Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2013, Article ID 351619, 11 pages
http://dx.doi.org/10.1155/2013/351619

Research Article

Hindawi

The Upwind Finite Volume Element Method for
Two-Dimensional Burgers Equation

Qing Yang

School of Mathematical Sciences, Shandong Normal University, Jinan 250014, China

Correspondence should be addressed to Qing Yang; sd_yangq@163.com

Received 15 October 2012; Accepted 8 January 2013

Academic Editor: Xiaodi Li

Copyright © 2013 Qing Yang. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

A finite volume element method for approximating the solution to two-dimensional Burgers equation is presented. Upwind
technique is applied to handle the nonlinear convection term. We present the semi-discrete scheme and fully discrete scheme,
respectively. We show that the schemes are convergent to order one in space in L*>-norm. Numerical experiment is presented finally

to validate the theoretical analysis.

1. Introduction

We consider the following two-dimensional Burgers equation
[1-3]:

ou ou ou
(a) E+ua_9c1+va_x2_(Au’ x = (x,x,) € Q,
te]=(0,T],
ov ov ov 6))
(b) 3 +uax1 +v8x2 ={Av, (x,t)eQx],
(0 u(x,0=¢(x), v(x0=y(x), xeQ,
d u=g,, v=g, (xt)eoQx],

for the unknown functions u and v in a bounded spatial
domain Q ¢ R?, over a time interval [0, T]. The coefficient
{ is a positive number.

Burgers equation is the simplest nonlinear convection-
diffusion model [1]. It is often used in modeling such physical
phenomena as turbulence, shocks, and so forth. The study of
Burgers equation has been a very active area because of its
importance.

It is well known that strictly parabolic discretization
schemes applied to Burgers equation do not work well when it

is advection dominated. Effective discretization schemes rec-
ognize to some extent the hyperbolic nature of the equation.

The finite volume element method (FVEM) [4-12] is
an important discretization technique for partial differential
equations, especially those that arise from physical conser-
vation laws. FVEM has ability to be faithful to the physics
in general and conservation in particular, to produce simple
stencils, and to treat effectively Neumann boundary condi-
tions and nonuniform grids, and so forth.

Liang [11, 12] combined the upwind technique and the
FVEM to handle the linear convection-dominated problems.
In this paper, we will consider upwind finite volume element
method for the approximation of (1). Upwind approximation
is applied to handle the nonlinear convection term. The semi-
discrete and fully discrete schemes are defined, respectively.
We prove that they are both convergent to order one in space.
Numerical experiments are presented finally to validate the
theoretical analysis.

In this paper, we use the following Sobolev spaces and the
norms associated with these spaces:

r©=1s: L [fFdx < oo}, If]= UQ | f|2dx]l/2,

17 (@) = {fresssuplf| < oo, [, = esssup 1.
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In particular, H(Q) = L*(Q), WgO(Q) = L®(Q). Let [a,b] C
[0,T] and let X be any of the spaces just defined. If f(x,t)
represents functions on Q X [a, b], we set

b aaf 2
H’”(a,b;x)z{f;J 5 (1) dt<oo,(xsm]>,
a X
m b a(Xf 2 1/2
abiX) = (1) dt] , mz2=0,
Wl = 3 J, |55 ),

aOt
Wg(a,b;X)={f:esssup —{(-,t) <oo,oc§m},
ot x

[a.b]
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f
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m >0,

= Imax esssup

“f”Wng(a,b;X) O<a<m (ab]

X)
L*(a,b;X) = H (a,b; X),

L® (a,b; X) = W2, (a,b; X).
3)

If [a,b] = [0, T], we drop it from the notation. We also drop
Q; thus, we write L (W) for L*(0, T; W, (Q)).

Ifw = (w,, w,) is a vector function, we say that w € X? if
w, € Xand w, € X.

An outline of the paper follows. In the next section we
define the upwind finite volume element schemes for (1).
Some lemmas are presented in Section 3. We derive the L*-
norm error estimates for the semi-discrete scheme and the
fully discrete scheme in Sections 4 and 5, respectively. Finally
in Section 6, we give some numerical experiments.

Throughout the paper we will denote by C and C; (i =
1,2,...) generic constants independent of the mesh parame-
ters, which may take different values in different occurrences.

2. The Approximation Schemes

In order to rewrite (1) as the vector form we define
some vector notations. The gradient of a vector function
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w = (w,w,) : R* — R?isa matrix, and the divergence
. . 2 2X2.
of a matrix function A = (a;)) 4 j<, : R® = R*” “isa vector

Vw = (?) >
Xj 1<i,j<2

2 0a,; 2 0a,; W
vas (g5 55
j=177 jEL T
Consequently, we have for a vector function w = (w;, w,)
Aw =V -Vw = (Aw,;, Aw,) . (5)

Let 6 = (u,0), Oy(x) = (uy(x),v(x)), and let g = (g;, 9,);
then the system (1) can be written as the following vector
form:

(a) %w-ve—me:o, (x,1) € A xJ,

) 0(x,0 =0, (x), x€Q, (6)
() O(x,t)=g, (x,t)€0Qx],
where
00 00
G-VG—ua—xl +Ua—x2. (7)

Let 7, = {K} be a triangulation of the domain ), and as
usual, we assume the triangles K to be shape regular. Denote
by Q, = {P} the set of the vertices of all the triangles K, and
let Q, = Q, \ 0Q. For a given triangulation 7, we construct
a dual mesh 7, whose elements are called control volumes.
Each triangle K € I, can be divided into three subdomains
by connecting an inner point of the triangle to the midpoints
of the three edges. Around each P, € (), we associate a
control volume K; = Kp, which consists of the union of
subregions having P, as a vertex. For a vertex P; € 0}, we can
define its control volume in a similar way. Then we define the
dual partition 7, = {K, P, € Q,} to be the union of all the
control volumes. Usually we can choose the inner points as
the barycenters or the circum centers, and in the later case
we assume that all the inner angles of each triangle are not
larger than 77/2. We will use the barycenters duel mesh in this
paper, while, with some trivial changes, our analysis can be
also applied to the case when the circum centers are used.

We now characterize the finite-dimensional spaces which
will be employed in approximating (6). For the sake of
simplicity, we will assume that g, = g, = 0. We define the
following finite dimensional spaces:

P, = {w, € Hy(Q),w,|, € 2, (K),K € T;},

Y, = {ﬁ"h e L*(Q), ¢,

Kk € Py (K),
(8)
P ¢ Qh;(ph|K;, =0,P ¢ BQ},

UhZP;’ thYi,
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where (V) (I = 0,1) denotes the set of polynomials on V
with a degree of not more than /.

Multiplying (6a) by test function z € V), and integrating
by parts yield

<¥,z> + B, (6;0,z) + B, (6;0,2)

+A(6,2)=0,

)
Vz eV,

where

Bilpwe)=- Y 2(7)- | (V-wgds

FeQy

B (pwa)= Y 2(B)-| (p-vwds o

PieQy

Aw,z) = Z z(P)- LK* {(v-Vw)ds,

Pey,

here v is the unit outward normal vector of 0K".

Now we approximate B,(¢;w,z) by using the upwind
technique.

Let A; = {j: P; is adjoint with P;}. Assuming that j € A;,
let T;; = K] N 0K and y;; is the length of I;. Denote by v;;
the unit outward normal vector of I;; when [}; is regarded as
the boundary of K. Define

Bij (¢) = L @ - v;ds. (11)

Let

ﬁ; () = max (ﬁij (¢) ’0) » B () = max (_ﬁij (¢) )0);
[ @ wis= T {81 0)w®)-56)e(®)}

JEA;
(12)
The upwind discretization of the nonlinear term B, (¢; w, z)
is defined by the form

By, (5w, 2)
= 2 2 {Bi(@uw®) - B (@ w(p)}- = ().
PeQy, jeA;
(13)
Using the heaviside function
1, r=0,
Hr = {0, r <0, (a4)
we can write B, (; w, z) as
By (p3w, 2)
= Z Z :Bij ()
FeQy jeA; (15)
< AH (B (9))w (B) + (1~ H (B (9)) w (7))}
2(B).

Introduce the interpolation operators IT,, : Hy(Q) — P,
and IT; : B, — Y, respectively. For w = (w;,w,), define
Mw = (,w,, I,w,) and I, w = (IT,w,, I, w,). Assuming
thatw € H*(Q)?, we can easily get the following interpolation
estimates:

lw - mw], < W¥*~lwl,, s=0,1. (16)

The semi-discrete upwind finite volume scheme of (6) is
as follows: find 6, : [0,T] — U, such that

(8;: II zh> + By (0,;6),,11,,2;,) + By, (01,5 0,, 11, 2;,)

17)

A (Qh, szh) = O, Vzh € Uh’

O, (x,0) = Oy, (%),

where 0, (x) is the interpolation projection of 6, that is,
O (x) = I1,,6,.

Partition [0,T] into 0 = t° < ' < --- < tY = T, with
7" = t" "', Our analysis is valid for variable time steps, but
we drop the superscript from 7 for convenience. For functions
f on Q x J, we write f"(x) for f(x,t"). By approximating
00,,/0t at the time ¢ = t,, with the backward difference 0,6, =

o —62_1 )/ T, we define the fully discrete upwind finite volume
scheme for (6) as follows: find 6), € U,,, such that

(0,0}, 1,,2;,) + By, (9271; 92’ HZzh) + By, (9271; O H;Zh)

+ A(Qn, szh) = 0, n= 1, Vzh € Uh’

92 = Oop-
(18)

3. Some Lemmas

Now we present several Lemmas. Let w;, = (w,w,) € U,
ﬂjh = (wl, EJZ) S Uh'

Lemma 1. (i) II, is a self-adjoint operator, that is,

(wp,, I, wy,) = (W, wy,),  Ywy, @, €U, (19)

(ii) Let [wylll = (wh,Hth)l/z. Then, for some positive

constants C, and C, that are independent of h,
Cillwnl < llwnlll = G2 Jwnll, Vwy €Uy (20)

Proof. 1t is easy to know that

(wy, IT, @) »

(wy,» HZ@) = (wl,HZ@) +

(wy, ITw,)
(21)

|||wh|||2 = (W, Mwy,) = (wy, Mw,) +

From [4] we know that for w,, w,, @,, W, € P,

(0, G,@) = (@, Tw), (W, ) = (@, TTw,),

Cf||w1 "2 < (w;, ,wy) < C§I|w1 ||2

Cﬂ|w2"2 < (wy IMw,) < Cg”“’z"z’
(22)



where C, and C, are some positive constants that are inde-
pendent of h. Thus we obtain (19) and (20) immediately. [

Lemma 2. For the bilinear form A(-, 11 -), one has the follow-
ing conclusions:

(i) For wy, wy, € Uy, one has

A (wh, H;wh) =A (Eh, H;wh) . (23)

(ii) There exists a positive constant C such that

|A (w - Tw, I1,@,)|

(24)
< Chlwl,||@,],, Yw e H*(Q), @), €U,
(iii) There exists a positive constant « such that
A(wp Tw,) = afwyl,  Vw, € U, (25)

Proof. For ¢,y € P, define the bilinear form

Z 1 P)J (V¢ -vds. (26)

PeQy,

a(¢I,y) =
Then, we get

A(wy, T, @) = -

Y @ (B)- |t vw)ds

Pey,
=—Zw1(P)J- {Vw, -vds
PeQy,
- Z wz(Pz)J (Vw, - vds
PeQ, oK}

= a(prZGl) + a(w2>H;wz) >

A(w - Tw, I,@,) = a (w, - ,w,, IT,@))

+a(w, - w,, I, W,).

(27)

By combining the above results and the corresponding con-
clusions for a(-,I1,-) in [4], we can obtain (23)-(25). O

Lemma 3. For ¢ € (W (Q))*, 6 € (H)(Q))%,
z;,, € Uy, one has

@, € Uy, and

B, (¢56,11,2,) — By, (93 11,,6, 11, 2,,)|

< |z, {1l 161; + 101 (o — @ull + Rl — 4]} -
(28)

Proof. First we have
B, (930, 11,2,) — By, (¢4 11,0, 11, 2,)
= B, (¢;0,11,2;,) — By, (9,30, 11, 2;,) (29)

+ By, (91 6,11, 2),) = By, (9,3 11,6, 11, 2,) .
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Noting that 0(P,) = I1,,0(P,), P; € ), we can easily deduce

By, (9150, 11,21,) = By, (915 11,0, 11,2,) =0 (30)

by the definition of B, (+; -, IT};-). Now we only need to bound

B, (¢:0,11,2,) — By, (90,11, 2,)
- Y z®)- Y | (9-v,)0ds
Peq, jea,; °T
- Z zh Zﬁz] (Ph)
PeQy JEA;

X [H (ﬁij (‘Ph))e(Pi) + (1 -H
= ng z, (P)
];A: LU (- vy)
x {0 [H (B; (1)) 0 (P)
+(1-H (B, (9n))) 0 (P;)]} ds
+ Z z, (P) - Z .[r.. (p—on) 'Vijds

x [H (ﬁij (p)0(P)+(1-H (ﬁij (¢4)))0 (Pj)] :
@31

(B (9))) 0 (7,)]

We denote the last two terms on the right-hand side of (31) by
I, and L, respectively. We now turn to analyze the two terms.
Noting that f3;; = —3;;, we rewrite I; as

I, =

DI EACIREAAIE

KeT, irjeh

[ (o) [H (8, 00) 602
+(1-H (B (on)) (6 -

0O | =

o(p,)] s

(32)

here A g is the set of vertex of K. From the Taylor’s Formula
and the linear property of z,, = (z;, z,), we obtain that

(|VZ1|2 + |V22|2) = h2|z|iK.
(33)

()4 (B)f =
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Applying the trace inequality, we get
| le-emas
I,NK

< Chm“
I;.NnK

ij

< chil? {J
B LN

)

1/2
o-o (x|

1/2
@)+ fo—v ()] ds}
<Ch {(h_1|u - u(Pf)lo,K + |u — M(Pi)ll,K)z

1/2
(1 o -0 (B)lox + o -0 ()], )}

1/2
< Ch(Julj g + vl )~ = Chlf], x

(34)

Similarly, we can deduce that
| Jo-6(p)|ds < chiel, (35)

I,;nK
We conclude that

IL] < Chllg]eol2nl 161, (36)

The similar argument yields the estimate

LD Y I (CETARGEE

KeT, irjeh o *Lii

X [H (ﬁij (‘Ph)) 0(P) + (1 -H (/3ij (‘Ph))) 0 (Pj)]

|12| =

[en(B) -2, (P,)] ‘

< Cllbll oozl (@ — @ull + Hlo - @nl,) -
(37)

Substituting the estimates (36) and (37) into (31), we
obtain

B, (¢;6,11;2,) — By, (91, 6,11, 2,)|
< Clzy|, {h]l¢] o101 + 161 (38)

X (e = @ull + e = oul1)}-
This yields the desired result immediately. O

4. Error Bounds for Semi-Discrete Scheme

Theorem 4. Assume that 0 and 0,, are solutions to (6) and (17),
respectively. also assumes that 0 is regular enough. Then there
exists a positive constant C such that

|6 -6, < Ch, (39)

where C depends on principally [6yll,, 16l co(yn 2y, and
10 21 (1292

Proof. We derive the following error equation from (6) and
17):

00 00, _. . .
(E - a—th,thh> + By (656, 11,2;,) — By (04 6, 11, 2,)

+ B, (60,11,2;,) — By, (6),; 6, 11,2,

+ A (0 - 91,1, H;Zh) = 0
(40)

Let p = 0 - 11,0, & = T1,,0 — 6),. We rewrite the previously
mentioned equation as

aE * * *
(E’ thh> + B, (66, thh) — B, (630, thh)

+ B, (60,11,,2;) — By, (6),; 6),, 11, 2,) + A (&, 11, 2,)

op . .
=" (a_f;’nhzh> - A(p,I,z).

(41)
We choose z;, = & in (41) to get
a * *
(S me)+ A me)
op . .
=—<E’Hh§>_A(P’HhE) (42)

— B, (6;6, 11,8) — B, (6 0,,, I, &)
= [B, (6;6,11,) = By, (6 0,,, 11, )] -
Using Lemmas 1, 2 and Young’s inequality, we have
Ld
2dt

dp
<c||=
(I3

+|B, (6;6,11,,8) — B, (6,56, I1;€)|

EIF + el

2
CRP 08 ) <ol g

+|B, (6;6,11,,8) — By, (6,30, 11,8 .

Now we bound the last two terms on the right-hand side of
(43). We need the following induction hypothesis:

1/2
(10gl> [ (s) —0, h—0,0<s<t, 0<t<T.

h
(44)
We know from [13] that

1 1/2

[#lo <C(log ) I¢l véer. @3
This implies that

1 1/2

ol <C(l0g ;) lol, vocU,. (O



Also we have the following inverse inequality:
lel, <cr ol vo €U, (47)
Using (46), we get
|B, (6:6,11,8) - By (6; 6, I1,8)]

< > @) L_* |(V-6)6 - (V-6,)6,|dx

FeQy

< Y E@)I[ {01160+ [7-6-7-6,

x ([&] + [11,61)} dx
< C{IV - Oleo 10 = O3] 8] + V- (0 - 6,)]
X (€] (1€lloo + 160o)}

<c el el (os )l
(ol + ) I

2 2 1\ .2 2
<clel: el toe )1 |+ el
(48)

Next, we write

|B, (6560, 11,£) — By, (65 ), 11, )|
< |B, (6;6,11,&) — By, (6,,; 11,6, 11,,8)| (49)

+ |Bzh (6,58, HZE)I =D, +D,.

By Choosing ¢ = 0, ¢, = 6, and z;, = & in Lemma 3, using
(47) and the Young’s inequality, we can obtain

Dy < CJE], {lBll 61; + 16l
(0= 6ul +Hl6 =61} (50)

< C{R161 + [lpll; + 127} +ellé]-

By an argument like (36) and then by (46) and (47), we have

D, = (Gh : vij)ds

Yew)-y |

PeQ, jen,; 7T

x [H(By)§ (R) +(1-H(B;)) & (P))]
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< %KZTZA £(B)-£(P)
x|H (By) & () + (1~ H(By)) & (P)|
X JrijnK 'E . Vij. ds

EPIDNHORID)
x|H (By) & (P) + (1~ H(By))&(P))|
X Jl“-nK 'HhG . vij|ds

< C{lI8l, CUel + mgl) 18] + ITTa6l o 31, 131}

<c i+ 1ol (e ) I} + <l

(51)
Substituting (50) and (51) into (49), we get
|Bz (6; 0, HZZZ‘) — By, (elﬁeh’ HZE)|
< {108+ Il + I -

1 1/2 2 5
+Clel (1og3 ) Il + 2efl:

Make (43), (48), and (52) together to obtain
1d
e+ e

a 2
cclwon |2 <l -1} o

12 2 2
+Clel (1087 ) Il + 48l

Integrating the previously mentioned equation from 0 to ¢
and noting (44), we obtain that

1 t
LOEIF @ 1P @} + & [ i
‘19
< «lh2||0||§ ; L Ha—’t’

[ tepa)

for sufficiently small / and ¢. By using Lemma 2(ii) and the
Gronwall’s inequality, we have that

2 t
dr+ | oliar 6

HRORINGHE

) (55)
211912 “|lop e
< Cqh0l1; + 5 dr + ||p||1dr .
o |l Ot 0
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It follows from the interpolation estimates that

Jel” © + [ leliar

cir* (e, !
scir(lof+ |
+h4jT %

0

at
Now we prove the induction hypothesis (44). Noting that
[€1(0) = 0, we know that (44) holds obviously for ¢ = 0. It
follows from (56) that

20

2
ot sz> (56)

2 T
dr + 1 J ||e||§dr} .
2 0

1 1/2 1 1/2
<log z) €]l @) < Ch(log ﬁ) — 0, h—0.
(57)
Then (44) holds for any t € [0, T].
By (16), we have
2 2 !
o] < CHI61, < Ch {||eo||2 N L ||6||2d1} . 8)
From the triangle inequality, we obtain
|6 - 6| < Ch, (59)

where C depends on [|6,]l,, IIQIIHI((Wl 2 and ”6"H1((Hz)2). We
now complete the proof of the theorem.

5. Error Bound for the Fully Discrete Scheme

Theorem 5. Assume that 0 satisfies the necessary regularities
and the discretization parameters obey the relation T = O(h).
Then the error of the approximation (18) of (6) satisfies

max ||9" - 92” <Cfh+1}, (60)

0<n<T/t
where C depends on |0, IIHIILN((W(}O)z), ||9||H1((H2)2), and
101 gz (1292

Proof. Subtract (18) from (9) to obtain that

aen 1 * Vav *
(E —ateh,nhzh) + B, (060" 11, 2;,)

- B, (6,7%56), 11} 2,,) + B, (0% 6", T} 2,) (61)
— By, (616}, 1T,2,) + A (6" - 6}, TT;,2,) = 0.
Choose z;, = £" to obtain that
(3,E" ITE") + A (8", 11 &")
aen 1 * N n * N n * rhn
=5, 00N ILE" ) - (3" TE") - A(p" ITE)
— [B, (66", 11;&") - B, (6, ;6. 11,")]

— B, (6"6",11;E") - By, (6, ;6. 11;€")] .
(62)

For the left-hand side of (62), from Lemmas 1 and 2, we have

(&8 =1 (-7 8
! " n=l o (&n n-1
ZZ(E -¢ ,Hh(f +& ))
P (Eeetm (e -e)) @

1 12 1| |2
> = (P - [le1F).

A(ELTEY) 2 of 5.

We denote terms on the right-hand side of (62) by T,. .., Ts.
Then, (62) can be rewritten as

2% (|||f"|||2 - |||f"_1|||2) o< T 4+ Ty (64)

Now we estimates the terms T7, ..
the Taylor’s formula, we have

., Ts one by one. From

00" 1" 1\ 0%0
- _ [ _ " i 65
T LH (t-"") 2t (65)
It follows that
00" nl| 1en
i <c|5 a1l
(66)
o 826 2 2
sc{TLl et
For the next two terms, we have
|T,| < Clloe" | 17]
t" 2
. c{f-lj Al P ||z"||2},
-1 at (67)

ITs] < Chlle”], 18],

1|2 n|2
< CH1O"], + el

We make the following induction hypothesis:

1/2
f"_1'|<1°g%> — 0, h—0, 1<sn<L (68




For T,, using the similar argument as (48) and noting
(68), we deduce that

|T4| = 'Bl (676", 11,€") - B, (6,6}, HZf”)|

<Y (p)|j (V676" — (V- 6;) 6| dx

PeQ,

< 3l {v-eller o 1v-e-v g
PeQ,

(e + o) e
<C{Iv- 'l o= 17+ 19 - " - o))
< (1o €] + el 1D}

; ) 12
SC{[(TL %” dt) +||p”"1|' + e
e+ oL 1) |

n—1

X767 1871+ "l + 18711

[<log ) e
<c { j

00 n- n
Ol s o 1

Teter)
<cliog2) " [ 1 + <l
(69)
Now, we write
|T| = |B, (656", ") - By, (6536, TT,E")|
< |B, (6"6", T1,E") - By, (6,5 11,6, T1,,€")
(70)

+ 'Bzh (678", HZ€")I
=E,| + E,.

E, and E, can be handled as D, and D, in Theorem 4. Thus,
we have

E, = [B, (66", 11,&") - By, (6 ;11,6", I, £")|

< IO fe"1y [P0°], + (0" - 67" + Hle” - 637, )]
AN}
Aot el (o[ 2 @)
" 2 1/2
h[( A2 ) el e ”
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a0 |?
—| dt
atl}

n—11|2 n—112 n|2 3
sl e[ e e[|

+eller!

Crele,
E, = |Bzh (92_1;§n, Han)|
PRI SR
PeQ, jen,; Ty
< [H (B, (6;7))&" ()
(- (8, () (5] ]

iy 3

KeT), i,jeA g

@) -g )]l
<[H (B (617))&" () + (1= H (85 (6,7)))¢" ()]
Y T lE@-eE) [ el

KeT), i,jeA g

<[H (B (6)) € (B) + (1= H (B (67))) £ ()]
<c{lel (Je ]+ me ) 1"
e 1€ el

1/2
<c i el s ) |

(71)

Substituting the previously mentioned estimates into
(64), we get

= (17 = 1) + el

71 n 2 n
el + 1"l + [, + 1) + e

o 2 2 "
+CTJ (E)O >dt+C_IJ
tnfl 1 n-1

o2
wcllog )" el + e + ache'R

n-1 2}
op |’
ot

dt

. H 00
ot

(72)

Multiplying (72) by 27 and summing over 1 < n < L, we
have

[t
2 2 L 2 L 2
—C%WWNW§WWHW;MW}

L
- S e
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TABLE 1: Numerical results for { = 1.

h 1/8 1/16 1/32 1/64
e = w )], 1.18416e — 007 5.33942¢ — 008 2.52582e — 008 1.22755¢ — 008
Rate 115 1.08 1.05
v =i, 6.73307e — 008 2.36565e — 008 9.49449¢ — 009 4.21298e — 009
Rate 1.51 1.32 1.17
064~ SENUREE » 0.64
0.635
0.63

0.625

0.62 |

0.615 |

FIGURE 1: The exact solution u# when { = 1 att = 1.0. FIGURE 2: The numerical solution u;, when { = 1att = 1.0, for
h=1/32.
‘L1 (oo “1op|?
+Ct? J — | + H dt + J Pl ar
0 ot ot || o |lot

+cfz(log ) e e + SeZuf I+

(73)

By choosing h and € small enough and noting Lemma 2(ii),
we have

L||2 S ny2
e+ <Se

<oy 1]

(74)

F1GURE 3: The exact solution u when { = 0.01 at t = 1.0.

0%

o

I3
ot

L L
n 2 2
c ,[
+Tn;||£ [*+Cr . (

I 2
+CJ
0

dt.
Applying the Gronwall inequality and the interpolation
theory, we deduce that

e <ce [ (|22
ron{lo+ [

2
>dt
1

op

ot

Now we prove the induction hypothesis (68). Noting that
6, = I1,0,, we know that £ = 0. From (75) and the
assumption 7 = O(h), we get that

(10g ) "E " < Ch(log h>1/2 — 0, h—o0. (76)
o )

Thus we know that (68) holds for any 1 < L < N. Using
dt} triangular inequality and the interpolation theory completes
the proof.

00
ot
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TABLE 2: Numerical results for { = 0.01.

h 1/8 1/16 1/32 1/64

e = w )], 7.57108e — 003 3.81036e — 003 1.92640e — 003 9.71683¢ — 004

Rate 0.99 0.98 0.99

v =i, 7.57108e — 003 3.81036e — 003 1.92640e — 003 9.71683e — 004

Rate 0.99 0.98 0.99

0.75

0.7

0.65

0 o

FIGURE 4: The numerical solution of 1, when { = 0.01 at ¢ = 1.0, for
h=1/32.

FIGURE 5: The exact solution u at { = 0.001 at t = 1.0.

6. Numerical Example

In this section, we will show the affectivity of our method by
numerical experiments. The exact solutions to problem (1)
can be obtained by employing Cole-Hopf transformation. For
Q = {(x;,x;) : 0 < x;,x, < 1}, we consider the following
solutions:

3 1
"TaT 4 (1 + exp (17 (~4x, + 4x, — t) /32))’
(77)
b=+ !
4 4(1+exp(n(—4x, +4x, - t) /32))

0o 0.2

FIGURE 6: The numerical solution u, by FVEM with upwinding
when { = 0.001 att = 1.

FIGURE 7: The numerical solution #, by FVEM without upwinding
when { = 0.001 att = 1.

where # = 1/{. We present numerical results for the L*-norm
estimates of u — u;, and v — v;,. In Tables 1 and 2, we present
the numerical results for { = 1 and { = 0.01, respectively. In
all runs, we use the uniform mesh step & = At and choose
the time t = 1. As seen in these tables, in all cases the errors
decrease by a factor of about two as h decreases by the factor
of two. This indicates that all L*-norm error estimates are
of first-order convergence, which is consistent with our
theoretical analysis.

When ¢ = 1.0 and { = 0.01, the figures of the exact solu-
tions u and the numerical solutions u;, att = 1 for h = 1/32
are given in Figures 1, 2, 3, and 4. In order to show that our
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method keeps stable when { is smaller, we also give the com-
parison figures of exact solution u and numerical solution
uy, for { = 0.001 in Figures 5 and 6. The comparison figure
of numerical solution by using finite volume element method
(FVEM) without upwinding is given in Figure 7, which show
that the approximation produces unacceptable nonphysical
oscillations.

Acknowledgments

This paper is supported by The Natural Science Foundation
of China (Grant nos. 10971254 and 11171193) and the Nat-
ural Science Foundation of Shandong Province (Grant nos.
ZR2009AZ003 and ZR2011AMO016).

References

[1] C. A.]J. Fletcher, Computational Techniques for Fluid Dynamics
1, Springer, Berlin, Germany, 2nd edition, 1991.

[2] E. D. de Goede and J. H. M. ten Thije Boonkkamp, “Vector-
ization of the odd-even hopscotch scheme and the alternating
direction implicit scheme for the two-dimensional Burgers
equations,” STAM Journal on Scientific and Statistical Comput-
ing, vol. 11, no. 2, pp. 354-367, 1990.

[3] J. E Lu, B. L. Zhang, and T. Xu, “AGE method for two-
dimensional Burgers equation and parallel computing,” Chinese
Journal of Computational Physics, vol. 15, pp. 225-233, 1998.

[4] R.H.Li, Z. Y. Chen, and W. Wu, Generalized Difference Methods
for Differential Equations: Numerical Analysis of Finite Volume
Methods, CRC, Boca Raton, Fla, USA, 2000.

[5] Z. Q. Cai and S. McCormick, “On the accuracy of the finite
volume element method for diffusion equations on composite
grids,” SIAM Journal on Numerical Analysis, vol. 27, no. 3, pp.
636-655, 1990.

[6] Z.Q.Cai,]. Mandel, and S. McCormick, “The finite volume ele-
ment method for diffusion equations on general triangulations,”
SIAM Journal on Numerical Analysis, vol. 28, no. 2, pp. 392-402,
1991.

[7] Z. Q. Cai, “On the finite volume element method,” Numerische
Mathematik, vol. 58, no. 7, pp. 713-735, 1991.

[8] R. Ewing, R. Lazarov, and Y. Lin, “Finite volume element
approximations of nonlocal reactive flows in porous media,”
Numerical Methods for Partial Differential Equations, vol. 16, no.
3, pp. 285-311, 2000.

[9] T. Zhang, H. Zhong, and J. Zhao, “A full discrete two-grid
finite-volume method for a nonlinear parabolic problem,”
International Journal of Computer Mathematics, vol. 88, no. 8,
pp. 1644-1663, 2011.

[10] T. Zhang, “The semidiscrete finite volume element method for
nonlinear convection-diffusion problem,” Applied Mathematics
and Computation, vol. 217, no. 19, pp. 7546-7556, 2011.

[11] D. Liang, “Upwind generalized difference schemes for
convection-diffusion equations,” Acta Mathematicae Applicatae
Sinica, vol. 13, no. 4, pp. 456-466,1990.

[12] D. Liang, “A kind of upwind schemes for convection diffusion
equations,” Mathematica Numerica Sinica, vol. 13, pp. 133-141,
1991.

[13] R. Scholz, “Optimal L -estimates for a mixed finite element
method for second order elliptic and parabolic problems,”
Calcolo, vol. 20, no. 3, pp. 355-377, 1983.

1



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



