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We consider additive perturbation theorems for subgenerators of (a, k)-regularized C-resolvent families. A major part of our
research is devoted to the study of perturbation properties of abstract time-fractional equations, primarily from their importance
in modeling of various physical phenomena. We illustrate the results with several examples.

1. Introduction and Preliminaries

A recently introduced notion of an (a, k)-regularized C-
resolvent family on a sequentially complete locally convex
space E plays an important role in the theory of abstract
Volterra equations. A lot of effort has been directed towards
characterizing spectral properties of subgenerators of (a, k)-
regularized C-resolvent families, smoothing and duality
properties, a generalized variation of parameters formula
and subordination principles. The aim of this paper is to
present a comprehensive survey of results about perturbation
properties of abstract Volterra equations.

The paper is organized as follows. In the second section,
we consider bounded perturbation theorems for subgenera-
tors of (a, k)-regularized C-resolvent families. A new line of
approach to bounded commuting perturbations of abstract
time-fractional equations is developed in Theorem 5. Our
analysis is inspired, on the one side, by the incompleteness
of the study of bounded perturbations of integrated C-cosine
functions and, on the other side, by the possibilities of exten-
sion of [1, Theorem 2.5.3] to fractional operator families. We
consider an exponentially equicontinuous (g, k)-regularized
C-resolvent family (R(t)),, with a subgenerator A (g,(t) =
t*1T(«), t > 0, « > 0), a function k, (t) satistying certain
properties and an A-bounded perturbation B such that BA
AB and BC = CB. In order to prove the existence of
perturbed (g,, k;)-regularized C-resolvent family (Rz(t)),so
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with a subgenerator A + B, we employ the method that
involves only direct computations and differs from those
established in [2-12] in that we do not consider (R(t)),so
as the unique solution of a corresponding integral equation.
The main objective in Theorem 7 is to show that, under some
additional conditions, the perturbed (g,, k;)-regularized C-
resolvent family (Rg(t)),-, inherits analytical properties from
(R(£))0- In case &« = 2 and B satisfies the aforementioned
conditions, Corollary 8 produces significantly better results
compared with [13, Theorem 10.1] and [5, Theorem 3.1]. This is
important since Hieber [14] proved that the Laplacian A with
maximal distributional domain generates an exponentially
bounded a-times integrated cosine function on L (R") (1 <
p < oo, n € N)forany « > (n— 1)[(1/2) - (1/p)I.
Notice also that Keyantuo and Warma proved in [15] a similar
result for the Laplacian A on LP([0,7]"), with Dirichlet or
Neumann boundary conditions. In Corollary 11, we focus
our attention to the case k(f) = ZL 'A% )), t >
0O(w > 1,0 > 0, 0 € (0,1)), which is important in
the theory of ultradistribution semigroups of Gevrey type.
As a special case of Corollary 11, we obtain that the class of
tempered ultradistribution sines of (p!*)-class ({p!°}-class) is
stable under bounded commuting perturbations (s > 1);
cf. [16], [17, Definition 13, Remark 15], [1, Section 3.5], [18],
and the final part of the third section for more details. It is
worthwhile to mention here the following fact: in order for
the proof of Theorem 5 to work, one has to assume that the



considered (g, k)-regularized C-resolvent family (R(f)),s is
exponentially equicontinuous. It seems to be really difficult
to prove an analogue of Theorem 5 in the context of local
(g k)-regularized C-resolvent families (cf. [3, 7, 8, 13] and
[1, Section 2.5, Theorem 3.5.17] for further information in this
direction), which implies, however, that it is not clear whether
the class of ultradistribution sines of (p!*)-class ({p!°}-class)
retains the property stated above. In Theorems 13 and 14,
Remark 15, and Corollary 17, we continue the researches of
Arendt and Kellermann [2], Lizama and Sénchez [9], and
Rhandi [4]. The local Holder continuity with exponent o €
(0, 1] is the property stable under perturbations considered
in these assertions, as explained in Remark 16.

The final part of the paper is devoted to the study of
unbounded perturbation theorems. The main purpose of
Theorems 20 and 21 is to generalize perturbation results of
Kaiser and Weis [19]. The loss of regularity appearing in
Theorem 20 is slightly reduced in Theorem 21 by assuming
that the underlying Banach space E has certain geomet-
rical properties. As an application, we consider (g, g,,)-
regularized resolvent families generated by higher order dif-
ferential operators (0 < & < 2, r > 0). Perturbations of sub-
generators of analytic (a, k)-regularized C-resolvent families
are also analyzed in Theorem 24, which might be surprising
in the case C # I. The above result is applied to abstract time-
fractional equations considered in [20, 21] and to differential
operators in the spaces of Holder continuous functions
(von Wahl [22]). Possible applications of Corollary 8 and
Theorem 7 can be also made to coercive differential operators
considered by Li et al. [23, Section 4] and by the author
[24]. In the remainder of the third section, we reconsider
and slightly improve results of Arendt and Batty [25] and
Desch et al. [26] on rank-1 perturbations. Before we collect
the material needed later on, we would like to draw the
attention to paper [27] of Xiao et al. for the analysis of time-
dependent perturbations of abstract Volterra equations. The
results obtained in [27] can be straightforwardly generalized
to the class of (a, C)-regularized resolvent families, and it is
not the intention in this paper to go into further details (cf.
also [28-30] and the review paper [31] for time-dependent
perturbations).

Henceforth, E denotes a Hausdorft sequentially complete
locally convex space, SCLCS for short, and the abbreviation
® stands for the fundamental system of seminorms which
defines the topology of E; if E is a Banach space, then ||x]||
denotes the norm of an element x € E. If F is a SCLCS,
then we denote by L(E, F) the space of all continuous linear
mappings from E into F; L(E) := L(E, E). We assume that
A is a closed linear operator acting on E and that (with
the exception of assertions concerning rank-1 perturbations)
L(E) > C is an injective operator with CA < AC; the
convolution like mapping * is given by f * g(t) := Iot f(t-
5)g(s) ds, and the principal branch is always used to take the
powers. Given f € L%oc([O, o)) and n € N, f*"(t) denotes
the nth convolution power of f(t), and f *0(¢) denotes the
Dirac §-distribution. If s € R and 8 € (0,7], then [s] :=
inffk € Z : k > s} and Xp := {z € C: z#0,]arg(z)| <
p}. The domain, range, and resolvent set of A are denoted
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by D(A), R(A), and p(A), respectively. If D(A) is not dense
in E, then D(A) is a closed subspace of E and therefore a
SCLCS itself; the fundamental system of seminorms which
defines the topology of D(A) is ( Pipay) pee- Recall that the C-
resolvent set of A, in short p-(A), is defined by p-(A) := {A €
C: A - A is injective and (A — A)'C e L(E)}.

Fairly complete information on the general theory of well-
posed abstract Volterra equations in Banach spaces can be
obtained by consulting the monograph [10] of Priiss. The
following notion is crucially important in the theory of ill-
posed Volterra equations (cf. [32-35]).

Definition 1. (i) Let E be an SCLCS, let 0 < 7 < o0, k €
C([0,7)), k#0, and let a € L}oc([o, 7)), a+0. A strongly
continuous operator family (R(t));c(o) is called a (local, if
T < 00) (a, k)-regularized C-resolvent family having A as a

subgenerator if and only if the following holds:

(a) R(t)A € AR(t), t € [0,7), R(0) = k(0)C, and CA <
AC;

(b) R(t)C = CR(t), t € [0,7);

(¢) R(t)x = k(t)Cx + Iot a(t—s)AR(s)xds, t € [0,7), x €
D(A).

(R(t))te[o,r) 1s said to be nondegenerate if the condition
R(t)x = 0, t € [0,7) implies x = 0, and (R(t))¢[o,) is said
to be locally equicontinuous if, for every t € (0, ), the family
{R(s) : s € [0, 1]} is equicontinuous. In case T = 00, (R(t));s
is said to be exponentially equicontinuous if there exists w €
R such that the family {e"*R(¢) : t > 0} is equicontinuous.

(ii) Let B € (0,7/2] and let (R(t)),, be an (a,k)-
regularized C-resolvent family. Then it is said that (R(t)),so
is an analytic (g, k)-regularized C-resolvent family of angle 3,
if there exists a function R : X5 — L(E) satisfying that, for
every x € E, the mapping z — R(2)x, z € Zp is analytic as
well as that

(a) R(t) = R(t), t > 0and

(b) limzéo)zezyR(z)x = k(0)Cx forall y € (0, 8) and x €
E.

Itis said that (R(t)) s, is an exponentially equicontinuous,
analytic (a, k)-regularized C-resolvent family of angle S, if for
every y € (0, ), there exists w, > 0 such that the family

(e R(z):z € Z,} is equicontinuous.

Since there is no risk for confusion, we will identify R(-)
and R(").

(iii) An (a, k)-regularized C-resolvent family (R(t)),s, is
said to be entire if, for every x € E, the mapping t —
R(t)x, t > 0 can be analytically extended to the whole
complex plane.

In the sequel of the paper, we will consider only non-
degenerate (a, k)-regularized C-resolvent families. The set
which consists of all subgenerators of (R(t));c[o) need not
be finite. In case k(t) = g,,,(t), where r > 0, it is also
said that (R(t)),¢[o,r) is an r-times integrated (a, C)-regularized
resolvent family; 0-times integrated (a, C)-regularized resol-
vent family is also called an (a, C)-regularized resolvent family.
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Instructive examples of integrated (a, C)-regularized resol-
vent families, providing possible applications of Theorem 14
and Corollary 17, can be constructed following the analysis
given in the proof of [36, Proposition 2.4]. If k(t) =

Jot K(s)ds,t € [0,7), where K € Lioc([O, 7)) and K #0, then
we obtain the unification concept for (local) K-convoluted C-
semigroups and cosine functions [1]. We refer the reader to
(23,28, 32, 37, 38] for some applications of (g,, k)-regularized
C-resolvent families in the study of the following abstract

time-fractional equation with o > 0 :

Dju(t) = Au(t), t>0,
€]

u®©0)=Cx,, k=0,1,...,[a] -1,

where x, € D(A), k = 0,1,...,[a] — 1 and DY denotes
the Caputo fractional derivative of order « ([28]). Henceforth,
we assume that k(¢) and k, () are scalar-valued continuous
kernels.

The following conditions will be used frequently:

(P1) : k(t) is Laplace transformable, that is, it is locally
integrable on [0, 00), and there exists § € R such
that k(1) := Z(k)(A) := lim,_, job e Mk(t) dt =
IOOO e Mk(t) dt exists for all A € C with R\ > B. Put
abs(k) := inf{RA : k(1) exists}, 5(1) := 1 and denote
by #! the inverse Laplace transform.

(P2) : k(¢t) satisfies (P1) and k(1) £0, RA > B for some 8 >
abs (k).

For the sake of convenience, we recall the following result
from [32, 33].

Lemma 2. Let k(t) and a(t) satisfy (P1) and let (R(t)),s, be a
strongly continuous operator family such that there exists w > 0
satisfying that the family {e"*R(t) : t > 0} is equicontinuous.
Put w, := max(w, abs(a), abs(k)).

(i) Assume A is a subgenerator of the global (a,k)-
regularized C-resolvent family (R(t)),, and

R(t)x:k(t)Cx+AJta(t—s)R(s)xds,
0

t>0, x€E.
(2)

Then, for every A € C with RA > w, and k()) 0, the
operator I — a(A)A is injective and R (C) € R (I -
a(A)A). Furthermore,

kM (I-ah)A)"'Cx = JOO e MR(t) xdt,

0

x€E RA>w, k() +0, 3)

1 = ~
{m :RA > wy, k(A)ad) :#0} C pc(A).
(ii) Assume (3). Then A is a subgenerator of the global

(a, k)-regularized C-resolvent family (R(t)),s, satisfy-
ing (2).

Let A be a subgenerator of a locally equicontinuous
(a, k)-regularized C-resolvent family (R(t));c[o,,) satisfying
the equality (2) for allt € [0,7) and x € E. Given s € [0, T)
and x € E, set u(t) := R(t)R(s)x — R(s)R(t)x, t € [0,7).
Then it is not difficult to prove that u € C([0,7) : E) and
Afja(t - sju(s)ds = u(t), t € [0,7). Using the proof of
[35, Theorem 2.7] (cf. also [33, Theorem 2.5]), it follows that
.[Ot k(t — s)Cu(s)ds = 0, t € [0,7). Since k(t) is a kernel
and C is injective, we obtain R(f)R(s) = R(s)R(t), t, s €
[0, 7), which remains true for perturbed resolvent families
considered in the paper. Assuming additionally that (R(t)),s,
is a global exponentially equicontinuous (a, k)-regularized C-
resolvent family as well as that a(t) and k(t) satisfy (P1), one
can define the integral generator A of (R(£)),s, by setting

A= {(x,y) €EXE:R(t)x-k(t)Cx
(4)
t
:J a(t—s)R(s) yds, tZO}.

0
In case that a(t) is a kernel, the definition of integral
generator Aof (R(t)) s coincides with the corresponding one
introduced in [33]. Notice that A is the maximal subgenerator
of (R(t)),»( with respect to the set inclusion and that Lemma 2
implies A = C"' AC.

2. Bounded Perturbation Theorems

Assume o« > 0 and I € N. Set, for any E-valued func-
tion f(r) satisfying (PD), F, ((2) = ["e* " f(t)dt, z >
max(abs(f),0)*. Using induction and elementary opera-
tional properties of vector-valued Laplace transform, one
can simply prove that there exist uniquely determined real
numbers (¢, ; )1<,<» independent of E and f(#), such that

d l Uoje)—1 [ =z
;Fa,_f (Z) = ZCIOJ""Z 0 j e tof (t) dt,
z l=1 0

(5)
z > max (abs (), 0)%.

Furthermore, ¢, = (—l)l/(xl, I>1, Ce = (1)/e)((1/00)~
1)---((1/a) = (I =1)), I > 2 and the following nonlinear
recursive formula holds:

— l
= an—l, Lot <_0 B l> Gt fo =201 (6)
o [e4

Clg,l+1,cx

The precise computation of coeflicients (¢ ;) is a nontrivial
problem.

Lemma 3. There exists { > 1 such that

1
Yoo, pa] <1 VIEN. @)

ly=1



Proof. Clearly, L
gets

o = SUP,en | (1F) | < co. Applying (6), one

1+1

12110! 'Cl0,1+1,0c|
=
S‘l(l_1>...<l_l>|
a \«x [0

1

+Z[ 'cl 1,“|+l< +1>l'|clla']+(lt+{)!

ly=2 o

1 I -1
<L, (& + l) I'+ &l;lol |Clo,l)“|

(o) S+ G 122

(8)
The preceding inequality implies inductively that (7) holds
provided { > 4 + (4/a) + 4L (1 + (1/a)). O

Set(, =inf{{ = 1: %) lllg ol < ¢l for all 1€
N} and ((1/e) + 1) ((1/a) + (I = 1)) := 1 if | = 1. Clearly,
Go= 1,0, > o,a e (0,1)and ¥ _, !l 1ol < G411 for all
leN.

The following lemma will be helpful in the analysis of
growth order of perturbed integrated (g,,C)-regularized
resolvent families.

Lemma4. Leto > 1. Then {, = 1 and

1

1/1 1 Il
ZZO' Clo,l,oc' = &(; + 1)(;4—(1— 1)) < &
lh=1

Proof. Plugging f(t) = 1 in (5), we obtain

1
Y Iyl o = (-1)'2 (l ; 1)---(1 i (- 1)) Vi eN.
= a\a a

(10)

VI e N.

)

Since o > 1, it follows inductively from (6) that (- 1) Gy 1a > 0,
provided I > 1 and 1 </, < I. Combined with (10), the above
implies (9) and ¢, = 1. O

Now we are in a position to state the following important
result.

Theorem 5. Suppose o« > 0, k(t) and k,(t) satisfy (P1),
A is a subgenerator of a (g,,k)-regularized C-resolvent
family (R(t));s satisfying (2) with a(t) = g,(t), 0 >
max(abs(k),0), the family {e"“'R(t) : t > 0} is equicontin-
uous and the following conditions hold

(i) B € L(E), there exists |Blg > 0 such that p(Bx) <
|Blgp(x), x € E, p € ® BA € ABand BC = CB.
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There exist M > 1, w' > 0, 0" > 0 and 0" > max(w +
o' w+ ", abs(k,)) such that

{Aec:RA>w" k(L) %0}

. (1)
c{leC:RA> ", k() 0}

as well as

(ii) Foreveryi,ly,l e Nwith1 <l <iand1 <, <1, there
exists a function k;; ,(t) satisfying (P1) and

()

1
zk (z1/%) >Z=M’

(12)

& (ki,lo,l (t)) ()t) _ clo’l)aAlo*a(l—l)E (A) <

provided RA > w'"" and k;(X) #0.

(iil) For everyi € N, there exists a function ;k(t) satisfying
(P1) and a constant ¢; € C so that

(i)
. — 1
k() = 1% () [ — ,
o 1 <%wwlw (13)

RA> ", k(L) #0.

(iv)

ZH

|B|® |B|®

-0 il

J |ik (s )|ds<Me“’t, t>0,

(14)

v)

ZZZ

i=1l=1l,=1

t U
( ) J (t —s)e |ki),0,l (s)| ds < Me“!, t>0,
0

(15)
(vi)
oo i I-1 B t "
ZZZ | |®l< ) J (t—s)" |k,~_1,lo,l_1 (s)| ds < Me®” ',
i=21=2l,=1 " 0
t>0.
(16)

Then A + B is a subgenerator of an exponentially equicontin-
uous (g k,)-regularized C-resolvent family (Rg(t)),~o, which
is given by the following formula:

8

(-B)’
l.

Ry () x == [6R(t) x + (;k * R()x) (1)]

i—0

0o i i

<>( ild ¥ .loR(.)x)(t), (17)

t>0,

i=11=1l,=1

x € E.
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Furthermore,

Ry (£)x = k, (£) Cx + (A + B) Jot a(t =Ry s

t>0, x€E,

and the family {e_(“’+“”)tRB(t) i t > 0} is equicontinuous.

Proof. By (iv)-(v), we obtain that the series in (17) con-
verge uniformly on compact subsets of [0,00) as well as
that (Rg(t));s, is strongly continuous and that the family
{e_(“”w,)tRB(t) t > 0} is equicontinuous. By (i) and
Lemma?2, (z — A)'CB = Bz - A)'C, z « pc(A)  and,
for every A € C with RA > w and k(1) #0 : A“k(L)(A* —
A)'CBx = IOOO e MR(t)Bxdt, x € E and A*k(1)B(A* —
A)'Cx = fooo ef’\tBR(t)x dt, x € E. By the uniqueness
theorem for Laplace transform, one gets R(t)B = BR(t), t >
0. The closedness of A, R(t)A € AR(t), t > 0 and (iv)-
(v) taken together imply Ry(t)A < ARg(t), t > 0. Hence,
Ry(t)(A + B) € (A + B)Ry(t), t = 0. By Lemma 2,

2k (%) (z - A)‘lcx:j e IR (1) xdt,
0

k (zl/“) +0.

(19)
x € E, ER(ZI/“) > w,

Exploiting the closedness of A and the product rule, we easily
infer from (19) that, forevery x € E,l € Nand foreveryz € C

with R(z"/*) > w and k(z"/*) #0 :

1 00 Ve
A%J e = R(t) x dt
zZ" Jo

= Ail [z% (zl/“) (z-
dz!

1
= % [z‘lé (zl/“) Az - A)71Cx]

A)'Cx|

(20)
= z— [zk( 1/“) (z -

dl—l
+1 =
-

A)'Cx|

y [zﬁ (zl/“) (z- A)71Cx]
d [ =/ 1
- @ [Zk( u )C.X]

"

Fix, for the time being, x € E and A € C with RA > w
and E(/\) #0. Then (11) implies k(L) #0. By (iv)-(v) and the
dominated convergence theorem, it follows that the Laplace
transform of power series appearing in (17) can be computed

term by term. Using this fact as well as (5), (19), and (ii)-(iii),
we obtain that

Z (Ry (%) ) = A7 ) Y, 2
i=0 °

" Z< )< 11/0‘))(”)

(dzl [ (1) (2 - A Cx])

z=A%
(1)
Our goal is to prove that
A+B
I-
(-5
By the product rule, we get

Y50 (o ))( R e)

. (i)
w2 (=B 1
= Ak Yy — ——— Cx;
Zl ! (zk(z”“)l_p

S s R W =FWCx @)

(23)

notice that the convergence of last series follows from the
conditions (iii)- (iv). Taking into account (5), (ii), and (vi), one
yields that

A%k, (/\ JOO "“iiz( 1-3) <>

i=21=21=1

xj (t— 'R (¢ - 5)
0
X ki_y, -1 () xdsdt

1 oo i I-1 (_B)i i
A“k (A)ZZZZ il l<l>

00 t
x J e j (t-s)°R(t -s)
0 0
X ki_y, -1 () xdsdt

i l-1 i,
Z (.B)l<;>clolloc/\lo oD

x I e MR (t) x dt

1)

- ¢
g lzl< ) (zk (z'1%) )

—)@

X ( d”’ [zﬁ (zl/“) (z - A)ICx]>
dz! e
(24)




which implies that the series

EL50) ().

x ( d’! [ZE (zl/“) (z - A)ICx])
dzi-! Y

is also convergent. Now we get from (20)-(21) and (23)-(24):

)2 (Ry @) 5) )

()

(25)

A(X* - A)'Cx

) (1)
a7 © (_B)l !
- A%k (A) i; i (zk (2'*) >z_/1"‘
i—1)

00 l+1 i . @
Zo l' ;)O(zk(zl/"‘))_

Z=)%

X (% [z% (zl/“) (z - A)1Cx])

z=A%
:AZ“%(A)i(_B)i< ! )U) (A% - A)'Cx
R zk (2V/%) I
_i(—B)’iC)( )“ )
P ! Zk(zl/a) Z=)
x(zd’l[z%(zva)( A) Cx])
dz1 eol®

. (i)
a7 © (_B)l !
_A k(A)Z 7| (W)z—/\a

x (=Cx + A*(A% - A) "' Cx)
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© (-B)* & (i o\
A[x _ P TEE—
L §<l>(zk(zw)>

z=A%

z=A%
=Cx,
(26)
because the sum of coefficients of (-B)' (i > 1) in the

last two series equals 0; this follows from an elementary
calculus involving only the product rule. Assume now x €

D(A), RA > ", k,(A)#0and (I - (A + B)/A"))x = 0. By
(22) and R5(t)(A + B) € (A + B)Rg(t), t = 0, we obtain that

A+ B
22) 2 (R 02) ()

_Q(Rg(t)<1—A;B) )(A):O,

0. Thus, {A* : RA >

K, (V) Cx = (1 -
(27)

which implies Cx = x =
w'", ky(A)#0} € po(A + B) and

-1 (&)
IZ(/\) <I— A;;B) Cx = J e_)‘tRB (t)xdt, x€E,
0
RA> 0", k(L) £0.
(28)

The proof of theorem completes an application of
Lemma 2. 0

Remark 6. (i) By [33, Proposition 2.4(i)], we get that
(Rp(1))ss0 is a unique (g, k,)-regularized C-resolvent family
with the properties stated in the formulation of Theorem 5.
(ii) The following comment is also applicable to
Theorem 7 given below. Assume k(t) = k,(¢),t > 0,n € N
and the conditions (iv)-(vi) of Theorem 5 hold with IBI;/i!
replaced by IBI;/nii! therein. Writing A + Bas A+ Y., B/n
and applying Theorem 5 successively n times, we obtain
that A + B is a subgenerator of a global (g,, k)-regularized



Abstract and Applied Analysis

C-resolvent family (Rp(t)),s, satisfying (18). Furthermore,

the family {ef(“’*”“’,)tRB(t) : t > 0} is equicontinuous.

(iii) It is not clear whether there exist functions k(t)
and k; (t) such that the conditions (ii)-(vi) of Theorem 5 are
fulfilled in the case « € (0, 1).

Theorem 7. Consider the situation of Theorem5 with
(R(t))»q being an exponentially equicontinuous, analytic
(g k)-regularized C-resolvent family of angle B € (0,7/2].
Assume that, for everyy € (0, ), there exists w, > 0 such
that the set {e“*®*R(z) : z € %} is equicontinuous. Assume,
additionally, that there exists € > 0 such that, for every
y € (0, B), there exist W,y 2 max(sup{abs(;k) : i > 1}, wy)
and w,, > max(sup{abs(k;; ) : 1 <1<i, 1 <[y <l},w, +¢)
with the following properties.

(i) For every i € Ny, the function A +— k(A), A > Wy
can be analytically extended to the sector w,, ; +Z /5.,
and the following holds:

y % sup |,7< (/\)| < 00. (29)

1l
im0 b dew, +Zy

(ii) For every i,l,,l € Nwith1l <[ <iand1 < [, <
I, the function A +— ff(ki’lo,l(t))(k), A > w,, can be
analytically extended to the sector w,, + 2., and
the following holds:

oo i 1 |B|® ( > lO'
Zuzuzl A oy (e cos ) (30)

x sup | L (K () V)] < 0.

i,0o,l
A€W, +Z /21y

Then (Rg(t)),sq is an exponentially equicontinuous, analytic
(G ky)-regularized C-resolvent family of angle f3.

Proof. Let p € ®, x € E, y € (0,8) ande € (0,(1/3)
min(y, (77/2) — y)). Then Stirling’s formula implies that there
exists x > 1 such that

I - I
|Z|ZU wERz (mz)o wyiRz < e’ 1 l_(l)oe(wy+s)mz
(cos y) 0 (cosy)’ €°
l ! (w,+&)Rz
—_—e"" (31)
\/271 o(gcos y)”
10! ewy,zmz

<K——————
\27ly (e cos )"

forall z € z, and /; € N. By [33, Theorem 3.4(i)] and the
proof of implication (i) = (ii) of [39, Theorem 2.6.1], we
obtain that the mapping A — Z(;k = R(-)x)(A), A > Wy 1>
respectively, A — g(ki,lo’l * -IOR(-)x)(/\), A > w,, can be
analytically extended to the sector w,, ; + 2, 5., respectively,

W) + Z(z/2)+y> as well as that there existc, > 0 and g, € ®,
independent of x, such that

sup p((A-w,) k) ZREBX) D))

A€Wy 1 +2(/2) 1y

c x —
< L() sup 'ik (/\)|
sine o

1 FZ(/2) +y-e

(32)

and that, for everyi,ly,l e Nwith1 <I<iand1 </, <1,

sup p((A-wyn) Z (ki (1) (V) Z (2R (1) x) (V)

A€W, 242 zy2)4y-e
!
. Cpq.p (x) ! l
sine  \2nl (ecosy)”
'3 (ki,lg,l (t)) (/\)| .

X sup
Aewyyz +Z(ﬂ/2>ﬂ,,£

(33)

Using (32)-(33), [33, Theorem 3.4(i)] and the proof of impli-
cation (ii) = (i) of [39, Theorem 2.6.1], it follows that the
functions t — (;k = R()x)(t), t > Oand t — (ki,lo’l *

-l°R(~)x)(t), t > 0 can be analytically extended to the sector
%, and that the following estimates hold:

p((k = R()x)(2))
c (x) . w, 1 Rz
B T <61+w%1mz S )
SINE dew,+5 0000 msine
z €2 3,

p((kiypy * R () x) (2))

qu (x) N

sine /271, (e cos y)
'g(ki,lo,l (t)) (A)|

ewy’z‘Rz
- s ZE€X 3
7TSINn €

X sup
A€Wy 22 /2)1y-e

x (euwyyzmz +

Since Vitali’s theorem holds in our framework (cf. e.g. [33,
Lemma 3.3]), we easily infer from (29)-(30), (34), and the
arbitrariness of y and ¢ that the mapping t — Ry(t)x, t > 0
can be analytically extended to the sector X; by the
formula (17). Thanks to the proof of Theorem 5, the series
appearing in (17) converge uniformly on compact subsets
of [0,00), which implies lim,_, o, ¥ ((~B)'/icR(t)x
Yio((=B)'/iN6R(0), lim, o, ¥, ((=B)'/i)(ik = R()x)(t)
0, and lim;_o, 3% ¥y X1 (GBI (]) i
bROX)(E) = 0. Furthermore, the functions z
fi@) = YS((-B)/iGR(2)x, z € Zp z = fo(2) =
Y (=BY[iN(k * R(x)(2), z € Zpand z - f(2)

Y2 Vi Yoo (B /i) (1) (kyypy * “ROXN(@), 2 € 3

(34)

*



are analytic, and the set {e" (@t t@y)Rz file) 11 <j <
3, z € ¥, 3} is bounded. An application of [33, Theorem

3.4(ii)] gives that the mapping z +— Rp(z)x, z € g U {0}
is continuous on any closed subsector of 25 U {0}, which
completes the proof of theorem. O

It would take too long to go into details concerning
stability of certain differential properties ([40, 41]) under
bounded commuting perturbations described in Theorem 5.

Letaw > 0,let 8 > 0, and let the Mittag-Leffler function
Ea’ﬁ(z) be defined byE%ﬁ(z) = Z;’io Z2"[T(an+f3), z € C.Set
E,(2z) := E,(2), z € C. Then it is well known (cf. [28, 42-
44]) that E"x(z) = E, (2z)/a, z € Cand that, for every« > 1,
there exist b, > 1 and ¢, > 1 such that

E, L) < bt “)/“exp(l/“) t>0,
(35)
E, () < ¢ exp (tl/“) , t=0.
It is noteworthy that the assumptions of Theorems 5 and 7
hold provided & > 1 and k(t) = k,(t) = g,,,(t), where r > 0.
In this case, ¢y = 1, ko(t) =0, =0, i > 1,

() (22

and, for every 7,1,/ e Nwith1 </ <iand1 <[, </,

r+1 r+1
kij () =6, 14 (T - 1) < "

—i>ga,.(t), t>20,i>1
(36)

~ (=) gy, O,

t>0.
(37)

In order to verify (iv)-(vi), notice that there exists a constant
o 2 Lsuch that |(((r+1)/a) = 1) --- (((r + 1) /) = )| < ¢, 48!
for all i € N. Then we obtain from (35) and Lemmas 3-4 that

R )
_mz(t |Bls)’

F(oc1+1)

l

Lt i () ds

Cra (Etx (tlxlBI@) - 1) (38)

tIBIy/*
< G uCy€ >

( )Lt (£ = 9)" [kig s (5)] dis
22550
(r;l _1)_. <r+1 —(l—l)>

t>0,

ZZZ

i=1l=1l,=1

Goolx l

LM8

X

0! Gais1 (1)
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(" |B|® c

z T(ait 1) oct| |®Z (t| |®)

~ = T(ai+1)

. !
_ Cra t(xlB| <§ z )
= 2= ® _—

o ST (ai+1) ——

CTOC o
= —=t"|B|gE
(X2 I |®

I/\

wo (t°|Blg)

1/ex

G b -
P Bl (17 Bla)

IN

Croc octIB|1/oc t| B/~ £>0

o?
(39)
proving the conditions (iv)-(v) and
oo i I- 1|B|
ZZZ <>J (t=s)P 'kzlloll(s)' ds
i=21=21,=1 i!
oo i I-1
|B],
SC“"ZZ e | O l(,l la'goc(l 1)+1 (t)
i=2]=2l,= l(l 1)
0 “IB i-1
<GS o 40
« = Ia(i—-1)+1)
& (t°1Bly)’
= 2 B ( ®
a | |®,le [ (ai+1)
C b 1/
2 (La)/a tIBIY
< “=2t|Bly e t>0,

proving the condition (vi). Assume now, with the notation
used in the formulation of Theorem 7 that y € (0, 8), w

>
vl =
@, @1 > 0, (w,, cosp)* > |Blg, € =1/cosy, w

v ©r, 4 Wy 2 @y +
g and (1 + w,, cosy)*" > [Blg. Then
o) .
CWZ|B|;B sup
i=0

S 1Blg
/\ew 1224y le
[oe)
CT[XZ

i=0 (wy 1 COS y)

sup |7< (A)' <

il
o1 b dew, + 2y
i

- < 00,

(41)

3335 () Gy

| (it ) V)]

X sup
A€wy 2 +2 /21y

|BI: 1
NN R SR

i=1l=1l,=1 Aewy;2+z(n/2)+y

ZZZ

i=11=1l,=1

|Blg

I/\

(1 +w,, cos y)m o

. & B,

7,0

*
i

IN

@i <O
=1 (1 +w,,, COS y)

proving the conditions (29)-(30).
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Corollary 8. Suppose « > 1, w > 0, v > Oand Aisa
subgenerator of a global r-times integrated (g,,, C)-regularized
resolvent family (R(t)),s, satisfying (2) with a(t) = g,(t)
and k(t) = g,.,(t). Let the family {eR({t) : t > 0} be
equicontinuous and let B € L(E) satisfy the condition (i)
quoted in the formulation of Theorem 5. Then A + B is a
subgenerator of a global r-times integrated (g,, C)-regularized
resolvent family (Rg(t)),, satisfying (18) with k,(t) = k(t).
Furthermore, the family {(1 + ™ exp(—(w + |B|;/“)t)RB(t) :
t > 0} is equicontinuous, and (Rg(t)),s, is an exponentially
equicontinuous, analytic r-times integrated (g,,, C)-regularized
resolvent family of angle 3 € (0, /2] provided that (R(t)),s is.

Remark 9. Ttis worthwhile to mention (cf. [1, Theorem 2.5.6])
that Corollary 8 remains true, with a different upper bound
for the growth order of (Ry(t)).s, in the case « = 1. Using
[33, Lemma 3.3] and the proof of cited theorem, it follows that
(Rp(t))s0 is entire provided that « € N and that (R(t)),s is
entire.

Example 10. Corollary 8 is a proper extension of [45, Lemma
4.7] provided « = 2 and B = zI (z € C), which can be applied
in the analysis of the problem

n
Uy + 2Bu, — Au+ ZZ(xiuxi +pu=0 (43)
i=1

in LP([0,7]"), with Dirichlet boundary conditions; here we
assume n € N, 1 < p < ooand f, «, u € C (see
e.g., [46, pages 144-145] and [15, Theorem 4.2]). It is clear
that Corollary 8 can be applied to (r-coercive) differential
operators generating integrated cosine functions ([2, 14, 15,
47-50]) or exponentially equicontinuous (g,, C)-regularized
resolvent families ([23, 24]); in what follows, we will apply
Corollary 8 to abstract differential operators generating C-
regularized cosine functions. Let E be one of the spaces
LP(R™) (1 < p < 00),Cy(R"), C,(R"), BUC(R"),let0 < I < n
and let ' denote the inverse Fourier transform. Put Né =
fo e Nyt =+ =, = 0} and, for every = 0,1,...,n,
E={feE: fY¢E for all «eN}}. Then the family
of seminorms (p,(f) := ||f(“)||E, feE; ac Né) induces
a Fréchet topology on E;. Let T, possess the same meaning
asin [51] and let m € N,aq, € C, 0 < |a| < m. Consider
the operator P(D)f = Y| oG @ with its maximal
distributional domain. Set P(x) = Y <n ai¥x%, x €
R™, By g(x) = (1 + |x )PP YR0(EP(x)/(2))1), x € R™, ¢t
0,82 0,Qw) = {A* : RA > w}, ifw > 0, and Qw) :
C\ (00, w?], if w < 0. Assume r € [0,m],w € R, and the
following condition:

\%

(b) P(x) ¢ O(w), x € R™ and, in the case r € (0,m], there
exist o > 0 and ¢’ > 0 such that RP(x) < —olx|" +

o, xeR"
Then, for every ! = 0,1,...,n, there exists M > 1 such
that, for every f > (m — (r/2))(n/4), P(D) generates an

exponentially equicontinuous Tj({(1 + |x|2)7ﬁ ))-regularized
cosine function (Cg(t));5 in E; satistying Cp(t) f = 9_lht,l; s

£t 20, f € Ejand p(Cg(t) f) < Mpo(f)gun(),t 20, f €
E,a € Nf), with g,,(t) being the function defined on [52,
page 40]; cf. [33, 51, 52] for full details. If 1 < p < co and
E = LP(R"), then the previous result can be slightly refined
by allowing that 3 takes the value (1/2)(m —r/2)n|1/p - 1/2|.
Given ¢ € L'(R"), define the bounded linear operator B on
E; by (B)(x) = [, 9(x — ) f(D)dt, f € E,x € R". Then
BP(D) < P(D)B,Ty({(1 + xI*)#)B = B T,((1 + |xI*)*))
and p(Bf) < llgllpnpelf)f € Eva € Nb. Applying
Corollary 8, we get that P(D) + B generates an exponentially
equicontinuous T, ({(1+ |x|2)7/3 ))-regularized cosine function
(Cp (1)) in E;.

Assume now o« > 1, ¢ > 0,0 € (0,1) and k(t) =
k() = Q_I(A_“e_g)‘a)(t), t > 0. By the consideration given
in [1, Remark 2.5.4(iii)], it follows that, for every I € N,
there exist real numbers (p,,,; 4 o) 1<m< Such that py ;. =
o(o/a)((o/a)=1)- -+ ((0/&) = (1= 1)), Py 00 = (0(o/a))',and
that the following holds:

1 1 1
A1 \_d e e Y mola)-l
dz' \ zk (zV*) ) dZ! oy hees

z >0,
o o
pm,l—i—l,tx,g,a = Q;Pm—l,l,a,g,a + ma -1 Pm,l,a,g,o’
2<m<l
(44)
This implies ¢, = 1, ky(t) = 0,¢; = 0,i > 1,
i
ik (t) = me,i,a,g,agoci—ma (t) s, t>0,i21,
m=1
il (45)
ki,lg,l (t) = Clo,l,oc Z pm,i—l,oc,g,agzxi—lo—mo (t) > t> 0’
m=1
1<l<i, 1<l<l,
ki,lg,i (t) = Clo,i,otgzxi—lo (t) N t> 0, 1 < lO < l (46)

By means of (44) and the proof of Lemma 3, we obtain the

existence of a constant {, , , > 1 such that

1
> m! | pm’,,a,g,a' < (;Ml! vl e N, (47)
m=1

In what follows, we assume that (

woo = 1is minimal with
respect to (47); notice that {,, , , > ¢o/aand that it is not clear
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whether Lemma 4 can be reconsidered in the newly arisen
situation. Then

ZZlB_I® J g

i=1],=1

|B| Er = Iy ai-ly-1
‘ZZ— l“x'oj E=9° ST ge )
o o L T(ai-1)

i=1ly=1

ki, (s)' ds

1/
< E, (t"Bly) < e, t>0.

i (t*1Blg)’
ST(ai+1)
Since T'(+) is increasing in (&, 00), where & ~ 1.4616..., we
obtain that

I'(ai+1)
I'(ai—

I'(ai+1)
T T(ai-m+1)m!

mo + 1) m!

_ ai(ai—1)-+- (i —

- i—m+1) ([ocz])
(49)

providedi > 2 and 1 < m < i — 1. Combining this with (35),
Lemmas 3 and 4 and (47), we get

>33 e () [ - 9 s 0] s

i=2]=1l,=1

ST ()

i=21=11=1

Clgloc|

xi—-mo
t

X Zm' |pmi—l(x 0'| .
= ORI T (i — mo + 1) m!

oozl il ai—mo .
t I'(ai+1)
< —
- ;;F(Oﬂ+1) “nglf(oci—ma+1)m!

- _ili B, Ztm mg< ocz]) (50)
- T (i + 1) "‘9"

1211

00 i-1 |B|i®

1 -0 i1 1-0\%
;(1+t )ZZm(a’g’a(t+t )

i=2]=1

IN

(1Bl (£ + ) Cgo)
I'(wi+1)

IN

g Z

é (1+17°) |Blg(t +£7)"

(o] Zi
X Zi—r 1
=RACARY z=|Blg (t+£179)"¢,

0,0

“Caga

IN

(x (1 +t o) |B| (14a) /e

R |

(51)

_ 1+ 1/ 1-o
><(t+t1 ") Sle QlBle )(w t>1.

«,0,0

Abstract and Applied Analysis

Noticing that M < 1t e[0,1),i 22,1 <m<i—1,we
obtain from (50) that there exists §, , , > 1 such that

Sy JIRGER

i=21=1l,=1 (52)

< oo €[0,1).

By (48)~(52), (v) holds for any @' > (|Blg{y,,)"'*. In almost
the same way, one can prove that (iv) and (vi) hold for
any w > (IBlg “,w)l/“. Assume now that (R(f)),s, is an
exponentially equicontinuous, analytic (g, k)-regularized C-
resolvent family of angle $ € (0,7/2],y € (0,f), 0, > w,,

> w,+E€

o—0
w1 >0, (w,; cosy) Wyy 2 W,

> |BlgCy,p,00 € = 1/ cOs y, @

and (1 + w,,, cos Y > Bl w00 Ihen
o | g|i B m! i
ﬁ sup | k ()L)' ZI |® —|pm’l’“’g’.0|

y il ai-mo
i=0 U A€Wy 1+ 2y = (wy)l cosy)

for an appropriate constant Uoy 2 1,
Blg L'

Z Z sup
i=lj,=1 ¥ 27l (s 08 )" ew, 1 +2 sy

Bl

P (1 +wy2)(tx 1)i

| (s ) V)|

< 00,

M8

(54)

and, for every e > 0 with (1 + w,,, cos y)""l > |B|®(C“,M +¢),
there exists p, > 0 such that

c0i-1 1

333 () Gy

X sup |~ff (ki,lo,l (t)) (A)I

A€Wy +Z /21y

ooi-1 1

Prmii-Lae,

L
i=2l=1ly= m= 1 1+wY2cosy)
SR |B|z® ' = 'pm,i—l,(x,g,a'
,z,:”; (i~ l)'l' |Clo’l)a' ;Z'l (1 + Wy, oS Y)(DH)i
peit B,

<2 (a-1)i
Xioim (1 +w,, cos y)

; i

- li (i B 1) |B|®((oc,g’a + ‘c("o)‘l)i < 00,

=) 1+ w,, , cOs y)

(55)
proving the conditions (29)-(30).
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Corollary 11. Let « > 1,0 > 0,9 > 0,0 € (0,1),k(t) =
gfl(kf“efgha)(t),t > 0, and let A be a subgenerator of a global
(gy» k)-regularized C-resolvent family (R(t)).so satisfying (2)
with a(t) = g,(t). Let B € L(E) satisfy the condition (i)
quoted in the formulation of Theorem 5. Then A + B is a
subgenerator of a global (g,,, k)-regularized C-resolvent family
(Rg(t));s0 satisfying (18) with k,(t) = k(t). Furthermore, for
every & > 0, the family {exp(—(w + (|Blg ‘x,w)l/“ + e)t)Ry(1) :
t > 0} is equicontinuous, and (Rg(t)),s, is an exponentially
equicontinuous, analytic (g, k)-regularized C-resolvent family
of angle 3 € (0, /2] provided that (R(t)),s is.

Example 12. Lets > 1,

t
i

(p)
{fECOO [0,1] ; ||f||—sup" oF " <oo}, (56)

g’ D(A):={f€E;f’€E,f(0)=0}_ (57)

Then p(A) = C, A generates a tempered ultradistribution
semigroup of (p!*)-class, and A cannot be the generator of
a distribution semigroup since A is not stationary dense (see
e.g., [53, Example 1.6] and [41]).If f € E,t € [0,1]and A € C,

set fL() = [, e f(s)ds and f1(t) = |, 0 f(s) ds.
Then f/\l(‘), ff(~) € E,A € C, and there exist b > 0 and
M > 1, independent of f(-), such that

Iri o) <M f]|™, R0, feE (58

It is clear that |[ff()lliwoy; < eMIfILRA > 0 and

1(d/dt) £l geogo; < (IMe™ + DIIFIL RA > 0. Proceeding
by induction, we obtain that, for everyn > 2,t € [0, 1] and
AeCwithRA>0:

i n-1-k

()-dtnlf() ZA"jnl,(fa)m"fA(t)
(59)

dt”

On the other hand, [54, Proposition 4.5] implies that there
exists ¢ > 0 such that Z;io t2/pl* = O(exp(ct'/®)), t = 0.
Combined with (59) and the logarithmic convexity, the last
estimate yields

|l/s

<A+ AL+ B

< (1™ e 1,

RA >0, AL#0.
(60)

dt”fA ¢ )II

n's

In view of (60) we get that, for every # > 1, there exists
M, > 1, independent of f(-), such that

|0 <M, f1e™, ®Az0,feE (o)

1

Consider now the complex polynomial P(z) = Y =0 a]zf z €
C,a,+0,n > 2. Set, for every A € C,Py(:) := P(-) — A and

consider the operator P(A) defined by

D(P(A)) :=D(A"),

no (62)
P(A)f=YaAf, feD(P(A).
j=0

Clearly, P(A) is not stationary dense. Let r > 0 and d >
0 be such that P(z)#0,|z] > r and P'(2)#0,]z] > d.
Let z3,...,%,, denote the zeros of the polynomial z +
Py(z),z € Candlet0 < m := min|z|2d+1|P'(z)|. Then an
old result of Walsh [55] says that |z, ;| < 7+ |a,|/"|A|"", 1 <
j < n,A € C. Furthermore, it is checked at once that there
exists a sufficiently large A, > 0 such that z, is a simple
zero of P (z) and that |ZM| >d+1, prov1de<f [A] = A, and
1 < j < n. Therefore, for every A € C with |A| > A, and for
everyi, j € {l,...,n} withi# j, the following holds:

d+1< 'ZM| <r+ |an|_1/"|)tll/n,

(63)
|P' (zM)' =m, z;¥#zj).
It is straightforward to verify that
p(p(4)) =
R(A:p(A) =(-1)""a'R(z;, : A) - R(z,, : A),
AeC.
(64)
Assume now |A| = A,. Then de UHospital’s rule implies
a, Zia—z,)=CD"P (z,,), 1<j<n

itj

Using the resolvent equation, (58), (61)-(63), and (65), one
can rewrite and evaluate the right-hand side of equality
appearing in (64) as follows:

|[0™a, R (2, : A) -+ R(z,,, : A

L R(Zj,/\ A)

iall 1si<n (22 = 71) (66)
1#]

ME (;A'A) n N
_2 P () g R(z;,: A)|.

By (64) and (66) we finally get that, for every > 1,

~1/ny1/ns “1/niy 1n
o (ebla,,l W ol Al ) AeC.
(67)

_ (_1)n+1a;1

§I~

IR(A: p(A))] =

Since the preceding estimate holds for any A € C, it is
quite complicated to inscribe here all of its consequences
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(cf. [1, 16], [32, (2.35)-(2.37)], [56, 57]); for example, P(A)
generates a tempered ultradistribution sine of (p!°)-class
provided n > 2s, and P(A) generates an exponentially

bounded, g_l(e_gll/”)—convoluted group provided o >
Ianl_l/ "/ cos(r/2n). Let us also mention that the considera-
tion given in example following [41, Corollary 3.8] enables
one to construct important examples of (pseudo-)differential
operators generating ultradistribution sines, and that the
estimate (67) can be derived, with insubstantial technical
modifications, in the case of a general sequence (M,,) of pos-
itive numbers satisfying M, = 1 and M,,,, > M, M,(p,q >
0). In what follows, we will illustrate an application of
Corollary 11. Suppose n > a > 1,86 € (0,7/2], (/2 +
Oa/n < mf2,0 = 1/cos((m/2 + 8)a/n) and k(t) =
L A% (1),t > 0. By [32, Theorem 2.17] and (67),
P(A) is the integral generator of an exponentially bounded,
analytic (g, k)-regularized resolvent family of angle § (cf.
also [41, Proposition 3.12]). Let ¢ € E and Bf(t) := (¢ *
f)(t),t € [0,1], f € E. Then B € L(E), BP(A) < P(A)B
and, by Corollary 11, P(A) + B is the integral generator of an
exponentially bounded, analytic (g,,, k)-regularized resolvent
family of angle §.

The following extension of [9, Theorem 3.1], 32, Theorem
2.12] has been recently established in [33]; cf. also [39,
Theorem 3.15.6], [4, Theorem 1.1].

Theorem 13. Suppose M > 0, w; > w > 0, A is a subgen-
erator of an (a, k)-regularized C-resolvent family (R(t)),sq such
that p(R(t)x) < Me“ p(x), x € E, t >0, p e ®and z € C.
Let B : D(A) — E be a linear operator such that BCx =
CBx, x € D(A) and that, for every p € ®, there exist ¢, > 0
and q € @ satisfying p(C"le) < cpq(x), x € D(A). Let (P1)
hold for a(t), k(t),b(t) and let a(A)/k(A) = bQA) + z, RA >
w;, k(A) #0. Suppose u > w,, y € [0,1) and

D(A) = E, (68)

J'Oo eHp <C_IB Jt b(t-s)R(s) xds+zC 'BR(t) x) dt
0

0

<yp(x), xe€D(A), pee

(69)
or

(R () satisfies (2), D(A)#E and (69) holds

for any x € E, p € ®.

Then the operator A + B is a subgenerator of an (a,k)-
regularized C-resolvent family (Rg(t)),s, satisfying (18) with
k,(t) and g,(t) replaced by k(t) and a(t) therein. Furthermore,

e p(x),

p(RB(t)x)slM x€E t>0, pe®d, (71)

-y
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t r
Ry (£)x = R(t) x+J Ry (t—7) (C*BJ b(r—s) R(s) x ds
0 0

+zC 'BR (t)x) dr,
t>0, xeD(A),
(72)

and (72) holds for any t > 0 and x € E provided (70).

In many cases, we do not have the existence of a function
b(t) and a complex number z such that a)/k(d) = L) +

z, R\ > w;, k(1) #0. The following theorem is an attempt to
fill this gap.

Theorem 14. Suppose M, M; > 0,w > 0,1 € Nand A
is a subgenerator of an (a, k)-regularized C-resolvent family
(R(t))5¢ stch that p(R(t)x) < Me“' p(x), x € E,t >0, pe®
and that (2) holds. Let a(t) and k(t) satisfy (P1) and let the
following conditions hold:

(i) BCx = CBx, x € D(A),
p(CAIC™'Bx) < Myp (x),

xeD(A), pee®, 0<j<l-1, (73)
p(A'C'Bx)<M,p(x), xeD(A), pee.

(ii) There exist a function b(t) satisfying (P1) and a complex
number z such that

67(/\)”1
k)

=b(A)+z, RA > max(w,abs(a),abs k),

k) #0.
(74)

(iii) lim; , o, [ e Mla®)dt = 0 and lim, o, [7 e
x|b(t)| dt = 0.

Then, for every x € E, there exists a unique solution of the
integral equation

Rp(®)x=R(t)x+(S=Rg)(t)x, t=0; (75)

furthermore, (Rg(t))ss is an (a, k)-regularized C-resolvent
family with a subgenerator A + B, there exist u >
max(w, abs(a), abs(k)) and y € [0, 1) such that (71) holds and
that (18) holds with k,(t) and g, (t) replaced by k(t) and a(t)
therein.

Proof. It is clear that IOOO e Ma™ ()| dt < (jooo e Ma(n)| dt),

j € N, A > abs(a). Define, for every x € D(A) and t > 0,

-1
S(t)x:=Ya""! (t)CA/C'Bx
j=0

t
+ J b(t —s)R(s) A'C'Bxds + zR (t) A'C"'Bx.
0
(76)
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By [58, Theorem 1.7, page 3] it follows that R(¢)x € D(A), t >
0, x € E. Using this fact and (i), we get that S(¢) € L(D(A)),
t > 0. Keeping in mind the condition (ii), it is not difficult to
prove that, for every x € m,

FSHx) V) =al) (I -ai)A)'cC ' Bx,
B 77)
k(1) #0.

x € D(A), RA>w,

Using the conditions (i) and (iii), we obtain the existence of
numbers y > max(w, abs(a), abs(k)) and y € [0, 1) such that

Jooe_’”p (S)x)dt <yp(x), xeD(A), pee (78)
0

and that (H1) holds, where

(H1) : For every strongly continuous function f : [0, 00)
— L(E, D(A)) such that p(f(t)x) < Mp(x), x € E,
t >0, p €@, the following inequality holds:

J-tefy(t,s)‘p (S (t-s) f(s) x) ds < yMp (x),
. 79)

x€E t20, pee.
Now one can define inductively, for every t > 0, the sequence
(T,,(t) peny, in L(E, D(A)) by To(t) := R(t) and T,,,,(t)x :=

_[Ot S(t — s)T,(s)xds,x € E,n € Ny; observe that, for every
n e Ny, (T,(t))s is strongly continuous and that the family
{T,(t) : t > 0} is locally equicontinuous (with clear meaning).
By (78), (H1), and the proof of [9, Theorem 3.1], it follows
inductively that

p(T, ) x) < My"e'p(x), x€E t=0, pe® (80)

and that, for every x € E and t > 0, the sequence (Ry(t)x :=

?:0 T;(t)x),, is Cauchy in E and therefore convergent. Set
Ry(t)x := lim, _, . Ry(t)x, x € E, t > 0. It is obvious that
the mapping t — Ry(t)x,t > 0 is continuous for every fixed
x € E as well as that (71) and (75) hold. Therefore, it suffices

to show that

kM) T-a\)(A+B) 'Cx = LOO e MRy (1) x dt, -
81

x€E RA>u, k() #0.

Towards this end, notice that (78) and (HI) together imply
that T — S(A) is invertible for RA > y and (I - S =
Y28, RA > p. Now we obtain from (75)

Ry Wx=(1-5W) kM) (T -a() 4)'Cx,
(82)

RA>u, x¢€k,

which immediately implies with (77) the validity of (81)
in case a(A) = 0, RA > p and k() #0. Assume now
a(M)k(L\)£0 and RA > y. Then a straightforward compu-
tation involving the equality BCx = CBx,x € D(A) as well
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as (77) and (82) shows that the operator I — a(A1)(A + B) is
injective and

(1-30) kW T-aM A 'CU-a() (A+B)x
=k (M) Cx,

x€D(A).
(83)

The representation (I — S(A))™" = Y2 [((1/aA) - A)~"
xCC ™' B]" implies

L a+B))(1-50) FW) (= - 4 “ex
a) a()

=k(\)Cx, x¢€E,

(84)

R(C) ¢ R - a(A)(A + B)) and (81), finishing the proof of
theorem. O

Remark 15. Now we will explain how one can reformulate
Theorem 13 in case in which B is not necessarily bounded
operator from D(A) into E (cf. also [3, 7, 8] and the next
section). Consider the situation of Theorem 13 with E being

complete. Assume (69) and, instead of condition C'B ¢
L(E) :

(1 C'B: D(A) — Eand, for every p € @, there exist
>0 and q € @ such that p(C_le) < cp(q(x) +
q(Ax)), x € D(A).

Denote, with a little abuse of notation, T(t) = R(f),t >
0,8(t)x = C™'B([, b(t—s)R(s)x ds+2zR(1)x),t > 0,x € D(A)

and T, (t)x = f; To(t —s5)S(s)xds, t = 0, x € D(A). Then (4)
implies that the mapping t — S(t)x, t > 0 is continuous for
every x € D(A) and p(T,(t)x) < yMp(x), x € D(A),t >
0,p € ®. By [59, Lemma 22.19] and the completeness of
E, one can extend the operator T;(¢) to the whole space E
(t > 0). Proceeding inductively, one can define for each
t > 0 the sequence (T,(t) = Jot T, (t — 5)S(s) ds)neN0 in
L(E) such that p(T,(#)x) < y"Mp(x),x € E,t > 0,p €
®. The preceding inequality implies that, for every x € E,
the sequence (R3(t)x = Y, T(t)x), is Cauchy in E and
therefore convergent. Put Rz(t)x = lim, _, . R3(t)x, x € E,
t > 0. Asin the proof of Theorem 14, the mappingt — Rp(t)x,
t > 0 is continuous for every fixed x € E and (71)-(72)
hold. Using the closedness of A and the condition (f), we
get [~ e MS(H)xdt = C'Ba(\)(I - a(M)A)'Cx, x € D(A),
ML > u, k(A)#0 and C'Ba(A)(I - aM)A)™'C € L(E),
RA > max(w;, ), k(L) 0. In view of (69), p(§(l)x) <
yp(x),x € D(A), RA > u,p € & by the denseness of
D(A) in E, the last estimate holds for all x € E. Hence,
the operator I — S(A) is invertible and (I — S x =
YRJICTBaI - aMA)'Cl"x, x € E, RA > y, k(L) £0.
Suppose, for the time being, RA > y and a(M)k(M) #0. The
closedness of the operator A + B can be proved as follows.
Let a net (x,),cr in E satisfy x, — x, 7 — ooand (I -
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a(A)(A+ B))x, — y, T — 00. Then a simple computation
shows that (I — @(A)(A + B))x, = (I - S(A))I - a(M)A) x,,
which implies (I — @A)A)x, = (I — SA)'(I - @A) (A +
B)x, — (I- §(/\))_1y,r — 00. Since I — a(A)A is closed,
we infer that x € D(A), (I —a(A\)A)x = (I - g()»))fly and
(I —a(A)(A + B))x = y. Therefore, the closedness of A + B
follows from that of I — @(A)(A + B). Suppose now RA > u
and k(1) # 0. Similarly as in the proof of Theorem 14, we get
Rz(M)x = RV)I - S 'x, x € E, the injectiveness of
I-a(A\)(A+B), R(C) € RU-a(A)(A+B)) and k(A)(I-a(A)(A+
B))'Cx = Ry(A)x, x € E, which implies that the conclusions
of Theorem 13 continue to hold. We left to the interested
reader details concerning the possibilities of the extension of
[8, Theorems 3.1 and 3.2] and results of [3, 7, 11, 12] to abstract
Volterra equations in SCLCSs.

Remark 16. The local Holder continuity with exponent o €
(0,1] is an example of the property which is stable under
perturbations described in Theorems 13-14 and Remark 15,
as indicated below. Consider the situation of Theorem 13 in
which D(A) is dense in E. Using the same notation as in

Remark 15, one has p(S(¢)x) < cqu(x)[fOt |b(t = r)|e“"dr +

|zle”], p € ® t > 0,x € D(A). Suppose now that, for every
T > 0and p € @, there exist ¢, > 0 and hy,, € ® such that

PR(t)x —R(s)x) < cp,(t = 5) hy, (%),
(85)

x€E 0<s<t<T.

Let T > 0 and p € @ be fixed. Then, for every x € D(A) and
0<s<t<T,

p(S{#)x—S(s)x)

5Cp‘1<J:b(7’)(R(t—T’)x—R(S—r)x) dr

+st(r)R(t—r)xdr>

(86)
+¢, 121 g (R(t) x = R(s) x)

< 6 [t 9y (0 (LT bOldr +121)
+MeTg (%) f b ()| dr] ,
which implies by (72) that
P ((Rg * S) (t) x — (Rg * S) (s) x)

T s
< ];/I_e"y (J pSEt-r)x-S(s—r)x) dr

0

+ Ltp(S (t-r)x) dr)
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cPMe“T . s (T
= 1-y (OT,q(t_S) hrg (x) L L |b)| dvdr

emetgeo [T p@doar

0 Js
2l oy T(E - 9y () )
cpMzez"Tq (x)
-y
t pt-r
X (J J |b(t—r—v)|dvdr+ |z|(t—s)>.
0

N

(87)

One can simply prove that there exists ¢; > 0 such that, for
0<s<t<T,

r jH b )| dvdr + jt jH bt —r - )| dvdr

0 Js—r s JO

(88)
<op(t-s)7,

which implies with (72), the previous computation and the
denseness of A that there exists by, > 0 such that, for every
x€Eand0<s<t<T:

p(Rg (1) x — Ry (s) x)

< by, (t - )" max (p (x), iy, (x),9 (x)).

The same estimate holds provided (70), while in the case of
Remark 15 we obtain that, for every x € D(A) and 0 < s <
t<T,

(89)

p(Rg(t) x — Ry (s) x)
(t-s)

<bp,max(p(x) + p(Ax), by, (1) OV

thr,, (Ax),q(x) +q (Ax)) .
Assuming additionally

-1

1 Jt—s
Su S
B e )) ( 0

j=0
s
+ J
0

then an estimate of the form (89) holds in the case of
Theorem 14.

The following corollary is an immediate consequence of
Theorems 13-14 and Remark 15.

a™t (r)| dr

a* 7t (t-r)—a™*! (s—r)' dr) <00,

(o1

Corollary 17. Suppose M, M, > 0,w > 0,& > 0,3>0, Ais
a subgenerator of a (g, gup.1)-regularized C-resolvent family
(R(1)),so satisfying p(R(t)x) < Me“ p(x),x € E,;t 20,p € ®
and (2) with a(t) = g,(t) and k(t) = 9B 1 (t). Assume exactly
one of the following conditions:
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(i) a—1-aff > 0,BCx = CBx,x € D(A), and (a) V (b),
where

(a) p(C™'Bx) < M, p(x), x € D(A), p € @.
(b) E is complete, (69) and (4).

(i) x — 1 —aff < 0,BCx = CBx,x € D(A),l = [(af + 1 -
«)/«] and (73) holds.
Then there exist u > w and y € [0,1) such that A +
B is a subgenerator of a (g, gups1)-regularized C-resolvent
Sfamily (Rg(t))s satisfying (71), and (18) with k,(t) replaced
by Gop1 (1) therein.

Remark 18. Let 0 < a < 2 and let (R(t)),5, be an expo-
nentially equicontinuous, analytic (g, gap,1)-regularized C-
resolvent family of angle § € (0,7/2]. Suppose additionally
that, for every { € (0,9), there exist My > 1 and we 2 0
such that p(R(z)x) < Mce“"mzp(x),x € Eiz € Z,pce.
If (ii) or (i)(a) holds, then we obtain from Corollary 17 and
the proofs of Kato’s analyticity criteria [60, Theorems 4.3 and
4.6] that (Rp(t)), is also an exponentially equicontinuous,
analytic (g, gap.1)-regularized C-resolvent family of angle &;

furthermore, for every { € (0,0), there exist Mé > 1and
wé > 0 such that p(Rgz(z)x) < Mée“’gmzp(x),x € E,z €
2, p € ®. If (i)(b) holds, then one has to assume additionally

that there exist ¥ > w and y € [0,1) such that, for every
{ €(-6,8),x € D(A) and p € ®, the following holds:

o —ut -1 ! i
Jo e”p<C BLb(t—s)R(se )xds
(92)

+2C"BR (te") x) dt <yp (x).

The question whether perturbations considered in Theorems
13-14 retain analytical properties requires further analysis
and will not be discussed in the context of this paper.

Example 19 (cf. [28, Example 2.24]). Let E := No<ac<1
and [ := [(1 — «)/a]. Define a closed densely defined linear
operator A, on Eby D(A,) := {{x,) € I' : ¥ nlx,| < oo}
and A, (x,) = (ei“(”/z)nx,,), (x,) € D(A,). Then A is the
integral generator of a bounded (g,, 1)-regularized resolvent
family, A, +1 is not the integral generator of an exponentially
bounded (g, 1)-regularized resolvent family, and 0(A,) =
€™y . 1 e N}. Suppose

Be L(E), R(B)QD(AZ):{(xn) el': OZO:nl |x,| < oo} :
n=1

(93)

Then it follows from Corollary 17 that A + B is the integral
generator of an exponentially bounded (g,, 1)-regularized
resolvent family.

3. Unbounded Perturbation Theorems

In the subsequent theorems, we transfer the assertions of [19,
Theorems 3.1 and 3.3] and [1, Theorem 2.5.9, Corollary 2.5.10]
to abstract Volterra equations.
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Theorem 20. Suppose E is a Banach space, k(t) and a(t)
satisfy (P1)-(P2) and A is the integral generator of an expo-
nentially bounded (a, k)-regularized resolvent family (R(t)),s
satisfying (2) with C = I. Let M > 0 and w > 0 be such that
IRt < Me*,t > 0 and let A, > max(w,abs(a),abs(k))
satisfy k(A)a(A) #0, RA > A,. Suppose that, for every e > 0,
there exists C, > 0 such that

m < Csesl)‘l, RA > AO’
(94)
@A) el
— < C , RA>A,.
@, +iSA)] = 0

(i) Let B be a linear operatot, let D(A) € D(B) and let

()

for some ¢ > 0 and M, > 0 (for ¢ = 0 and some
M, € (0,1)). Then, for every{ > 1, A+ B is the integral
generator of an exponentially bounded, (a,k+*,g;)-
regularized resolvent family (Rp(t)),s satisfying (18)
with k,(t) = (kxg;)(t),C = I, and g,(t) replaced by
a(t) therein.

RA=1, (95

-0
< M|AS,

(ii) Let B be a densely defined linear operator and let

(o o)

<M,A x|, xeD(B), RA=1,

(96)

for some ¢ > 0 and M, > O(for ¢ = 0 and some
M, € (0,1)). Then there exists a closed extension D
of the operator A + B such that, for every { > 1, D
is the integral generator of an exponentially bounded,
(a, k*g;)-regularized resolvent family (Rg(t)),so sat-
isfying (18) with k,(t) = (k*og;)(t),C = I, and g,(t)
replaced by a(t) therein. Furthermore, if A and A*
are densely defined, then D is the part of the operator
(A* + B*)* in E.

Proof. By Lemma 2, {1/a(A) : RA > Ay} € p(A) and

Mla M)

1
R —=tA)ls ===, RA> A,
II (a(/\) >H<|k(/\)|(m,\_w) > Ao (97)
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Given z € C with Rz > Ay, put A, := A, + iSz. Then the
prescribed assumptions combined with (97) imply

(5 2]

1 1 1
:HBR<5<AZ>“)(”(auz)‘mz)) o )||
1 1 1 1
. HBR<5(AZ) A)H [“ ah,) aG) IIR(a(z) A)IH
.M, [1 1 1 M@ (2)] ]
- Aﬁ a(Az) a(z) |k(z)| Rz - w)

MQ M M a(z) I
< _Q —-1].
A A (- o) k)] la(A)

(98)

Consider now the function b : {z € C : Rz > 0} —
L(E) defined by h(z) := z®BR((1/a(A, + z)) : A),Rz =
0,z#0,h(0) := 0if o > 0, and h(0) := BR((1/@(A,)) : A) if
¢ = 0. Then the function z — h(z) is continuous for Rz > 0
and analytic for Rz > 0. Furthermore, [|A(it)| < M,,t € R
and, by (94)-(98), one has that, for every € > 0, there exists
C! > Osuch that[|h(z)|| < Cle forallz € Cwith Rz > 0. By
the Phragmén-Lindel6f type theorems (cf. for instance [39,
Theorem 3.9.8]), we get that [[h(z)] < M, forallz € C
with Rz > 0. This, in turn, implies that there exists a > A,
such that |BR(1/a(A) : A)|l < 1/2,RA = aifgo > 0, and
that [|[BR(1/a(A) : Al < My, RA > aif o = 0. Therefore,
1/a(A) € p(A + B), RA > a and there exists ¢ >0 such that,
for RA>a:

1 1

a(A)R<m) ‘A+B)||

N 1 . 1 B %

B a(A)R<a(A)'A><I BR( a(l) A)) S|’1€(A)|'
(99)

The proof of (i) follows from [32, Theorem 2.7(i), Remark
2.3(v)]. Using [19, Lemma 3.2] and a similar argumentation,
we obtain the validity of (ii). O

Recall that a Banach space E has Fourier type p € [1,2] if
and only if the Fourier transform extends to a bounded linear
operator from L*(R : E) to L(R : E), where 1/p + 1/q = 1.
Each Banach space E has Fourier type 1, and E” has the same
Fourier type as E. A space of the form Lf(Q, ) has Fourier
type min(p, p/ p—1), and there exist examples of nonreflexive
Banach spaces which do have nontrivial Fourier type.

Theorem 21. Let E be a Banach space of Fourier type p €
(1,2].

(i) Let the assumptions of Theorem 20(i) hold and let { >
1/p. Assume that at least one of the following conditions
holds:
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(a) Aand A* are densely defined, there exist Ay, > A
and n > 1 such that

k| =0(IAFT), RA> A,
(100)

@MW) =0 (A7), RA> AL

(b) A is densely defined and E is reflexive.
(c) BID(A?)) € D(A) and BAx = ABx, x € D(A%).

Then A + B is the integral generator of an exponen-
tially bounded, (a, k+,g;)-regularized resolvent family
(Rp(t)) s satisfying (18) with k,(t) = (kx,g;)(t),C =
I, and g,(t) replaced by a(t) therein.

(ii) Let the assumptions of Theorem 20(ii) hold and let
{ > 1/p. Then there exists a closed extension D of the
operator A + B such that D is the integral generator
of an exponentially bounded, (a,k+,g;)-regularized
resolvent family (Rg(t)),so satisfying (18) with k,(t) =
(kx0ge)(t),C = 1, and g,(t) replaced by a(t) therein.
Furthermore, if A and A* are densely defined, then D
is the part of the operator (A" + B*)" in E.

Proof. Assume that (c) holds. According to (100), R(1/a(A) :
A)(I-BR(1/a(}) : A)™' = (I- BR(1/a()) : A))'R(1/a(M) :
A),RA > aand (1/a(A))R(1/a(A) : A+ B) = (1/a(A)[ -
BR(1/a(A) : A)"'R(1/a(d) : A), RA > a. Define

Ry (1) x
1 a+ico Mot %(/\) ( 1 )
= — —R :A B >
s L €0 [FR (g 4%8) <
x€E t>0.
(101)

By the first part of the proof of [19, Theorem 3.3], A + B is the
integral generator of an exponentially bounded, (a, k*,g;)-
regularized resolvent family (Ry(t)),, satisfying (18) with
ki(t) = (k*og;)(t),C = I, and g,(t) replaced by a(t) therein.
The property (18) holds in any particular case considered
below and the assertion (ii) is also an immediate consequence
of the proof of [19, Theorem 3.3]. Assume now that (b) holds.
Then A" is densely defined and, by [33, Theorem 2.14(ii)],
(R*(£))sso is an exponentially bounded, (a, k)-regularized
resolvent family with the integral generator A*. Let g be such
that1/p+1/g=1andlet] : E — E** denote the canonical
embedding of E in its bidual E**. Since E” has Fourier type p
and (1/a(A))R(1/a(A) : A+B)* = (1/a(A))((I-BR((1/a(A)) :
AN H*R((1/aA)) : A)*,RA > a, it follows that there exists
¢; > 0 such that, for every x* € E* andr > q,

[.

q

ds < ¢||x"||%.

(102)

%(r+is)R< 1

a(r+is) \a(r+is)

:A+B) x"
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Set, for every x* € E* and ¢t > 0 :

RB,* (t)x*
1o 5 [k ( 1 ) .
= :A+B .
2 Lfiooe A [a(A)R s ATE) A

(103)

Then (Rg, (£));s9 € L(E™) is strongly continuous, exponen-
tially bounded and

LIV

:A+B *:)ﬁro MR () x* dt,
an\am AT )x , ¢ Reo(0)x

RA>a, «x"€E".
(104)

By Lemma?2, (Rp,(t));so is an (a,k*, g()-regularized
resolvent family with the integral generator (A + B)*. By [33,
Theorem 2.14(iii)], it follows that (Rg(t) = J 'Ry, (£)"J)1s0
isan (a, k*,g;)-regularized resolvent family with the integral
generator A + B = J'((A + B)*)*J. We continue the proof
by assuming that (a) holds. Using (99)-(100), we easily infer
that the improper integral in (101) converges absolutely for
x € D(A) and that

k(L) 1
a(MR(a(A)

CA+ B) x=A J e MRy (1) x dt,
0 (105)

RA>a, xeD(A).

By (104)-(105) and the uniqueness theorem for Laplace
transform, we get

(Rg., 1) x",x) = (x",Rp (t) x),

x" e E",

(106)
t>0, x € D(A)
and Ry, ()], = Jr, t 2 0, x € D(A). Now one
can simply prove that ((Rg, (t)")g);so is an exponentially
bounded, (a,k*,g;)-regularized resolvent family with the
integral generator A + B. O

Remark 22. (i) Itis noteworthy that Kaiser and Weis analyzed
in [61, Theorem 3.1] an analogue of Theorem 21 for operator
semigroups in Hilbert spaces. The question whether the
perturbed semigroup (Rg(t)),s is strongly continuous at t =
0 was answered in the affirmative by Batty [62]; here we
would like to note that it is not clear in which way one can
transfer the assertion of [62, Theorem 1] to abstract Volterra
equations.

(ii) To the author’s knowledge, the denseness of D(A™)
in E* cannot be so simply dropped from the formulation of
(a). The main problem is that we do not know whether the
mapping t — R(t)"x",t > 0 is measurable provided x* €
E* \ D(A*) (cf. [19, (5)-(6), page 221; 1. 7-8, page 222] and
[63, Section 3]). Notice also that the assertion (c), although
practically irrelevant, may help one to better understand the
proof of [19, Theorem 3.3].
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(iii) Let « > 0 and a(t) = g,(¢). Then the assumptions of
Theorems 20 and 21[(i)(b)-(c), (ii)] hold while the assump-
tions of Theorem 21(i)(a) hold provided { + & > 1.

In the following nontrivial example, we will transfer the
assertion of [19, Proposition 8.1] to abstract time-fractional
equations.

Example 23. Let1 < p<o00,1/p+1/g=1,keN; 0< <
2and E := LP(R). Define a closed linear operator AgjonEby

D(Agy) = WFP(R) and Ay, f = /P02 f42) 1 ¢
D(Aﬁ,k). Put Bf(x) := V(x)f(l)(x),x € R with maximal

domain D(B) :={f € E : V-f(l) € E}; here V(x) is a potential
and [ € N;. Assume first that

Vel (R), ls}—i((4k+2)p_1_w>‘

B

(107)

GivenRA > 0, denote by (1 < j < 2k+1)(2k+1) solutions
of the equation y;’f{“z = NPT ith Ru;, > 0. Then
D(A) ¢ D(B),

(R(AP: Agy) f) ()

B/2) Joo ALty x| Fod (108)
= 4k+1 s) as,
4k +2 ) st (_”M
provided f € E,x € R,RA >0,
(BR(AP: Agy) f) (%)
if(r/2)
e
4k +2 Vi)
2k+1 - x —; ) (x=s)
et
x Z Jm< e (9) ds
= (=#1)
0 e.“j,/\(x’S)
_J C—f(9)ds ),
x [/tj’/\
feE xeR, RA>0,
B.
[R(A: A

- . )
) (Wﬁ(l MO min (mﬂl,A,...,mM2k+1,A)) ,
RA >0,
[BR (V" Ag)]
<Vl <|A|ﬁ(1*((1+1)/(4k+2)))
=0

: / /a\\™!
Xmln((mﬂl)/\)l q:..-,(mluzk_'_l,k)l q)) b
(109)
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provided RA > 0. Furthermore, Ry, = AP/ cos(arg
(#;0)), RA>0, 1<j<2k+1,and

min{m‘uj,A 11<j<2k+ l}

— APk

) arg(A) B+(Bn) /1 (2) @k-1)=
Xmin | cos 4k+2 * 4k + 2

" cos arg(A) B+ (Bm) /2 LT
4k + 2 2))
(110)

provided RA > 0. The above implies that there exists a
constant cg > 0 such that

NP2 cos (arg (1)) / min (R, s - - Riboggr ) < B

RA > 0.
(111)

Keeping in mind (107)-(111), we obtain that

[R(AP = Age)| =0 (M FP®RN)T), RA>0  (12)
[BR (V" Ag)]
=0 (”V"pm A)*ﬁ(17((l+1)/(4k+2))+(1/(4k+2)q))) 113)

=0 (IVI,(R1)),

provided RA > 0. Denote by S the infimum of all
nonnegative real numbers r > 0 such that the operator Az
generates an exponentially bounded (gp, g,,,)-regularized
resolvent family. The precise computation of integration rate
B falls out from the framework of this paper (cf. also the
representation formula [28, Example 3.7, (3.15)] and notice
that it is not clear whether Theorem 13 or Remark 15 can be
applied in case 3 € (1,2]). Clearly, (112) yields the imprecise
estimate 3, < 1; furthermore, B, = 0 provided p = 2 ([24]),
and B, < [(1/2) — (1/p)| provided S € {1,2} [14, 50]. Set
x, := min(1/p, (p—1)/p). By Theorem 21, A 5, + B generates

p
an exponentially bounded (gg, Jope, +1)-regularized resolvent

family for any oy , > By + x,,. By (112)-(113) and the proof
of [19, Proposition 8.1], the above remains true provided
(4k +2)p -1 - ((4k +2)(p -~ 1)/B) = 0,l = 0Oand V ¢
LP(R) + L®(R); similarly, one can consider the operators
Applk € NO < B < 2)and ARk € N.O < B < 1)
given by A}B,kf = ¢ P (R o e WHRP(R) = D(A;;’k)
and Ay, f 1= DUP fBRD e WwAHLP(R) = D(AT ).

Notice that Lizama and Prado have recently analyzed

in [21] the qualitative properties of the abstract relaxation
equation:

u' (t) - ADfu(t) +u(t) = f (1),
(114)
«a€(0,1),

t>0, u(0)=0,
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where E is a Banach space and f € L%OC([O, 00) : E).
By a (strong) solution of (114) we mean any function u €
CY([0,00) : E) such that (114) holds for a.e. t > 0. The
following extension of [28, Theorem 2.25] (cf. also [10, page
65]) will be helpful in the study of perturbation properties of

(114).

Theorem 24. Let k(t) and a(t) satisfy (P1). Suppose & ¢€
(0,7/2], w > max (0,abs(a),abs(k)), there exist analytic
functions k : w + Sy — Canda: w+Z, 0, — C
such that kD) = k), RA > w,a(\) = a(A),RA > w and
k(Ma(A) #0,A € w + 2, 5,5 Let A be a subgenerator of an
analytic (a, k)-regularized C-resolvent family (R(t)) -, of angle
0 and let (2) hold. Suppose that, for everyn € (0, 0), there exists
¢, > 0 such that

p(e“™R(@)x)<cp(x), x€E pew ze3, (l5)

as well as b, ¢ > 0,B is a linear operator satisfying
D(C'AC) € D(B), BCx = CBx, x € D(C ' AC) and

p (C_le) <bp (C_lACx) +cp(x),
(116)
x € D(C_IAC), pee.

Assume that at least one of the following conditions holds:

(i) A is densely defined, the numbers b and c are suffi-
ciently small, there exists |Clg > 0 such that p(Cx) <
IClgp(x),x € E, p € @®and, for everyn € (0,6), there
exists w, > w such that kW) = O(A), A € w, +
% a/2yen And 1@ [k = O, A € @, + Z iy

(ii) A is densely defined, the number b is sufficiently small,
there exists |Clg > 0 such that p(Cx) < |Clgp(x),x €
E,p € ® and, for everyn € (0,0), there exists w, >
w such that [k(A)7}| = O(JA]), A € W, + Z (/2 y and
a()/(Ak(A)) — 0,]A] — oo, A € Wy + Z(a2)an

(iil) A is densely defined, the number c is sufficiently small,
b = 0 and, for everyn € (0,0), there exists w, > w such

that [a(A)/k(V)] = O(IAD, A € @, + Z(rayer
(iv) b = 0 and, for every i € (0, 5), there exists w, 2w such
that a(1)/(Ak(L)) — 0,|A] — oo, A € Wy + Z(a2)an

Then C"'(C™' AC + B)C is a subgenerator of an exponentially
equicontinuous, analytic (a, k)-regularized C-resolvent family
(Rp(t))so of angle 8, which satisfies RB(z)[C_I(C_IAC +
B)C] ¢ [CHC'AC + B)CIRg(z),z € 25 and the following
condition:

V€ (0,8) Fw,>03M, >0 Vpead:p(Ry(2)x)

U
< M, "™

p(x), x¢€kE, zeZn.

117)

Furthermore, in cases (iii) and (iv), the above remains true with
the operator C™*(C™' AC + B)C replaced by C"* AC + B.
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Proof. First of all, notice that the closedness of the operator
C ' AC+Bin cases (iii) or (iv) trivially follows and that itis not
clear how one can prove that the operator C"' AC+ B is closed
in cases (i) or (ii). We will only prove the assertion provided
that (i) holds and remark the minor modifications in case that
(iv) holds. Let 7 € (0,8) and o € (0, 1). Clearly, A € ClAC,
C[C'AC] ¢ [CACIC, C[C AC +B] c [C'AC + B]C,
CICH(C'AC + B)C] € [C"(C"'AC + B)C]C and C' AC +
B < C'(C™"AC + B)C. Invoking (115), [33, Theorem 3.6] and
the proof of [39, Theorem 2.6.1], we obtain that

E(A)( 1 . )“

A——=——=-C AC) Cx=k(0)Cx, E

1o A\ a x=k(0)Cx xe
(118)

and that there exists N, >0 such that {(1/a(1)) : A € w +

} € po(C LAC) and

k(1 s) )
9 50 (i - ac) o )

x € E.

7r/2 +7

A€W+ (1 /2)1p

< Nyp (),

By (116) and (119), we infer that, for every A € w,+Z ;5. X €
Eandpe®:

P (c‘lB<W - C‘lAc> 1Cx>

Nop®  NpG) o)
<blCl, b—1 SRR
=P b R T al ey

(120)

which implies by the given assumption the existence of a
number a),'7 > w, such thatp(C_lB((l/&(A))—C_lAC)_lCx)
op(x),x € E A € a):’ + Z(n/)p P € @ provided that the
numbers b and ¢ are sufficiently small; if (iv) holds, then

1
lim C” B<L - C‘lAc,‘) Cx=0, xeE. (121
A — +00 a(A)

Using the same argument as in the proof of Theorem 14, it
follows that, for every A € w:v + Z (/2 R(C) € R((1/a(A)) -

(C'AC + B)) € R((1/a())) — C"'(C'AC + B)C) as well as
that the operators (1/a(A)) — (C'AC + B) and (1/a())) —
C™'(C"'AC + B)C are injective. Moreover, for any A € w,'y +
Zin/2pen *

<$ —(c'AC+ B)>_1C

= (% -C™'(CAC + B) c>_lc

- (a(lm ‘C_IAC>I

X C(I C“B< 0 C‘lAC>lc)1.

(122)
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Now we will prove that the operator C'(C"'AC + B)C
is closed. Let (x,),cr be a net in E satisfying x,
T — oo and CYCAC + B)Cx, — y, T — o0.
Then ((1/a(\)) — (C*AC + B))'CcC}(C'AC + B)Cx, —
((1/a\)) = (CAC + B))"'Cy, t — oo, that is, -Cx, +
(1/am)((1/a)) - (CAC + B)'Cx, — ((1/ad)) -
(C'AC + B))_ICy, T — 00, which simply implies Cx ¢
D(C'AC + B) and (C'AC + B)Cx = Cy. Therefore,
x € D(C(C'AC + B)C), C''(C'AC + B)Cx = y and
C ' (C™'AC+B)Cis closed, as required. Notice that, for every
x € E, the analyticity of mapping

— (W o
( (1/\) - C_IAC>_1C

xZ[c B(m—c AC>_ c]nx,

!
A € a)r’ + 2(71‘/2)+7]

- X,

-1
'(C'AC + B) c) Cx

(123)

follows from [33, Lemma 3.3] and the fact that an E-valued
mapping is analytic if and only if it is weakly analytic. By
[33, Theorem 3.7], C"'(C"'AC + B)C is a subgenerator of
an exponentially equicontinuous, analytic (a, k)-regularized
C-resolvent family (Rp(t)),, of angle # and (117) holds;
assuming (iv), we get from (119)

NEQO( 1o B
p<(l_“’")au)<a(/\)_(c AC+B)> Cx>

p—” %
:p<( ) -y KO &

A - w) a(A) \a(A)
-1l L 1 B >_1
(I C B( 0 C AC) Cl x
1 N,
S<1+cosr1>1—a )

In combination with (118) and (121), the above implies

kK[ 1 O !
AiIPmAa(A)< ) -(c AC+B)) Cx
Ak(A)( 1
_A—>+oo a(/\) a()t)

k(1 0\
UETJ&(A)(&(A)_C AC) ©

-1
- C’IAC) C

x € E, /\ew:1+2

(/2)+n*
(124)

-1
C’lAC> Cx

(125)

xC~ B<W -C AC)_1

-1 -1

xC|I- C‘13<— - C_IAC> c) x
( W)

=k(0)Cx+0=k(0)Cx, x€E,

and the proof follows again from an application of [33
Theorem 3.7]. O
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Remark 25. Using the proof of [33, Theorem 3.7], we get that

there exists w, > 0 such that, for every x € E and for every
A e CwithRA > w; :

k) (1-a(CcAc+B)) cx

kW (I-amct(cac+B)C) Cx (126

= J e_’\tRB (t) x dt.
0

By Lemma 2, we obtain that (18) holds with A + B, k,(¢) and
9. (t) replaced, respectively, by CY(C'AC + B)C, k(t) and
a(t) therein; clearly, the above assertion remains true with the
operator C"'(C™' AC + B)C replaced by C™' AC + B, provided
that (iii) or (iv) holds. Taking the Laplace transform, (126)
simply implies that C™'(C™' AC + B)C is, in fact, the integral
generator of (Rg(t));so-

Example 26. Let u(t) be a solution of (114). Set a,(t) :=
FTAY A+ D)), t = 0, k,(t) :== e’y t > 0,and v(t) =
u(t) + (1 = w)t), t > 0. Then u(t) = v(t) — (e * v)(@),
t > 0and v(t) = A(a, * v)(t) + (1 = f)(t),t = 0, which
implies that the notion of an (a,, k)-regularized C-resolvent
family is important in the study of (114). In [21], the authors
mainly use the following conditions: k(t) = k,(t), C = I and
A is the generator of a bounded analytic C,-semigroup. Set
0 := min(/2,1a/(2(1 — «))) and assume, more generally,
that for every # € (0, ((r/2) + 6)(1 — «)), there exists w, >0
such that the family

{a+map'"@a-a7'C:dew,+3,}  127)
is equicontinuous (r > 0) and that the mapping
A— (- A)'Cx, Aew, +Z,
(128)

is continuous for every fixed x € E.

Notice that (127)-(128) hold provided that A is a subgenerator
of an exponentially equicontinuous r-times integrated C-
semigroup (R, (t));so; furthermore, if

IM=1 F0=0:p(R,(t)x) < Me”p(x),
(129)
x€E pes,

then, for every 5 € (0,7/2) and w, > w, there exists M, >0
such that

p(A-4)"Cx) < M1+ AN ' p(x),
130)

x € E, )Lewn+2,1, pee.
We refer the reader to [58, Chapter 1] for examples of dif-
ferential operators generating exponentially equicontinuous,
r-times integrated C-semigroups satisfying (129). Assume,
further, that there exist w > max(0, abs (k)) and an analytic
function k : w + X, /5,5 — C such that k(1) = k(A),

RA > @, kM) £0, A €  + Z(rp5 and [KA)] = OQM™),
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A€ w+ T4 Lety € (0,0) and let ((/2) + y)(1 -
«) < n < /2. Then there exists a sufficiently large
w)', > w such that (A + )/A* = AV® + 1@ ¢ w, +
X, forall A € w; + X(z/2)4y> which implies with (127)-
(128) and [33, Proposition 2.16(iii)] that the mapping A —
(k)/a))((1/ar) — A)'Cx, A € w; + Z(n/2)+y 1 analytic
(x € E) and that, for every 0 > r(1 — «), the family {(A -
G)ERM/IATA/GDN(/GN) = A)7C 1 h € @)+ gy}
is equicontinuous (if (129) holds, then there exists N, >0
such that p((A-«])(kV)/IA")(1/aN)((1/a(A) - A) ™ Cx) <
Nyp(x),x € E,p € ®A ¢ 2,7). Using [33, Theorem 3.7]
and the arbitrariness of #, we get that A is a subgenerator
of an exponentially equicontinuous, analytic (a,,k * g;)-
regularized C-resolvent family (R(t)),, of angle §, where

[ = {r(l—(x),

>r(l-«), if

if D(A)=E
D) E (131)

and g,(t) stands for the Dirac distribution (if (129) holds,
then for every 7 € (0,0) there exist w, > Oand L, > 0

such that p(R(z)x) < L,,e“’"mzp(x),x € E,p € @). This
is a significant improvement of [21, Theorem 3.1]. In what
follows, we will provide the basic information on the C-well-
posedness of (114). Given f3 € (0,1) and T > 0, set

cg ([0,T] : E)

={f €CU0TI: E): £(0) =0,|f|gy, < 00, Vp €8},
(132)

where

PF0-1)

t-9f
Let A be densely defined, let r = 0 and let 5 € (0, 1) be such
that C™1(1 = fior)) € C%([O,T] : E) forall T > 0. Then
¢ = 0, and the proof of [10, Theorem 2.4] combined with

the Cauchy integral formula (cf. also [33, Section 1, Theorem
3.4(i)]) indicates that the function

v(t)=R(@E)C (1 f) ()

|f|ﬁ,T,p = sup (133)

0<s<t<T

+£ R'(t-s)(CH (1= f) (s)-C™" (1 * f) (1)) s,

t>0
(134)

satisfies A(a, *v)(t) = v(t)—(1* f)(t),t > 0and that, for every
T > 0, one has o 1) € Cg([O,T] : E); in the above formula,

we assume that (R(t)), is the exponentially equicontinuous,
analytic (a,, C)-regularized resolvent family of angle 6. It is
obvious that the function t — u(t) = v(t) — (e * v)(t),t > 0
is a unique function satisfying (114) in integrated form

u) = A(gra*xu) O+ Qxw) @) =(1=f)1),
u(0)=0

(135)
t>0,
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and that v, 1) € C?;([O, T]:E)forallT >0.Ifx € E,x+0
and C™' (1 (f()—x)1017) € c;;([o, T]: E)forall T > 0, then
we obtain similarly the unique solution u(t) of the problem

u()—x—A(gy_q * W) —x)) @)+ (1= u) @)
=(1=f)(),

furthermore, u;;o ) € C%( [0,T] : E) forall T > 0. Since
a, ¢ BV,.(10,00)), the above-described method does not
work in the case r > 0 (cf. [35, Corollary 2.11] and [33,
Theorem 2.6(i)]).

We are turning back to the case in which A is not
necessarily densely defined. Let c! f AC™! fe L}OC([O, 00) :
E) and let (R, (t));5, denote the (a,,k, * g;)-regularized C-
resolvent family with a subgenerator A. By the proofs of [21,
Theorem 3.5, Corollary 3.6], it follows that, for every x €
R(C), there exists a unique solution of the problem

(136)
t>0, u(0)=x;

u(t) = A(ga_o *u) () + (1 % u) (1)
(137)
=(1%frg)®O+ga®x 20,

given by t > u(t) = R, (NC ' x + [[ R,(t = )C™ f(s) ds,t >
0. Only after assuming some additional conditions, one can
differentiate the formulae (135)-(137), obtaining in such a way
(114) or its slight modification. Now we are interested in the
perturbation properties of (114). Assume r € [0,1] and A is
a subgenerator of an exponentially equicontinuous, r-times
integrated C-semigroup satisfying (129). Let B be a linear
operator such that D(A) € D(B),BCx = CBx,x € D(A)
and let b, ¢ > 0 satisfy p(C_le) < bp(Ax) + cp(x),x €
D(A), p € ®. By Remark 25 and the proof of Theorem 24, we
have the following

(i) Ifr = { = 0,b is sufficiently small and |C|; > 0
satisfies p(Cx) < [Clgp(x),x € E,p € @, then
C™'(A + B)C is the integral generator of an exponen-
tially equicontinuous, analytic (a,, k)-regularized C-
resolvent family (Ry(t)),-, of angle & (cf. [64, Chapter
IIT] and [65, Chapter 7] for corresponding examples).

(ii) If b = 0, cis sufficiently small, r = 1,and { = 1 — «,
then A+B, respectively, C"' (A+B)C, is a subgenerator,
respectively the integral generator, of an exponentially
equicontinuous, analytic (a,,k * g;)-regularized C-
resolvent family (Rp(t)),s( of angle 6.

(i) Ifb = 0,0 < r < l,and { > r(1 - «), then
A + B, respectively C"'(A + B)C, is a subgenerator,
respectively the integral generator, of an exponentially
equicontinuous, analytic (a,,k * g;)-regularized C-
resolvent family (Rg(t)),s, of angle d.

We continue this example by observing that Karczewska
and Lizama [20] have recently analyzed the following
stochastic fractional oscillation equation:

u(t) + Lt (t—s)[ADSu(s) +u(s)|ds=W(t), t>0,
(138)
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where 1 < « < 2, A is the generator of a bounded analytic
C,-semigroup on a Hilbert space H and W(t) denotes
an H-valued Wiener process defined on a stochastic basis
(Q, #, P). The theory of (a, k)-regularized resolvent families
(cf. [20, Theorems 3.1 and 3.2]) is essentially applied in the
study of deterministic counterpart of (138) in integrated form

t t

Gog (t = 5) Au(s) ds+J (t—s)u(s)ds
0

u(t) + J
° (139)

:r(t_s)f(s) ds, t>0,

0

where f € Lioc([O,oo) : E). Equation (139) models an

oscillation process with fractional damping term and after
differentiation becomes, in some sense,

u' () + ADfu(t) +u(t) = £ (), t=0. (140)

Without any essential changes, one can consider the C-well-
posedness and perturbation properties of (139).

Example 27. (See [22, 66, 67]). Let « € (0,1), m € N, let Q
be a bounded domain in R" with boundary of class C*", and
let E := C*(Q). Consider the operator A : D(A) € C*(Q) —
C*(Q) given by

Au(x) := Z ag (x) Dfu (x) Vx € Q
|ﬁ|52m

with domain D(A) := {u € C*™%(Q) : Dﬁuwﬂ =0
for all |B| < m—1}. Here B € Ng,|B| = Y7, B;, DF =
]—[?zl((l/i)(a/ax,-))ﬁ", and ag : O - C satisty the following
conditions:

(i) aﬁ(x) € R forall x € Q and 1Bl = 2m,

(ii) a4 € C*(Q) for all |B] < 2m, and
(iii) there exists M > 0 such that
M_1|E|2m < Z ag (x) & < M|E|2m
|B|=2m (142)

VEeR", xeQ.

Then there exists a sufficiently large 0 > 0 such that the

operator —A, = —(A + o) satisfies £, U {0} < p(-A,)
with some w € ((7r/2), 7) and
IR(A:-A,)| =0 (IN@*™T), Aex,.  (143)

Notice that A is not densely defined since D(A) < {u €
C“(Q) : Upq = 0}. Letg € [1, (2w/m)) and 7 € ((a/2m), 1). By
(143) and [32, Theorem 2.17], we get that —A  is the integral
generator of an exponentially bounded, analytic (g, g.;41)-
regularized resolvent family of angle § = (w/¢) — (7/2) €
(0, (7/2)). Assume now that B : D(B) € C*(Q) — C*(Q)
is a linear operator satisfying D(A) < D(B) and ||Bu|| <
cllull,u € D(A) for some ¢ > 0. Applying Theorem 24(iv),
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we obtain that the operator —(A + B) is the integral generator
of an exponentially bounded, analytic (g, g.,,,)-regularized
resolvent family of angle 8. Suppose, for example, m =n =1
and Q = (0,1). Let ¢, v € L'[0,1] and let the operator
B:C%[0,1] — C[0,1] be defined by

Bu (x) == L (u(x—s)—u(0)¢(s)ds

x €[0,1].
(144)

+Jx(u(1 -x+s)—u(l)y(s)ds,

0

Then B satisfies the conditions stated above since B ¢
L(C¥[0,1]) and [1Bull < (lpllpon + Illppllullu €
C"[0,1]. Finally, it could be interesting to construct an
example in which there does not exist B € L(C*[0, 1]) such
that Bx = Bx for all x € D(A).

In the remaining part, which is mainly motivated by
reading of the paper [25] by Arendt and Batty, we assume
that E is a Banach space. We consider rank-1 perturbations
of ultradistribution semigroups and sines whose generators
possess polynomially bounded resolvent; our intention is
also to prove generalizations of [25, Theorem 4.3] and [26,
Theorem 1.3] for abstract time-fractional equations.

Givena € E,b* € E* and C € L([D(A)], E), we consider
the rank-1 perturbation B € L([D(A)], E) of A given by

Bx:=b"(Cx)a, x¢eD(A). (145)
We also denote this operator B by ab*C. Denote Bg(a,b") :=
{(x,y") e EXE" :|lx—all <6, |Ix" -b"|| <6} acEb" ¢
E*,8 > 0).

For the sake of convenience to the reader, we will repeat
the assertion of [25, Theorem 1.3].

Lemma 28. Let A be a closed linear operator on E, let C €
L([D(A)],E) and let ¢ > 0. Assume that Q, < p(A) and
supAGQnIICR(A 1 A)x|| < oo for all x in a dense subset E,
of Eand alln € N. Let g, : Q, — (0,00) (n € N). Assume
that for each (a,b*) € B,(0,0) there exists n € N such that
Q, € p(A+ab*C)and ||[R(A: A+ab*C)|| < g,(A), A € Q,,
Then there exists m € N such that sup)LEQmIICR()L 1 A)|] < co.

Henceforth, we assume that (M) is a sequence of positive
real numbers such that M, = 1 and that the following
conditions are fulfilled:

My <M, M, ,, peN, (M.1)
M, < AH? sup M;M,,_,
0<i<p (M.2)
peN, for some A, H > 1,
© M
p-1 '
Z < 0. M.3
>3 ()

Let s > 1. Then the Gevrey sequences (p!°), (p¥*) and (T(1 +
ps)) satisfy the above conditions. The associated function of
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(MP) is defined by M(t) := SUP peny ln(tp/Mp),t > 0 and
M(0) := 0. Recall [54], the function t — M(t), t > 0 is
increasing, lim, _, . M(t) = co and lim, _, . (M(¢)/t) = 0.

Following [1, 16], a closed linear operator A is said to
be the generator of an ultradistribution sine of (M p)-class
if and only if the operator & := (4[) generates an
ultradistribution semigroup of (M p)—class (cf. [16, 18, 68, 69]
for the notion). The following well-known lemma (cf. [69,
Theorem 1.5], [16, Theorem 9] and [1, Chapter 3]) will be
helpful in our further work.

Lemma29. (i) Let A be a closed densely defined operator on E.
Then A generates an ultradistribution semigroup of (M ,)-class
if and only if there exist | > 1, o > 0 and § € R such that

Apgp= {A € C:RA>aM (I|SA + B} < p(A),
(146)

IR(A: Al = O(exp(MIIAD)), AeA,p (147)

(ii) Let A be a closed densely defined operator on E. Then
A generates an ultradistribution sine of (M ,)-class if and only
if there exist 1 > 1, > 0 and f3 € R such that

M iden gl cpa), (148)

|R(A%: A)| = O(exp (M (IAD)), A€ 5 (149)

Theorem 30. Let/ > 1,a >0, € R,k e NandC > 0. Let A
be a closed densely defined operator on E.

(i) Assume (148) and

[R(A:A)|sca+IA) AeAys  (150)
Let e > 0 and z € C be such that for each (a,b") €
B,(0,0) the operator A + ab*(z — A) generates an
ultradistribution sine of (Mp)—class. Then A must be
bounded.

(ii) Assume (146) and

IRA: A <CA+ADS, AeA,,. (151)
Let e > 0 and z € C be such that for each (a,b")
€ B,(0,0) the operator A + ab*(z — A) generates
an ultradistribution semigroup of (M,)-class. Then A
generates an analytic C-semigroup.

Proof. We will only prove the first part of the theorem. Put
Q, ={A € C:RA > nM(n|JA|) +n}. Then Q,, € Apgp for
all n > max(l, «, | B|). By the generalized resolvent equation, it
follows that for each x € Y, = D(AT*2142) the set {||R() :
A)x|| : A e Q,} is bounded. The prescribed assumption
combined with Lemma 29(ii) implies that for each (a,b") €
B,(0,0) there exist n € N and a function g, : Q,, — (0, 00)
such that Qi = de Q,} € p(A+ab*(z - A)) and
[IRAA* : A +ab*(z - A))|| < g,(A), A € Q,. By Lemma 28,
we obtain m € N such that suPAlen||AR(/\ : A)|| < oco. Let
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E+in=2Ac¢ B(an). Assume |1y | < |yl and p = & + #,. Then
& = (mM@mlt|) + m)* - t* and n = 2t(mM(mlt|) + m) for
some ¢t € R. Since lim, _, . ,(M(t)/t) = 0, we easily infer that
there exist t, > 0 and L > 1 such that, for any [¢| > ¢, :

A=) R(A: A)|

2L 7]
[Al

AL |t| (mM (m |t])+m)

<2|q| IR : A)|| <

<

((mM (m ) +m)* ) +4£2(mM (m |t|)+m)2>1/2

IN

N | =

(152)

which implies that R(u : A) exists and ||[R(p : A)|| < 2||R(A :
A)|| < 2L/|A| < 2L. Therefore, there exists w, > 0 such that
[IR(- : A)l|is polynomially bounded on {A € C : RA < —w,}\
A« Apgph- Theset{A € C: RA > —wy} \ A Ae
A, p} is compact, which completes the proof by [25, Lemma
2.3]. ]

Remark 31. (i) It is worth noting that Theorem 30(ii) is an
extension of [25, Theorem3.1], and that Theorem 30(i) is
an extension of [25, Theorem 2.2] provided k > 0 in the
formulation of this result. Consider now the situation of [25,
Theorem 2.2] with A being the generator of an exponentially
bounded a-times integrated cosine function (« > 0). Then
there exists w, > 0 such that sup/bwAII/\(z_“)/zR(A Al <
0. Let w > wy. Then, for every y € R, one can define
the fractional power A, = (w = A) (cf. [1, Section 1.4]).
Assuming 0 < « < 2and 0 < y < (2 - «)/2, we obtain
from [1, Theorem 1.4.10(iii), (x)] that D(A) < D(Ay) and
A, € L([D(A)], E), which implies that one can define the
rank-1perturbation B, := A+ab” A, of A; notice that the case
y = 1 has been already considered in Theorem 30. Obviously,
AYR()L : A)x = Ay_lR(/\ : A)(w — A)x for all x € D(A)
and A € p(A). By the proof of [25, Theorem 2.2], one gets
that there exists n € N such that {A> : RA > n} € p(A) and
sups,MZnIIA),R(/\2 : A)|| < oco. Unfortunately, it is not clear
whether the above conclusions together with [25, Lemma
2.4] (cf. also [70, Lemma 2.3]) imply that supg.,,| [AZR(A?
A)|| < 00, unless & = 0. Notice also that the assumptiony = 1
must be imposed in the case a > 2.

(ii) In the formulation of Theorem 30(ii) and
Theorem 30(i), respectively, we do not assume that the
operator A +ab”(z — A) has polynomially bounded resolvent
on the square of A, g, respectively, on A, g. Furthermore,
we may assume that the operator A +ab” (z — A) has a slightly
different spectral properties (cf. [25, Remark 2.5] and the
formulation of Theorem 32 below).

(iii) Given € € (0,1) and C, > 0, set

Q,:={LeC:RA>¢|A|+C,}. (153)

The proof of Theorem 30(i) and Theorem 30(ii) respectively,
does not work any longer if, for every e > 0, the estimate (150),
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respectively (151), holds with A}, g replaced by Q,. Therefore,
it is not clear whether Theorem 3.11 can be reformulated in
case of certain classes of hyperfunction semigroups and sines
(1, 71].

Recall [32], a (local) (a, k)-regularized C-resolvent family
(R(t))sef0,r) having A as a subgenerator is of class C" if and
only if the following holds

(i) the mapping t +— R(t), t € (0,7) is infinitely
differentiable (in the uniform operator topology), and

(ii) for every compact set K < (0, 7) there exists hg > 0

such that
he (dP|dtP) R (t
sup M 00; (154)
teK,peN, Mp

(R(t))e[0,r) 1s said to be p-hypoanalytic, 1 < p < oo, if
(R())sefo.r 1s of class C* with M, = p!.

By [72, Theorem 5.5] and [32, Theorem 2.23], a C,-
semigroup (T'(t)),, is p-hypoanalytic for some p > 1 if
(T(t));s0 is in the Crandall-Pazy class of semigroups. Recall
that (T'(¢)),s is in the Crandall-Pazy class [72] if and only if
there exist y € (0,1],b > 0,k > 0 and ¢ € R such that

E pe= fAeC:RA>c-bISA"} Cp(A),

(155)

[IRAA: Al <c, A€E,,.

Keeping in mind (155), the subsequent theorem can be viewed
as a generalization of [25, Theorem 4.3]. Observe that the
operator (w — A)"(y € R) is defined for a sufficiently large
w > 0, provided that A generates an exponentially bounded
(9a> gp)-regularized resolvent family.

Theorem 32. Suppose 0 < a < 2,(a¢ — 1)Ja < y <
1,z € C,B > 0 and a densely defined operator A generates
an exponentially bounded (g, gg)-regularized resolvent family
(R(£))20-

(i) Assume that b = 0 and for each (a,b) € B,(0,0) there
exists a kernel k. (t) satisfying (P1)-(P2) so that the
operator A + ab™ (w — A)Y generates an exponentially
bounded (g, k, - )-regularized resolvent family. Then
(R(£))ss0 is (1/(ay + 1 — &))-hypoanalytic.

(ii) Assume that b > 0 and for each (a,b) € B,(0,0) there
exists a kernel k, . (t) satisfying (P1)-(P2) so that the
operator A + ab”(z — A) generates an exponentially
bounded (g, k,}+)-regularized resolvent family. Then
A generates an exponentially bounded, analytic (g, 1)-
regularized resolvent family.

Proof. Given w > 0, set @, , := {A* : RA > w}. Making use
of [25, Lemma 2.4], [32, Theorem 2.7], and Lemma 28, we get
that there exist # € Nand m > O such that ¥, , := ®,, N
{zeC:|z-Al <m|A]" for some A€ d(D,,)} < p(A)
and that [|[R(A : A)|| = O(JA|"),A € ¥,,,. Lete € (0,1) and
let K, > 0 be such that

ak,(1+K,) " <m. (156)
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Put p := 1/(ay + 1 — «). Notice that p > 1 since « > 0 and
(¢ — 1)/a < y < 1. With the help of (156) and the Darboux
inequality, we obtain that for each 7 € R :

o
(=Kol i) = -+ im)”|
< ocK£|11|1/p sup v
vE[n+ir],n+i;1—K£|;1|1/p]

- (157)
< ak, || (jn-+ in] + K. Jn|"*)

<aK,(1+ KS)‘X_1|;1|1/P|71 + i;1|a_1

<aK,(1+ Ke)“_1|n + i17|“_1+(1/p) <mln+in|™,

which implies that { € C : RA > —K,|SA|"/P+n} € ¥, . The
proof of (i) is completed by an application of [32, Theorem
2.23]. Suppose now that the assumptions of (ii) hold. Then
w—A need not be sectorial, in general. We obtain similarly the
existence of an integer n € Nand anumber ¢ € (0, 1) such that
Y, =P, N {z€C:lz-A <m|A|] for some A€
o(®,,)} € p(A) and that [|R(A : A)|| < c|A| ™, A € Y,,,. Then
it readily follows from [32, Theorem 2.17] that A generates an
exponentially bounded, analytic (g, 1)-regularized resolvent
family of angle (arcsin c)/a. O

Now we will transfer the assertion of [26, Theorem 1.3] to
abstract time-fractional equations. For a € E and b* € E*,
define A ;- by D(A,,+) == {x € E: x + (b",x)a € D(A)}
and A . x := A(x + (b, x)a), x € D(A ;).

We need the following auxiliary lemma (cf. the proofs and
formulations of [26, Lemmas 2.1 and 2.2]).

Lemma33. Letw > 0, € (0,2),a € E,b* € E* andz € C_,
where C,, :={z € C: Rz > w}.

(i) Then z% is an eigenvalue of both, A~ and A + ab™ A,
with A, (AR(z* : A)a) = z*AR(z" : A)a and (A +
ab* A)(R(z* : A)a) = z"R(z" : A)a.

(i) Let (b*, AR(z* : A)a) = 1 and (b", AR(z" : A)a) +0.
Then for each € > 0 there exists § > 0 such that for
all (a,, b)) € Bs(a,b") there exists some z, € B(z,¢)
such that (b, AR(z} : A)a;) = 1 and (b, AR(z] :
A)ay) #0.

The following fractional analogue of [26, Lemma 2.3] will
be essentially utilized in the proof of Theorem 35 stated below.

Lemma 34. Supposea € (0,2),n e N, w >0,e > 0and A is
the generator of an exponentially bounded, nonanalytic (g, 1)-
regularized resolvent family (Sy(t)),so satisfying IS, (E)Il <
Me“',t > 0 for some M > 1. Letr > wk = [1/a],a €
D(AF),b* € D(A*)*) and z; € C, be such that (b*,AR(z‘;.‘ :
A)a) = 1 and (b*,AR(z‘; : A)ay#0 (1 < j < n). Then
there exist (a,,b?) € B,(a,b") N (D(A*) x D((A*)")) and
1%+ m1Z € Cy suchthat R,z =1,];z -zl <e(1<j<
n), (b, AR(,,.,2% : A)a,) = 1 and (b;, AR(,,,,2" : A)a,) #0.
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Proof. We will only outline the main details of the proof.
First of all, notice that |[|[R(z* : A")|| = ||R(z* : A)|| <
M/((Rz - w)|z|* "), Rz > w. By [I, Lemma 1.4.10], we get
that A* is stationary dense with n(A*) < 1, which implies

that D((A*)k) = D(A*) in the strong topology of E*. Let
the numbers §; > 0,...,8,, > 0 be given by Lemma 33(i)
andlet § := min(1,¢,95;,...,6,). By the generalized resolvent
equation (see e.g., the proof of 25, Theorem 2.2]) and the fact
that * : L(E) — L(E") is an isometrically isomorphism, we
obtain that for each (a, b*) € D(A*)x D((A*)¥), the following
supremum

sup max (1,||[A"R(z" : A")b"||,||AR (z* : A)q|,
Rz=r (158)
[(b*, AR (z" : A)a)|) =K

is finite. The nonanalyticity of (S, (t)),s, vields that
supg,_,||AR(z* : A)|| = oco. By the denseness of D(Ak)
in E, we get the existence of an element u ¢ D(A%)
and a complex number ,,,z := z such that Rz = r,
[JAR(z* : A)ul| > (10K/6%), AR(z* : A)*u#0 and
[lul[ < 1. Now one can proceed as in the proof of
[26, Lemma 2.3] so as to obtain v* € D(A") such
that |(v", AR(z* Auy| > (10K/8%), |[v*]l < 1 and
(b* + (8/2)v", AR(z" A)?u) #0. Since D((A™)) is
dense in D(A") with respect to the strong topology of
E*, we may assume that v* € D((A*)¥). Copying the
final part of the proof of the aforementioned lemma, with
AR(z : A) and AR(z : A)’ replaced by AR(z* : A)
and AR(z" A)? there, we obtain that there exists
(a,b]) € B.(a,b*) n (D(A*) x D(A")¥) with required
properties (cf. [26, page 474,1.1 — 4]). O

If « € (0,2) and A is the generator of an exponentially
bounded (g,, 1)-regularized resolvent family (S, (t)),s, satis-
tying the properties stated above, then one can simply prove
that for each » > w there exist z € C, with Rz = r and
(a,b*) € D(A¥) x D((A*)¥) such that (b*, AR(z" : A)a) =
1 and (b*, AR(z* : A)’a) #0. Using induction, Lemma 34
and the proof of [26, Theorem 1.3], we obtain the following
theorem.

Theorem 35. Suppose o € (0,2),n € N,w > 0,e > 0and A is
the generator of an exponentially bounded, nonanalytic (g, 1)-
regularized resolvent family (S,(t));sq satisfying ||S, ()|l <
Me“, t > 0 for some M > 1. Let I; ¢ (0% 00) be an open
interval (1 < j < o). Then there exist a € E and b* € E*
such that the operators A - and A + ab® A have a sequence of
eigenvalues z; with Rz; € I; forall j = 1,2,....

We close the paper with the observation that pertur-
bation theorems for q-exponentially equicontinuous (g, k)-
regularized C-resolvent families have been recently analyzed
in [73].
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