61)

with some constant C,. This implies that J; is the Fréchet
differentiable and the first term in the right-hand side of (59)
represents the Fréchet derivative, that is,

N
]{ (w) Aw = Zai
i=1

with o; = ZJ [u (%, T w) — ur, (x)] Au (x, T;; w) dx.
Q
(62)

Further, let us use the method presented in Section 5.1
to deduce the proper adjoint problems. Comparing (60) with

(49)-(52) we see that fJr = Zj\il yihw), ng = Auy = h' = 0.
Therefore, the relation (56) has the form

J u’ (x) Au(x,t)dx — J h° % AudT
Q

L

+ J;) (f * Au— ;@ * Auxi>dx (63)

N
J yjij *ydx, tel0,T].
Q

=1

.



Abstract and Applied Analysis

In order to deduce a formula for the component o; in the
quantity ]{(w)Aw, we set u” = u; = 2[u(x,Tsw) - ur (x)],
h = f"=¢" = 0andt = T, in (63). Then we immediately
have

N
0; = 2 J;) YiAw; = yidxl,_r, (64)
=

where according to (53) and the definition of u;, h’, ¢°, the
function y; is the weak solution of the problem (58) in the
domain Qy instead of Q.. Due to Theorem 2, this problem
has a unique solution. From (62) and (64) we obtain (57). The
latter formula contains the values of y; in Q. Therefore, we
can restrict the problem (58) from Q to Q.. O

To use the formula (57) one has to solve N weak
problems for the functions y; in domains Q.. In the following
theorem, we will show that computational work related to
the evaluation of the Fréchet derivative can be considerably
reduced. Actually, it is sufficient to solve N weak problems in
the smaller domains QT,__TH,i =1,...,N.Here, T, = 0.

Theorem 6. The Fréchet derivative of the functional ], can also
be written in the form

]{ (w) Aw
N N T,
= J Z J Y () B (%, T; — t, ) dtAw; (x) dx,
j=1 Q=1 YT

(65)

where f§; € Uy (Qr,_, ) are the unique w-dependent weak
solutions of the following sequence of recursive problems in the
domains Qr,_r,

1 I
By =AB—mx AB—af -V @ in Qr_1, >
.
B =u, in Qx{0},
’ (66)
Bi=0 in Liper
—vA-Vﬁl+m*vA-Vﬁl:9[31—\/-(1)1 inLyp 1 s

wherel = N,N —1,...,2,1. Here,

”i) (x) =2 [” (%, T w) — Ur, (x)] + 0B (6 Ty = Ty)
(67)

and the function f' and the vector @ are defined via By,
Bn-1>--+> P41 as follows:
I N-1 Tier1—Ti
f:®lZJ m (T =Ty +t+7) Py
k=1 70 (68)
X (%, Ty — Ty — 7) d1,

O = (D),...,D,), ¥} = ¥, a;0/0x)) f and O = 0, ©; =
1 forl < N.

Proof. Firstly, let us check that (66) indeed have unique
weak solutions f3; in %,(Qq,_g, ). To this end we can use
Theorem 2. For the problem f3; this is immediate, because the
initial condition of the problem for By, belongs to L*(Q2) and
other equations in this problem are homogeneous. Further,
we use the induction. Choose some [ in the range N > [ > 1
and suppose that i, € %(Qr_ _g) for all k such that
N -1 > k > [ The aim is to us to show that then the
problem for f3 has a unique weak solution in %,(Qr,_7, ).
Let us represent the kth addend in (68) in the form

Tier1 =Ty

I = L m (T =Ty +t +7) Bryy (6 Ty = T — 7) d7
Tieor— T+t

= Jt M (T =Ty +7) By (6, Ty — T+ - 1) d1.

(69)

For any k in the range N — 1 > k > [ we have

”Ik”iz((o,Tl—Tl,l);W;(O))

<) J “tTkH_TkH |m (T = T) + 7)]

laj<1 70

T-Tiy

2
‘”Dzﬁk+1 (.’ Tk+1_Tk+t_T)”L2(Q)dT:| dt

T=Tioy [ (T =Tirt Tip —Tie+t
= J Ht L |m (Ty = T; + 7)| 210

2
‘(Tk+1 —Tk+t—T)dT] dt

T=-Tpy+ T =Ty [t 2
= J [J my (T) 24 (t = T) dr] dt,
0

laj<1 < Tee1 =T

(70)

where z; ,(t) = [|D%B,( t)||L2(Q) fort € [0,Tiy; — Til,
Zk’a(t) =0fort ¢ [0, Tk+1 - Tk] and mk(t) = |m(Tk - Tl + t)l
Since m € L'(0,T) and B,; € L*((0, Tyy; — Tie); W, (Q)), we
have my € Ll (0, Tl - Tl—l + Tk+1 - Tk) and Zk,tx S LZ(O, Tl -
T)_1 4Ty —T). Due to the Young’s theorem for convolutions,
we get my * z, € L*(0,T; — Ti_y + Tjyy — Tj). Therefore,
||Ik"iz((0,7}—"ﬂ,1);\/\/21(0)) < co. This implies that f; belongs to
L2((0, T - T ) WZI(Q)). From the latter relation and a; €
L®(Q) we immediately have o e (LZ(QTI_TH))n. Using the
embedding theorem and Lemma 1 we see that af’ satisfies
the property (14). Finally, the initial condition uf, belongs
to L*(Q), because u — ur, P € C([0, Ty, - T,], L*(Q)).
All assumptions of Theorem 2 are satisfied for the problem

for f;. Consequently, it possesses a unique weak solution in
y(Qr,1; -
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Secondly, let us define the functions

N
Bl (xt) = Z;Wi (6 Ti=Ty+1t)  for (x.1) € O,
iz

(71)

where I = 1...,N and y; are the solutions of (58). We are
going to show that 8, = 3,1 =1,..., N. From the definition
of B using the value of y;(x, 0) and simple computations, we
immediately get

By (x,0) =2 [” (%, Ty w) — ur, (x)] + 0,8, (6T = Ty)

I=1,...,N.
(72)

Let us fix ] = 1,...,N and choose some # ¢ ,7(QTI_TH).
We continue # by the formulae #(x,t) = #n(x,T; — T)_,) for
t > T; — T;_; and 5(x,t) = n(x,0) for t < 0. Further, let us
define #;(x,t) = y(x,T; — T; + t) where i = I,..., N. By the
definition, it holds ; € 7 (Qr,).

Let us write down the weak form (31) for the problem for
y; (58) with the test function #;. We fix some t € [0,T; -
T)_,] and compute the difference of this weak problem with ¢
replaced by T;—T;+t and t replaced by T;—T; and take the sum
overi =[,..., N. This results in the following expression:

0=2Z,+2Z,+Z;+ 2, (73)

where

Z, =

\p

J [v; (6 T; =Ty + ) m; (X, T; = Ty + t)
Q

~y; (%, T; = T) n; (3, T; = Tp) ] dx,

N
Zy = Z J J ~Villis
i=l QT;”TI”\QTFTI

s,j=1

n
+) A5 Vi Mix, ~ al//inijl dxdt

N
+ Sy, dIdt,
;j JrsziTzH\rz,T,'T, wrl

N

Z, = Z J J am = y;n;dxdt,
i=l QT,-*TIH\QTile

N

n
Zy= _Z J J Z agm * 1//i,xj1’]1’,3csdxdt'
i=1 Qg \Qryy 5 j=1

(74)

Abstract and Applied Analysis

Using the definitions of # and f;" and the formula (72), we
have

Z, = JQ (B (x,t)n(x,t) = B (x,0)1(x,0)] dx

_ L [ﬁ;‘ (1) 5 (%, 1)
— {2 [u (e Ty ) —uy, (x)]+0,8), (x, Ty - T))}
x17 (x,0) ] dx.

(75)

Similarly, using the definitions of 7 and 3" and changing the
variable of integration in Z,, we deduce

% = J JQ l_ﬁl*rlt + Z aSj:Bl*rle - aﬁl*rl] dxdt
t s,j=1 (76)

. J J 9B; ndrd.
rZ

St

By the change of variable, the quantity Z, is transformed to

N
z= ] at 2+ 1) (0T, =Ty 1) o) .
(77)

Let us consider the term Zf\:]l(m wy;)(x, T;—T;+t) in the latter
formula. We compute

N

Z(m* ;) (6 T; - T + 1)

i=l

N CT-Tjt
= ZJ m@)y; (x,T,-T;+t-1)dr
i=1 70

t N
:J m(T)ZI[/i(x,Ti—Tl+t—T)dT

0 i=l

N T-Tt

+ZJ m(T)Wi(xaTi_Tl+t—T)dT
i=l 7t
= Itm(T)ﬁz* (x,t=T1)dr

0

Tier =T
J m(T,-Ty+t+7)y; (x,T; - T}, — 7)dt
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= (m* B) (x.1)
Tk+1_Tk
+ZJ m(T—T,+t+71)

k=1

X ﬁljﬂ (x’ Tk+1 - Tk - T) dr.

(78)
Thus, (77) reads
Zs

= J J- am * f3 ndxdt
0

t

' J L ¢ [NZI LTWTk m (T, —Ty+t+7) (79)
k=1

t

XBesy (6 Tiyy = T — 7) dr] ndxdt.

Using similar computations, we obtain

n

Z4 == J J Z agjm * ﬁlfx-ﬂxstdt - J J Z As;
ts,j=1 ’ ts] 1
N-1 Ty~ Tk
X|:ZJ m(Tk—T1+t+T) (80)
k=1 -0

X/));H,xj (X’ Ty —Ti — T) dT] ﬂxstdt-

Plugging (75), (76), (79), and (80) into (73), we arrive at a
certain weak problem for f3 that coincides with the weak
problem for 3. Moreover, since y; € %({y,), from (71) we
see that B € %(Qr,_r, ). But we have shown the uniqueness
of the weak solutions of the problems for f; in %,(Qr,_1, ).
This implies " = f;.

Finally, from (57), we have

T‘i
| vy @ (1, = ) dedeo; (0 dx

0

™Mz

, N
J} (@) Aw = le L

> .

I
—_

Mz
Mz

ZJ y](t)v/, (x,T; - t) dtAw; (x) dx.

11=1 -

-
1l
—

(81)

Changing here the order of sums over i and I and observing
(71) with B/ replaced by f3;, we obtain (65). The proof is
complete. O

1

5.3. Derivative of ],

Theorem 7. 7716 functional ], is the Fréchet differentiable in
N+1

(L*(Q)
N T
1 (2) Az = ]Zl L L y Oy (6T - t52)dt Ao, (x) dx
" jQ v (%, T5 2) Aug () dx,

(82)

where v € U(Qr) is the unique z-dependent weak solution of
the following problem:

v, = Ay —m x Ay

N+1

+22xi(x,T—t)
i=1

T
X [J K (x, T)u(x,17;32) dr — v; (x) in Qr,
0
y=0 inQx{0},
1// = 0 ln rl,T’
Va-Vy+msv,-Vy=9y inl,p.
(83)
Proof. Let us fix some Az = (Aw, Auy) € (LZ(Q))NH. It holds
L (z+Az)-],(2)
N+1 T
=2 S(x,t
,; L) .[o i (o 1)
T
X “ K (x, T)u(x,132)dr —v; (x)] (84)
0

x Au (x,t;z) dtdx

N+1 2

+ Z J H K; (x,t)Au(x,t;z)dt] dx,

where Au(x, t;2) = u(x, t; 2+ Az) —u(x, t;2) € U, (Qy) is the
weak solution of the following problem:

N
Au, = AAu—m = AAu + Zyjij

in Qrp,
=1
Au = Au, in Q x {0}, (85)
Au=0 inTr,
Vs VAu+m*v,-VAu=9Au in T, .
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Using (43), the Cauchy inequality and estimate (20) from
Theorem 2 for the problem of Au(x,t;z), we come to the
estimate

N+1 T ,
Zl L, “ i (. 1) Au (x,t;z)dt] dx

0

<(N+1) IlﬁlliZ(o,T)“A””iZ(QT)

N+l

< Cs (N + D) IRl 0. 18417, < Cel Azl 0

(86)

with some constants C5 and C,. Therefore, J, is the Fréchet
differentiable and the first term in the right-hand side of (84)
represents the Fréchet derivative, that is,

N+1

]é (2)Az=2 Z J-Q JTK,» (x,1)
i=1

0

T (87)
X [J K; (%, T)u(x, 732) dt — v; (x)
0

x Au (x,t;z) dtdx.

Comparing (85) with (49)-(52), we see that fT = Z?Ll yihw;,
¢" = h' = 0. Consequently, the relation (56) has the form

J u’ (x) Au(x,t) dx — J KW % AudTl
Q 2
+ L <f s Au—;qbi * Auxi)dx
(88)
= j Auy (x)y (x,t)dx
Q

N
+ Z J yiAw; * ydx, te[0,T].
=170

To deduce a formula for ]é(z)Az, we define

0

N+1 T
£ = ZZK,-(x,T—t) “ K (6, T)u(x,152)dr —v; (x) | ,
i=1 (89)

u' =h"=¢ =0andt =T in (88). Then from (87) and (88),
we obtain (82), where due to (53), y; is the weak solution of
the problem (83). In view of Theorem 2, this problem has a
unique solution in Z(Qy). O
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5.4. Derivative of ],

Theorem 8. The functional ], is the Fréchet differentiable in
L*(Q) x L*(0,T) and

J; (2) Az = L [(u—m=u)*y](x,T;z) Aa (x)dx

T n
B _ (90)
! Jo JQ |: Z ijlhe; * Yo, — AU V/]

ij=1

x (x, T — t;z) dxAm (t) dt,

where y € U (Qr) is the unique z-dependent weak solution of
the problem

Y, = Ay —m=* Ay in Qp,
v =2[u(xT:2) —urp(x)] in Qx{0},
v=0 inT
vy -Vy+mxv, - Vy =9y

—2k(x, T —1t)

XU k(p,T-t)u(y,T-t;2)dl-v(T -1)| inT,p.
L
1)

Proof. Due to u(x,t;z) € %(Qp), k € L®((0,T); LX(Ly)),
v e L*(0,T), and up € L*(Q), the problem (91) satisfies the
assumptions of Theorem 2. Therefore, it has a unique weak
solution in % ,(Qr).

Let Az = (Aa, Am) € L*(Q) x L*(0,T) and define Au =
u(x, t; z+Az)—u(x, t; z). We split Au as follows: Au = Au+Au,
where Au is the weak solution of the following problem:

Au, = AAu—m * AAu+ Aa[u—m % u] — Am * au
in Qrp,

n
-V lAm * Zaijuxj
j=1

Au=0

in Q x {0}, ©2)

Au=0 inTg,

vy -VAu+m v, -VAu

n
=9Au-v- |:Am s Zaijuxj] in I, 7.
=1

In view of Lemma 1(i), u € %(Qp), m € LY(0,T), and the
Young’s theorem, it holds u — m * u € L2((0, T); L% (Q2)).
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Therefore, Lemma 1(ii) implies

Aa [u—m = ulll 20102 )) < Cs (U,m) |Aal| 4 ()
(93)
< Cy (u,m) |Aall2(q)

where Cg and C, are some constants depending on u, m.
Moreover, since u € L*((0, T); W, (Q)), by Young’s inequality
we have also

< CIO (I/l) "Am”LI(O)T)
(2" (94)

n
Am * Zaijuxj
=1

< Cyy (w) "Am“LZ(O,T)’

with some constants C;, and C,;; depending on u. The
obtained estimates show that assumptions of Theorem 2 are
satisfied for the problem (92) and it indeed has a unique weak
solution Au € % (Qy). Moreover, applying the relation (20)
from Theorem 2, we get

”A””%(QT) < Cpp (myu) [”Aa"LZ(Q) + ||Am||L2(o,T)]
(95)
= Cy, (m,u) |Az]|,

where C,,(m, u) is a constant depending on m, u.
Further, writing the problem for Au and subtracting the
problem for Au, we obtain the following problem for Au:

Au, = Ahu—-m+ ADu+ f+ f+V-¢+V-¢ inQp,
Au=0 in Qx{0},
Au=0 inT,y,

v VAu+m v, -VAu=9Au+v-¢p+v-¢ in L,
(96)

where

f = AaAu — (m + Am) * AaAu — Am * Aau — Am * alu,

f = AaAu — (m + Am) * AaAu — Am * aAu,

n n
b= —Am=* Za,-jAuxj, <ﬁ =-Am * Zaijﬁuxj.
j=1 j=1

97)

13

Using again Lemma 1 and the Young’s inequality, we
deduce the estimates

1Nz o220
<Cp {["Aa”LZ(Q) + {”m"LZ(o,T) + ||Am||Lz(0,T)} ||Aa||L2(Q)
+HAm| 2o mllallz )] 1Aullyq,)
Hlullo o 18all 2y lAMI 20 |

< Cyy (zw) {[I1Az]) + 1A21% | | Aull @,y + 14217}

|71

"¢”(L2(QT))” < CyglAmll 2oyl Autllgy

oy < Cis @ [laz] + 142]’] ||£u||mT),

< Cyg I1Az] 1 Autllgy s

"(E“(LZ(QT))” < Cyy Az "E”"%(QT)’
(98)

with some constants C;;---C,,. Therefore, applying the
relation (20) to the solution of the problem (96) we obtain

[T
< Cyg (2, 1)

x{ 18z + 182l ] {1l + |Bu] o, } + 18217}
(99)

with some constant C, 4. In case [|Az]| is small enough, that is,

IAz]| + |Az])* < (100)

2Cg (z,u)
we have
”Zu”%(QT) <2Ci5(z,u)

< {[1Az]] + 1A21%] [ Aullgq,) + 10217} .
(101)

In view of (95), this implies

A, <Cyzuw|lazl’ +laz1°],  (102)
U(Qr)

with a constant C.
Similarly, for the solution of the problem (92), we deduce
the estimate

Aullga, < Coo (2,u) [ Az] (103)

with a constant C,,.
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Now, we write the difference of J; in the following form:

J3(z + Az) - J5(2)

=2 j [u(x,T;2) — up (x)] Au(x, T; z) dx
Q

T
+zj LK(x,t) “rzK(y,t)u(y,t;z)dr_v(t)

0

x Au (x,t;z) dUdt + ©,
(104)

where
=2 J [u(x, T;2) — up (x)] Au(x, T; 2) dx
Q

+2JT Lx(x,t) “rzK(y,t)u(y,t;z)dl"—v(t)]

0

x Au (x, t; z) dUdt

+ J;) {(Au + ﬁu) (x, T; z)}zdx

' 2
! Jo {Jrz K (1) (A” + Eu) (x,t;2) dF} dr.
(105)

Using (102), (103), and the property x € L((0, T); L*(T,)), we
obtain the estimate |®] < C,,(z,u) 2?22 |Az] in case (100).
This shows that J; is the Fréchet differentiable and

Jy(2) Az =2 L [u(x,T;2) — up (x)] Au (x, T; z) dx

+2 JOT Lz K (x,t)

X [J k(y,t)u(y,t;2)dl — v (t)
T,

X Au (x, t;z) dIdt.
(106)

Finally, let us prove (90) and (91). Comparing (92) with
(49)-(52), we see that fT = Aalu —m * u] — Am * au, qb;r =
~Am Y a;u, and Aug = h' = 0. Thus, (56) reads

J- u’ (x) Au(x,t)dx—J. k% AudTl
Q L,
+L<f°*Au—;¢;*Auxi>dx
=J- ({Aa[u—m*u]—Am*au}*qj
Q

n
+Am * Z Fijlhy * Yy, > dx, tel0,T].
ij=1

(107)
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In order to obtain a formula for the right-hand side in (106),
we set u” = 2[u(x, T;z) — up(x)],

W (x,t) = =2k (x, T - t)

X “r k(BT-t)u(y, T-t;z)dl —v(T-t)|,
2 (108)

f*=¢" =0andt = T. Then, we obtain (90), where in view
of (53) the function y is the weak solution of (91). O

6. Further Aspects of Minimisation

6.1. Existence of Quasisolutions. For the convenience, we will
use also the symbol z to denote the argument w of J;.

Theorem 9. (i) Let k € {1;2} and M c Z, be bounded,
closed, and convex. Then, IPk has a quasi-solution in M. The
set of quasisolutions is closed and convex.

(ii) Letk € {1;2; 3} and M c Z 5 be compact. Then IPk has
a quasi-solution in M.

Proof. Let us prove (i). The existence assertion follows from
Weierstrass existence theorem (see [24, Section 2.5, Theo-
rem 2D]) once we have proved that J; is weakly sequentially
lower semicontinuous in &, that is,
Ji (z) < lim infJ, (z,) asz,—zin Z. (109)
But (109) follows from the continuity and convexity of
Ji [24]. The convexity of J, can be immediately deduced
making use of the linearity of the ingredient u(x, t; z) with
respect to z inside the quadratic functional J, (for similar
computations see [25, Theorem 2]). The closedness of the
set of quasisolutions is again a direct consequence of the
continuity of J,.. The convexity of the set of solutions follows
from the convexity of J,.
Next, we prove (ii). Let m = inf .\, Ji(z) and z; € M
be the minimising sequence, that is, lim J;(z;) = m. By the
compactness, there exists a subsequence z €M such that

*

lim z, = z € M. Dueto the continuity of ], we have
lim ]k(zlj) = Ji(2"). Thus, J,(z*) = m. This proves (ii). O

In practice, the compact set M may be a bounded
and closed finite-dimensional subset of Z. The proof of
weak lower semicontinuity of J; may be harder because this
functional is not convex.

6.2. Discretisation and Minimisation. Let us consider the
penalised discrete problems

z'e arg min @, ; (2), O =111 (2) + Ji (2),
z€Zy

(10)

where k € {1;2;3}, Z; 1 is an L-dimensional subspace of
Z, (L € {1,2,...}) and II} is a penalty function related to



Abstract and Applied Analysis

the set M; = P; M with P, being the orthogonal projection
onto Z ;. The general assumptions for IT; are

IT; -accretive, convex, Fréchet differentiable,
, an)
IT; -uniformly Lipschitz continuous in Z ;.

Theorem 10. The problem (110) has a solution.

Proof. The proof repeats the proof of the statement (ii) of
Theorem 9, because in view of the accretivity of ®;;, a
minimizing sequence is bounded and in a finite-dimensional
space any bounded sequence is compact. O

The Fréchet derivative of @, ;, that is, (D,'()L(z) = Hi(z) +

Ji(z) e £ L = Z k1 can be identified by a certain element in
Z 1> that is,

D ; (2) Az = (D, (2), Az>zk YAz € Zpp,  (112)

where (-,-) 7 is the inner product of Z. In particular, the
addend | ,L(z) is identical to the element P, w;.(z) where w;(z)

is the kernel of the functional J, ,i(z). Thus, by virtue of (57),
(65), (82), and (90), it holds

N T,
w, (2) = (Z L YOy (T - t:2) dtlj—l,...,N)

i=1

N T
:<Z L, Y (OB (T - t2)del )

w, (2) =

,,,,

ws (2) = <(u m#*u)xy(,T),

J |:Z —au * 1//] (x, T—- )dx)
i,j=1
(113)

In wy, the functions y; and f; are the z- (or, equivalently, w-)
dependent weak solutions of the problems (58) and (66),
respectively. In w, the function y is the weak solution of (83)
and in w;, the functions u and y are the z-dependent weak
solutions of (2)-(5) and (91), respectively.

Example 11. Consider the case k = 1. Let M = {z € Z :
lzll < p}, where p > 0. Further, let fj, j=12,..,bean
orthonormal basis in L?(Q) and Z, 1 = (span(,,... ,EL))N.

Then J;(2) is in Z, ; identical to the element

L N

T
ZJ ZJ y; () By (x, T, — t; 2) dt

i=1 7 Qo1

Pw, (2) = (
(114)

,,,,,
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Moreover, it holds M; = {z € Z,; : |z| < p}. Define a
convex penalty function IT; € C*°[0, 00) such that IT; (z) = 0
for 1z < pand T, (z) = d(lzl? - p?) for lzll > p + & with
some d, & > 0. Then II; satisfies (111).

Let k € {1;2;3}. Choose some initial guess z, € Z}.
Compute the approximate solutions by the gradient method

- qu)llc,L (Zs) >

and ¢, > 0.

Zs+1 = Zs (115)
wheres =0,1,2,...
Theorem 12. Let k € {1;2} and c, be chosen by the rule

lcl;lg ch,L (Zs - CCDIL,L (Zs)) < ch,L (Zs - Cs(DI’c,L (zs))

s C(DIL,L (Zs)) + 85’
(116)

<inf ® (z
c>0 koL

where 8§, > 0, Y 0 8, =: 8 < co. Then it holds dist(z,,S) — 0
ass — 00, where S is the set of solutions of (110).

Proof. The assertion follows from Theorem 5.1.2 of [26] once
we have proved that CDk ;. is uniformly Lipschitz continuous,
O, 1 is convex, and the set M(zy) = {z € Z} [ : Oy ;(2) <
@, 1(2,) + 8} is bounded. The convexity of @ ; follows from
the convexity of its addends IT; and J,. The boundedness
of M(z,) is a direct consequence of the accretivity of @ ;
following from the accretivity of the addend IT; .

It remains to show the uniform Lipschitz continuity of ],
in Z; (sucha property for IT; is assumed in (111)). Let k = 1.
Then by (113) and ],i(z) = Pow(z) for any z,Z € Z} , we
have

I @ -7 @] < [P Jw, @) - w, (2)]
117)

N
< CZZZ“‘/’i (52) =y (5 ';Z)““Z/(QT)’
i=1

where C,, is a constant independent of z and Z. Further,
observing (58) and (40), the estimate (20) of Theorem 2 and
z = w, we deduce

"]1 @ -7, (Z)" < 2C22COZ||M( ~u (T3 2)| )
< Cosllu (5 52) —u (s 5 2l
<Cyulz-2l,

(118)

where C,;, C,, are independent of z and Z. This proves the
uniform Lipschitz continuity of J;. Such a property of J; can
be proved in a similar manner.

The convergence of z, in case k = 3 is an open issue. This
case is more complex because IP3 is nonlinear and the Fréchet
derivative of J; is not uniformly Lipschitz continuous.

The quasisolutions of IP1-IP3 are not expected to be stable
with respect to the noise of the data, that is, the problems
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under consideration may be ill posed. Nevertheless, from the
intuitive viewpoint, a discretisation should regularise an ill-
posed problem. Such a property of the discretisation has been
proved in many cases [27, 28]. Alternatively, the index s of the
gradient method could be used as a regularization parameter
(see [29, 30]). Moreover, the addend IT; can be defined to be
the stabilizing term of the Tikhonov’s method instead of the
penalty function, that is, IT; = alz|?, where & > 0 is the
regularisation parameter. Such a IT; satisfies (111).

Acknowledgments

The paper was supported by the Estonian Science Foundation
(Grant 7728), Estonian Ministry of Education and Science
target financed theme SF0140011s09, and the Estonian state
programme Smart Composites-Design and Manufacturing.

References

[1] H. W. Engl, M. Hanke, and A. Neubauer, Regularization of
Inverse Problems, Kluwer Academic Publisher, Dodrecht, The
Netherlands, 2000.

[2] O. A. Ladyzenskaja, V. A. Solonnikov, and N. N. Uraltseva,
Linear and Quasilinear Equations of Parabolic Type, American
Mathematical Society, Providence, RI, USA, 1968.

[3] L. C. Evans, Partial Differential Equations, vol. 19 of Graduate
Studies in Mathematics, American Mathematical Society, Prov-
idence, RI, USA, 2nd edition, 2010.

[4] G. Amendola, M. Fabrizio, and J. M. Golden, Thermodynamics
of Materials with Memory. Theory and application, Springer,
New York, NY, USA, 2012.

[5] S. A. Messaoudi, “Blow-up of solutions of a semilinear heat
equation with a memory term,” Abstract and Applied Analysis,
no. 2, pp. 87-94, 2005.

[6] J. Priiss, Evolutionary Integral Equations and Applications, vol.
87 of Monographs in Mathematics, Birkhduser, Boston, Mass,
USA, 1993.

[7] J. Janno and L. V. Wolfersdorf, “Identification of memory
kernels in general linear heat flow;” Journal of Inverse and Ill-
Posed Problems, vol. 6, no. 2, pp. 141-164, 1998.

[8] J. Janno and K. Kasemets, “A positivity principle for parabolic
integro-differential equations and inverse problems with final
overdetermination,” Inverse Problems and Imaging, vol. 3, no. 1,
pp. 17-41, 2009.

[9] A. Lorenzi and A. Prilepko, “Fredholm-type results for inte-
grodifferential identification parabolic problems,” Differential
and Integral Equations, vol. 6, no. 3, pp. 535-552, 1993.

[10] A. Lorenzi and G. Mola, “Identification of unknown terms in
convolution integro-differential equations in a Banach space;
Journal of Inverse and Ill-Posed Problems, vol. 18, no. 3, pp. 321-
355, 2010.

[11] E. Beretta and C. Cavaterra, “Identifying a space dependent
coefficient in a reaction-diffusion equation,” Inverse Problems
and Imaging, vol. 5, no. 2, pp. 285-296, 2011.

[12] A. Hasanov, “Simultaneous determination of source terms in
a linear parabolic problem from the final overdetermination:
weak solution approach,” Journal of Mathematical Analysis and
Applications, vol. 330, no. 2, pp. 766-779, 2007.

[13] V.Isakov, “Inverse parabolic problems with the final overdeter-
mination,” Communications on Pure and Applied Mathematics,
vol. 44, no. 2, pp. 185-209, 1991.

Abstract and Applied Analysis

[14] A. Lorenzi and I. I. Vrabie, “An identification problem for a
linear evolution equation in a Banach space and applications,”
Discrete and Continuous Dynamical Systems. Series S, vol. 4, no.
3, pp. 671-691, 2011.

[15] F. Colombo and A. Lorenzi, “Identification of time and space
dependent relaxation kernels for materials with memory related
to cylindrical domains. I, I, Journal of Mathematical Analysis
and Applications, vol. 213, no. 1, pp. 32-62, 1997.

[16] M. Grasselli, “An identification problem for a linear inte-
grodifferential equation occurring in heat flow;” Mathematical
Methods in the Applied Sciences, vol. 15, no. 3, pp. 167-186, 1992.

[17] J. Janno, “Determination of a time- and space-dependent heat
flux relaxation function by means of a restricted Dirichlet-
to-Neumann operator, Mathematical Methods in the Applied
Sciences, vol. 27, no. 11, pp- 1241-1260, 2004.

[18] J.Janno and A. Lorenzi, “A parabolic integro-differential identi-
fication problem in a barrelled smooth domain,” Zeitschrift fiir
Analysis und ihre Anwendungen, vol. 25, no. 1, pp. 103-130, 2006.

[19] J. Janno and A. Lorenzi, “Recovering memory kernels in
parabolic transmission problems in infinite time intervals: the
non-accessible case,” Journal of Inverse and Ill-Posed Problems,
vol. 18, no. 4, pp. 433-465, 2010.

[20] J.Janno and L. v. Wolfersdorf, “Identification of weakly singular
memory kernels in heat conduction,” Zeitschrift fiir Angewandte
Mathematik und Mechanik, vol. 77, no. 4, pp. 243-257,1997.

[21] J. Janno and L. von Wolfersdorf, “An inverse problem for
identification of a time- and space-dependent memory kernel
of a special kind in heat conduction,” Inverse Problems, vol. 15,
no. 6, pp. 1455-1467, 1999.

[22] J. Janno and L. v. Wolfersdorf, “Inverse problems for memory
kernels by Laplace transform methods,” Zeitschrift fiir Analysis
und ihre Anwendungen, vol. 19, no. 2, pp. 489-510, 2000.

[23] A. Lorenzi and F Messina, “An identification problem with

evolution on the boundary of parabolic type,” Advances in

Differential Equations, vol. 13, no. 11-12, pp. 1075-1108, 2008.

E. Zeidler, Applied Functional Analysis. Main principles and their

application, vol. 109 of Applied Mathematical Sciences, Springer,

New York, NY, USA, 1995.

[25] K. Kasemets and J. Janno, “Reconstruction of a source term
in a parabolic integro-differential equation from final data;’
Mathematical Modelling and Analysis, vol. 16, no. 2, pp. 199-219,
2011.

[26] E P. Vasilev, Methods of Solving Extremum Problems, Nauka,
Moscow, Russia, 2nd edition, 1988.

[27] B.Kaltenbacher, “Regularization by projection with a posteriori
discretization level choice for linear and nonlinear ill-posed
problems,” Inverse Problems, vol. 16, no. 5, pp. 1523-1539, 2000.

[28] R. Plato and G. Vainikko, “On the regularization of projection
methods for solving ill-posed problems,” Numerische Mathe-
matik, vol. 57, no. 1, pp. 63-79, 1990.

[29] U. Himarik and R. Palm, “On rules for stopping the conjugate
gradient type methods in ill-posed problems,” Mathematical
Modelling and Analysis, vol. 12, no. 1, pp. 61-70, 2007.

[30] O. Scherzer, “A convergence analysis of a method of steepest
descent and a two-step algorithm for nonlinear ill-posed prob-
lems,” Numerical Functional Analysis and Optimization, vol. 17,
no. 1-2, pp. 197-214, 1996.

[24



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



