Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2013, Article ID 382592, 11 pages
http://dx.doi.org/10.1155/2013/382592

Research Article

Hindawi

Poincaré Map and Periodic Solutions of First-Order Impulsive
Differential Equations on Moebius Stripe

Yefeng He and Yepeng Xing

Department of Mathematics, Shanghai Normal University, Shanghai 200234, China

Correspondence should be addressed to Yepeng Xing; ypxing-jason@hotmail.com

Received 12 December 2012; Accepted 1 January 2013

Academic Editor: Yonghui Xia

Copyright © 2013 Y. He and Y. Xing. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper is mainly concerned with the existence, stability, and bifurcations of periodic solutions of a certain scalar impulsive
differential equations on Moebius stripe. Some sufficient conditions are obtained to ensure the existence and stability of one-
side periodic orbit and two-side periodic orbit of impulsive differential equations on Moebius stripe by employing displacement

functions. Furthermore, double-periodic bifurcation is also studied by using Poincaré map.

1. Introduction

Many systems in physics, chemistry, biology, and information
science have impulsive dynamical behavior due to abrupt
jumps at certain instants during the evolving processes. This
complex dynamical behavior can be modeled by impulsive
differential equations. The theory of impulsive differential
systems has been developed by numerous mathematicians
(see [1-9]). As to the stability theory and boundary value
problems to impulsive differential equations, There have been
extensive studies in this area. However, there are very few
works on the qualitative theory of impulsive differential
equations and impulsive semidynamical systems. Recently,
Bonotto and Federson have given a version of the Poincaré-
Bendixson Theorem for impulsive semidynamical systems
in [10, 11]. As it is known, the method of Poincaré map
plays an important role in the research of qualitative theory
and is a natural means to study the existence of periodic
solutions and its asymptotic stability. However, due to the
complexity of the associated impulsive dynamic models, this
approach has only been applied successfully to Raibert’s
one-legged-hopper (see [12-14]) predator-prey models (see
[15-18]), and so forth. The bifurcation theory for ordinary
differential equations or smooth systems appeared during the
last decades (see, e.g., [19]); however, little is known about
the bifurcation theory of impulsive differential equations due
to its complexity (see [20]). In this paper, we mainly study

a certain scalar impulsive differential equations on Moebius
stripe undergoing impulsive effects at fixed time:

dx
- = (t: ) 5> t # >
dt f x T (1)

Ax|_, = I (x), ke 7",

where 0 < 7, < T3,y k € Z' are fixed with 7, — +c0
as, k — +o00, and Axly, = x(1{) = x(1). Hu and Han
(see [20]) investigated the existence of periodic solutions and
bifurcations of (1) under the assumptions that f(t,x) and
I,(x) are periodic; that is, the following assumption holds.
(H") There exist a constant T > 0, a positive integer g,
and two mutual coprime positive integers m and n such that

f+T,x)= f(t,x), Vit e RY, x e R,

Ik+q (x) = Ik (X) N Tk+q - Tk = T, Vk € Z+, X € [R, (2)

m(tk+q—tk) =nT, k=1

In this paper, we assume that the following conditions hold.
(H1) Assume that both f(t, x) and f,(t, x) are continuous

scalar functions on R x R, I,(x) : R — R,k € Z are odd,

continuous functions; that is, I, (-x) = —I;(x), k € Z".



(H2) There exists a constant T > 0, a positive integer g
such that

f+T,—x)=—f(tx),

IkJrq(x):Ik(X), Tk+q_Tk=T’ Vk€Z+, x € R.

VteR, xeR,
(3)

From (H2), we have f(t, x) is 2T periodic and 7, , — ;. = 2T.
Hence assumption (H") holds naturally. However, we show
some new and fruitful results of system (1) with the condition
(H1)-(H2). For example, we obtain the existence and stability
of 2T periodic solutions to system (1) by double-periodic
bifurcation.

This paper is organized as follows. In Section 2, for the sake
of self-containedness of the paper, we present some basic
definitions of impulsive differential equations. In Section 3,
we describe the scalar impulsive differential equations on
Moebius stripe and define the Poincaré map. Then we prove
several essential lemmas and give sufficient conditions to
ensure the existence and stability of one-side and two-side
orbits of impulsive differential equation on Moebius stripe.
In Section 4, we are mainly concerned with the double-
periodic bifurcation impulsive differential equations on Moe-
bius stripe.

2. Preliminaries

For the sake of self-containedness of the paper, we present
the basic definitions and notations of the theory of impul-
sive differential equations we need (see [1, 2, 8]). We also
include some fundamental results which are necessary for
understanding the theory.

LetR, Z,and Z™ be the sets of real numbers, integers, and
positive integers, respectively. Denote by 8 = {60,} a strictly
increasing sequence of real numbers such that the set 2 of
indexes i is an interval in Z.

Definition 1. A function ¢ : R — R", n € R, is from the set
PC(R,0) if

(i) it is left continuous;

(ii) it is continuous, except, possibly, points of 0, where it
has discontinuities of the first kind.

The last definition means that if ¢(t) € PC(R,0), then the
right limit ¢(6;+) = lim, _, 5- ¢(t) exists and $(6;(-)) = ¢(6)),
where ¢(0,-) = lim, _, 4-¢(t), for each 0; € 0.

Definition 2. A function ¢ : R — R”" is from the set
PC (R, 0) if o(t), ¢'(t) € PC(R,0), where the derivative at
points of 8 is assumed to be the left derivative.

In what follows, in this section, J € R is an interval in R.
For simplicity of notation, 0 is not necessary a subset of J.

Definition 3. The solution ¢(t) is stable if to any ¢ > 0 and
t, € J there corresponds §(ty, €) > 0 such that for any other
solution y/(t) of (1) with [|¢(t,) — w(t)l < O(ty,€) we have
lp(t) — w(t)ll < efort > ty; the solution ¢(t) is uniformly
stable, if §(t,, €) can be chosen independently of t.
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FIGURE 1: Moebius stripe.

Definition 4. The solution ¢(t) is asymptotically stable if it is
stable in the sense of Definition 3 and there exists a positive
number x(t,) such that if y(¢) is any other solution of (1)
with [$(to) — yito)l < x(ty), then $(e) — w(OI — 0 as
t — oo; if k(t;) can be chosen to be independent of t,
and ¢(t) is uniformly stable, then ¢(t) is said to be uniformly
asymptotically stable.

Definition 5. The solution ¢(f) is unstable if there exist
numbers g, > 0 and ¢, € J such that for any § > 0 there
exists a solution y;(t), [l¢(t,) — ys(to)ll < 6, of (1) such that
either it is not continuable to co or there exists a moment t,,
t, > t, such that [|¢(¢;) — y5(t)ll > 6.

For any t, € R, we assume that there exists a k € Z",
such that 7,_; < t, < 7;; then the initial value problem (IVP)
to first-order impulsive differential equations (1) is given as

dx
Ezf(t)x)) t:feTk,
Axlt:-[k =1 (x), ke Z+, (4)
x (to+) = Xo-

In what followed, we use x(t, ¢, x,) to denote the solution of
IVP (4).

In [20], Hu and Han investigated system (1) under the
assumption (H") and obtained the following stability results
for the periodic solutions.

Theorem 6 (see [20]). Let x(t,ty, x,) be a periodic solution
of system (1) with period T. If 0 < IP'(x(’;)I < 1 (>1), then it
is uniformly asymptotically stable (unstable), where P(x,) =
x(ty +nT™, ty, x,) is the Poincaré map of system (1).

3. Poincaré Map and Periodic Solutions

In this section, we describe the scalar impulsive differential
equations on Moebius stripe and define the Poincaré map.
Then we prove several essential lemmas and give sufficient
conditions to ensure the existence and stability of one-
side and two-side orbits (Figure 2) of impulsive differential
equation on Moebius stripe.
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Lemma 7. Assume that conditions (H1), (H2) hold. Suppose
that x(t,t,, x,) is a solution of (1) satisfying initial value
x(ty) = xo. Then —x(t + T, ty, x,) is also a solution of (1), and

t € R.
(5)

Proof. Let ¢(t) = —x(t + T,ty, xy), w(t) = x(t,ty, —x(t, +
T,ty,x,)). Then for t # 7, k € Z, we have by (H2) that

do(t)  dx(t+T,tpx,)
dt dt

—ft+ T, x(t+ Tty xp)) (6)

= ft—x(t+Tty,x0)) = f(tp ().

Fort =1,k € Z%, it follows from (H1), (H2) that .+ T =
Thaqp k € Z" and

—x(t+ Tty x0) = x(t,tg,—x (ty + Tty xg)) »

APy = = x (T + T, b9, x0) + x (7 + T £, %)

-x (T,:Jrq, tos xo) +x (Tk+q, tos xo)
=~ Lig (2 (Thrgp oo %0))
= Iy (x (Tk+q’ tmxo)) = I (x (1 + T g, X))

= L (—x (1 + To to, x0)) = I (9 (7)) -

(7)

Thus, we proved that ¢(t) = —x(t + T, t,, x,) is a solution of
(1). On the other hand, it is obvious that

@ () |y, = —x (to + Totg, x0) = ¥ (£) li=t,- (8)

Hence, by uniqueness theorem we have that ¢(t) = y(t), t €
R. This completes the proof. O

Let D denotes the stripe area on the plain {(t, x) | (¢, x) €
R x R} between two lines t = ¢ty and t = ¢, + T} that is,

D={(t,x)|ty<t<ty+T,-00o<x<+oco}. (9)

Assume that x(t, t,, x,) exists for all t € [¢t,, +00). Define
Ly = {(t,x(t, ty, xy)) | ty <t <ty + T} In general, we denote
L, (k>1)by

Le={(t:x(t,tg,—x)) | tg <t <ty + T}, (10)

where x; = x(t) + T, tg, —X_1), t > 1.
It follows from Lemma 7 that L, has the form

L= {(t (—1)Fx (¢ + kT, to,xo)) [ty <t<ty+ T}. (11)

We now introduce an equivalence relation ~ on D such
that for (¢, x), (t',x') € D

(t,x) ~ (t',x') iff |t—t'| =T, x=-x. (12)

Then we denote the corresponding quotient space by M,.
From geometric point of view, M, is obtained by considering

2T

FIGURE 2: Figure of one-side and two-side orbits.

two elements (¢, x) and (t, + T, —x) on D as the same point
(or sticking (t,, x) and (t, + T, —x) together). Thus M, is a
surface with only one side or the well-known Moebius stripe.
Obviously, by Lemma 7 the union

U L= U {(t’ (-1 x (£ + kT, to’xo)) [ty <t<ty+ T}
kez* kez*
(13)

define a flow on M,. From this point of view, we call (1)
satisfying (H1) and (H2) an impulsive dynamical system on
Moebius stripe (see Figure 1).

Definition 8 (Poincaré Map). Let x(t, t,, x,) be the solution of
(IVP) (4). Assume that there exists an interval J such that for
any x, € J, x(t,ty, x,) existson [t,, t,+T]. AmapP: ] - R
is called a Poincaré map of system (1) if for any x, € J

P(xy) = —x(ty+ T 1 x,) - (14)
Definition 9. A closed curve y*(x,) is called a one-side
periodic orbit on M, if y*(x,) = L,. And a closed curve
9" (x,) is called a two-side periodic orbit on M, if y*(x,) =

LyUL,#L,.

From Definitions 8 and 9, we can easily prove the
following assertion.

Lemma 10. One of following alternatives is valid:

(i) y*(x,) is a one-side periodic orbit;
(ii) xq is a fixed point of P; that is, P(x,) = X;

(iii) x(t + T,y xo) = —x(t, g, %), t € R.

Proof. We prove it from (i) = (ii) = (iii)) = (i). Assume
(i) is true; that is, y* (x,) is a one-side periodic orbit. Then by
Definition 9 we have that

—x(tg+ T, 5, x0) = x (t5> 10> Xo) = Xo» (15)

that is, P(x,) = x,. Hence (ii) is valid.



Next, we suppose that (ii) is fulfilled; that is, —x(t, +
T*,ty, xo) = x,. Then by Lemma 7 we know

X(t +T) tO)xO) = X(t, tO’_x (tO + TJr’tO’xO)) (16)

= —x(t,ty, Xg) -

Thus, (iii) is proved.
Finally, if (iii) is true, then x(t, + T™, to, x,) = —x,. By the
uniqueness of solution of IVP (4), we know

x(ttg—x(to+ T e, %0)) = x (t 2, %) »
(17)
te[tpty+T].

Thus we obtain that y*(x,) is a one-side periodic orbit.
The proof is completed. O

Similarly, as proof of Lemma 10, we have the following
lemma.

Lemma 11. One of following alternatives is valid:
(i) y*(x,) is a two-side periodic orbit;
(ii) x, is a 2-periodic point of P; that is, P(x,)# X,
P2(x0) = Xps
(iii) x(t + 2T, ty, xy) = x(t, ty, xg), t € R. And there exists
aty, such that x(t, + T, ty, x,) + — Xg-

Remark 12. From Lemmas 10 and 11, we see that a one-side
periodic orbit must be a two-side periodic orbit since

P(x,) = x, implies P*(x,) = P (P (x,)) = P (x,) = %,
(18)

Nevertheless, the converse is not true.
From Remark 12, we give the definition of stability of the
mentioned orbits.

Definition 13. Let y*(x,) be a periodic orbit of system (1)
(one-side or two-side). Then y*(x,) of system (1) is called
stable (asymptotically stable or unstable) if y*(x,) as a 2T
periodic solution is stable (asymptotically stable or unstable).

Theorem 14. Assume x(t,t,x,) is the solution of IVP (4) and
let z(t) = 0x(t,ty, x,)/0xy. Then z(t) is a solution to the
following IVP of impulsive differential equations:

dz
= = f,(t,x)z, t#t,

=1l (x), keZ, (19)

z(ty) = 1.

Proof. Let J = (t,,+00) and J; = (1,_;, 7], k € Z*. Without
losing generality, we assume that ¢, € J; for some j > 1. The
solution of IVP

Azl

dx
. = t) >
= f ) o

x(t:)r) =X
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can be expressed as

x (t g, Xxy) = Xg + Jt £ (s,x (s, £, x,)) ds. (21)

Differentiate between both sides of the above equation with
respect to x,, we have

0x (t,ty, Xg)

t a )t ’
=1 +J S (5% (5,20, %)) - Md&
0x, i

0x,
(22)

Let z(t) = 0x(t,t,,x,)/0x,, then for t € [to,‘rj), z(t) is the
solution of IVP to ordinary differential equation

dz
e =f.(t,x)z, t#t,

(23)
z(t,) = 1.
Thus
t
z(t) = exp J fr (s,x (s, £, %)) ds. (24)
ty
Since z(t) is left continuous on [t,, 00), we have
z (TJ) = &xp J ] fx (S’ X (S, Lo, XO)) ds. (25)
fo
Forte] D x(t,ty, %) is a solution of system
dx
T ftx),
: 26)
x (Tj) = Xy,
where x; = x(tjr, 1, %0) = x(7;,t0, %) + L;(x(1;, tg, X))
Thus, we have
X (t’ tO’ xO) =X (t) Tja xl)
t
=x + J f(s,x(s,rj,xl))ds, tei.
7
(27)

Similarly, we have t € (7}, 7;,,),

ax (L tg, %) 0x(t7)%)
x4 - 0x4

exp Jt Iy (s,x (s, Tj,xl)) ds (28)

7

exp Jt. fr (s,x(s,t9, %)) ds.

7
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Note

x, _ 0[x(5pto) + 1 (x5t %)

0 0x (Tj, tO,xO)
‘ Ox (rj,to,xo) (29)
0x,
ox (T-,t L X )
- (et )
We obtain for ¢ € (7}, 7,,) that
0x (£, £y, x,)  0x (t, T, xl)
0x, B 0x,
= (1 + IJ'. (x (‘rj,to,xo))) (30)

t
- exp J fr (s, x (s, tg,x,)) ds.
to

Deducing in a similar way, we get

0x (t, g, Xg)
- 11 (1+ £ (x (500 %0)))
0 to<T <t (31)
t
exp | fi (s (o tox)) ds,
where t € J. Then the proof is completed. O

By Definitions 9 and (31), we conclude the following
assertion.

Corollary 15. Assume that conditions (H1), (H2) hold. Then

P’(xo)z - H

to<tp<to+T

(1 + I,L (x (7 s xo)))
(32)
to+T
- exp L £ (tx (t.ty, %)) dt.

As usual, one uses the notion Pz(xo) = P(P(xy)). Then one
has

[P )] = I

to<tp<to+2T

(1 + I (x (1 to, xo)))
(33)
to+2T
- exp L £t x (£ 80, x0)) dt.

Definition 16. x, is called a hyperbolic fixed point of P if
x, = P(x,) and P'(x,)# — 1; the corresponding one-side
periodic orbit y*(x,) is called hyperbolic one-side periodic
orbit. If y*(x,) is a two-side periodic orbit with (PZ)’(xO) +1,
then we call y*(x,) a hyperbolic two-side periodic orbit.

Theorem 17. Assume that the conditions (HI), (H2) hold. Let
v (x,) be a periodic orbit of system (1) and I, (x(ty, ty, Xo)) # —

W (to+2T
1. Then (i) th° fotsx(t, gy x))dt < =Y, o orIn|l +

I (x(Ty to, xo))| implies y* (x,) is asymptotically stable,
ty+

.. 2T
(ii) LO [t x(t,tgx))dt > =Y, il +
I,i(x(Tk, to» x))| implies y* (x,) is unstable.

Proof. Ify*(x,) is a two-side periodic orbit; that is, x(t, £,, x,)
is a 2T periodic solution of (1). Since both (H1) and (H2)
hold, we know that (1) is a periodic impulsive differential
equation. Then by (33) and Theorem 6, the conclusion is
straightforward. 0

Example 18. Consider the linear periodic impulsive differen-
tial equations on Moebius stripe as follows:

%=a(t)x+b(t), t+ T,
dt (34)
Axliey = gx (1), keZ,

where 7, < 73, (k > 1), 7, — +00,k — +00,¢. # — 1 and
there exists a constant ' > 0, a positive integer g, such that
the following conditions are satisfied:

(HD) a(t +T) = a(t) and b(t + T) = -b(t) for t € R;
(H2) a(t) and b(t) are continuous;

(H3) Gy = g forall k € 7%

(H4) Tirg — Tk = T,forallk € Z*.

Assume that x(t, t, x,) is a one-side periodic solution of
system (34), by the method of variation of constants formula
(see [1]), we get

x (£t Xo)
= H (1+¢)
- exp jt a(t)dt
X [xo + Jt exp <— JS a(u) du) b(s) ds] ,
0 0 (35)
P(x)
= H (1+¢)
to<T<to+T
to+T
. d
exp Jto a(t)dt
to+T t
X [xo . I exp <—J a ) du) b(®) dt] :
(36)
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P? (%)
= H (1 + Ck)
to<ti<to+2T
to+2T
- exp J a(t)dt
ty
to+2T t
X x0+J exp(—J a(u)du)b(t)dt].
tO tO

(37)

Let A =[], cq <, +7(1+6c)-exp J':OJrT a(t)dt; therefore, we
have the following theorem.

Theorem 19. Suppose that (H1-H4) are satisfied, then

(i) there exists a unique one-side periodic orbit for system
(34) if A+ —1, which is asymptotically stable (unstable)
provided 0 < |A| < 1 (|A] > 1),

(ii) zfA2 #1, (34) has no two-side periodic orbit. If A = 1
all the trajectories are two-side periodic orbits expect for
a unique one-side periodic orbit.

Proof. For the sake of convenience, we denote

to+T t
B, = L exp <— J; a(u) du) b(t)dt,

o+2T
B, = J: exp (— J: a(u) du) b(t)dt.

(38)

Then

P(xy) = -A(xy+B,), P*(x,) = A*(x, + B,). (39)

Obviously, P(x,) = x, has a unique solution for any x, € R
if A# — 1, and P*(x,) = x, has a unique solution for any
x, € R if A># 1. Observing that any two-side periodic orbit
obtained under the assumption A*# 1 must be a one-side
periodic orbit since A*# 1 implies A# — 1, together with
Remark 12, we have (34) has no two-side periodic orbit.

It follows from (36) that P’ (x,) = —A. Then by Theorem 6
we have the one-side orbit is asymptotically stable (unstable)
provided 0 < |A] < 1 (JA] > 1).

Next, let A = 1. By taking (36) and (37) into account, we
have

P(xy) = —x¢ - JtO+T exp <— J;t a(u) du> b(t)dt

ty 0

=-x,— By,
(40)

to+2T t
P*(x,) = x0+J exp (—J a (u) du)b(t) dt

to

= x, + B,.

Suppose that P has a unique fixed point x, = —B;/2, from
the above we have —B,/2 + B, = —B,/2, then B, =0 and

Abstract and Applied Analysis

P*(x,) = X,. So by taking Lemma 11, y*(x,) is a two-side
periodic orbit if x, # x; .
The proof is ended. 0

Remark 20. If ¢ = 0, k € Z%, in (34); that is, (34)
reduces to an ordinary differential equation. We see that

A =exp j:oﬁ a(t)dt. Hence A # —1 holds automatically, and
therefore (34) always has a unique one-side periodic orbit.

Corollary 21. Let (H1-H4) be fulfilled and A = 1. Then

to+2T t
B, = L ’ exp <_ L a(u) du) b)dt=0. (41

Now we are in position to consider nonlinear impulsive
system on Meobius stripe. To explore the uniqueness of one-
side periodic orbit, we induce the following condition.

(H3) Operator B, : R — R, Bi(x) = x + I;(x) is strictly
increasing, for all k € Z*.

Theorem 22. Suppose that conditions (H1)-(H3) hold, then

(i) system (1) has at most one one-side periodic orbit;

(ii) if any solution x(t,ty, x,) of (1) with |x,| < |P(0)| is
well defined on t € [t,,t, + T, then system (1) must
has a unique one-side periodic orbit.

Proof. We first prove that system (1) cannot have two one-
side periodic orbits. Suppose y, (xg) : x = x(t,ty,x5), t €
[ty, to+T1and y; (x,) : x = x(t, 1y, %), t € [tg, o+ T] are two
one-side periodic orbits system (1). Then

x(ty + Thtg, x5) = =g, x(ty+ Tty xy) = —xp. (42)
Without losing generality, we assume x,, > x,, then it follows
from uniqueness theorem of ordinary differential equations
that x = x(t, ty, x,) and x(¢, t,, x, ) cannot intersect when ¢ is
not an impulsive time. Therefore we have

x(ttg %) > x (8,10, %y), to <t <1y (43)

Note By (x) = x + I;(x) is strictly increasing, we get
x ()5t %0) > x (77, £, x5 ) - (44)

In a similar way, we can prove that x(t, ¢y, x,) > x(t,ty, X;),
ty <t <ty + T. Thatis, the curve {(t,x) | x = x(t, 1y, x,),
t, < t < t, + T} always stays above curve {(t,x) | x =
x(t,tg, xy), tg < t < t, + T}. This contradicts (42). We put
it in another way that

x> xy = P(x,) > P(xg). (45)

Thus, (1) has at most a one-side periodic orbit.

Further, let the solution x(t,ty, x,) of system (1) be all
defined on t € [ty t, + T]. If P(0) = 0, the conclusion is
proved. We assume that P(0) > 0, then we know P(x,) < P(0)
if 0 < x, < P(0). Note

P?(0) = P(0) = P(P(0)) - P(0) < P(0) — P(0) = 0.
(46)
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FIGURE 3: A one-side periodic orbit.

We obtain that P(x,)) — x,, have opposite signs between x, = 0
and x, = P(0), and then it follows from the continuity of
P that there exists x, € (0,P(0)) such that P(x;) = x,.
Similarly, we can prove P has a fixed point in the case of
P(0) < 0. The proof is completed. O

Theorem 23. Assume that conditions (H1)-(H3) hold. Fur-
thermore, suppose there exists a positive number N such that
f(N) <0,

f(E-N)>0, telty,ty+T], (47)

2N <I,(N)<0, VkeZ'. (48)

Then (1) has a unique one-side periodic orbit.

Proof. From (47) we have that x(t,t,,x,) will stay inside
[-N, N] for t #7;,k € Z". On the other hand, by (H3), we
have that -N + I, (—N) < x(13.) + I;.(x(1;)) < N + I (N) for
—-N < x(1;.) < N. Then it follows from (48) that

-N<N+I,(N)<N<N,
(49)

(see Figure 3). ]

Thus,
IP(0)] = |-x (ty + T,0)| = |x (t, + T,0)| < N. (50)

This implies that P(x,) is well defined for |x,| < |P(0)|. By
Theorem 22, we obtain that (1) has a unique one-side periodic
orbit.

4. Double-Period Bifurcation

In this section, we mainly discuss the bifurcation on periodic
orbits. If system (1) has a one-side periodic orbit, without
losing generality, we may assume that f(¢,0) = 0; that is,
x = 0 is the one-side periodic orbit. Actually, if x(¢) is a
one-side periodic orbit, then we let y = x — x(¢); therefore

7
there exists a transformation of system (1) that
dy
i fly+x@®)-ftx@)=g(ty), t#7,
Ayli—r, = Ik (y+x(t) ~ L (x (%) =l (y), keZ,
(51)

By (H2) and Lemma 10, we know g(t + T,-y) = —g(t, y),
g(t,0) = 0,y () = ly(y),and 7, , — 7 = T, forallk € Z™.
Next, we consider the following perturbed system of
system (1):
d_x =F(t,x,e), t#T1,
dt (52)

Axlie, =T (x(1i),€), keZ,

where F : R x R xR — R is C* with respect to x,
continuously differentiable with respect to e. T, : RxR — R
is C*(k € Z%) with respect to x. Moreover, we suppose
F(t + T,—-x,¢) = —F(t, x,¢), Tk(x, €) = Tk+q(x, €), Tk(—x) =
~T(x), for all k € Z*, where Tjpq — T = 1. Fore = 0, we
have F(t,x,0) = f(t,x), T,(x,0) = I(x). These assumptions
mean (H1) and (H2) hold for F and T, for all k € Z".
Furthermore, assume that x + I;(x, ¢) is strictly increasing,
then by Theorem 22 we have that system (52) has at most a
one-side periodic orbit.

Suppose that (1) has a one-side periodic orbit and
f(t,0) = 0. Then by using implicit function theorem in the
Poincaré map of system (52), we know that system (52) has a
one-side periodic orbit when |e] is sufficiently small. Now let
x"(t, €) be the solution of system (52) and y(t,&) = x(t,€) —
x"(t, €). Then we can get a transformation of system (52):

d
d_)t/ =F(t,y+x",e)-F(t,x",e) =G(t,y,¢e), t+71,
Aylir, = I (y+x" (1,¢),€)
~T (x" (tp,€),€) = He (,¢), keZ".
(53)
By Taylor’s formula, we have
G(t,y,e)= A, (t,e) y + A, (t,€) y°
+As(te)y +o(y), (54)
Hi (7,€) = B () y + Ba (&) y” +0 (1),
where
10F
A; > =537 \b > >
:(t,€) e (t,x",¢€)
19T (55)
By (e) = ﬁ@(x )

A (t+T,e) = (-1) A, (t,¢),
fork>1,i=1,2,3;j=1,3.



If e = 0, then x* = 0. So A,(t,0) = (1/i!)(@' f/dx')(t,0)
and By;(0) = (1/jDI1(0), fork > 1,i=1,2,3, j = 1,3.

Suppose that y(t, y,,€) (t > t,) is the solution of system
(53) with the initial value y(t;, yp,€) = ¥ P(yy¢€) is the
Poincaré map of system (53). Note

P(ype) = y(to+2T", ypr€) = P’ (yo-€) - (56)

Without losing generality, let x* (£, &) = 0 is a nonhyperbolic
solution. That is, P(0,0) = 0 and (0P/0dy,)(0,0) = —1.
Noting that P(0, ¢) = 0, then by Taylor’s formula, we have

P(ype) = A1 (&) yo + Ay (8) o + A3 () o + 0 (), (57)

where A, (e) = (OP/3y,)(0,€), A,(e) = (1/2)(3°P/3y3)(0, ),
and A;(e) = (1/6)(0°P/3y;)(0, ).

Theorem 24. Suppose that f(t,0) = 0 and x = 0 is a one-
side periodic orbit of system (52),, with P(0,0) = 0 and
(3P/3y,)(0,0) = —1. Let a; = (1/6)B" (0,0). If a 0, then
for |e| sufficiently small and [A,(e) + 1]la; > 0 (<0) implies
that system (52) has a unique (no) two-sides periodic orbit near
x = 0, except for a one-side periodic orbit x* (t, €).

) ~ —2
Proof. Asbefore, we obtain that P’(O, ) = [P'(0,¢)] = Al(e):
P(yp.€) = P(P(yp€).¢)
= A () P(yp) + 4, () P’ (Vo)

+ A5 () P (yp.6) +0 (P3 (}’0’8))

_ _ _ _ (58)
=E @)y + A O+ A 0] A (05
— [ —2 —2 — 3
+4, [A3 (€) + 24, () + A, () Ay (s)] y?
+0(ys)-
By our assumption, we have Zl () = -1+ le (0)e + o(e).
Therefore,
- P2 (y,,€) —
d(yo,S) — (yO 8) yO
Yo (59)
=d,(e)+d, (&) y, +d, (e)yg +o(y§),
where

dy (&) = A ()~ 1 = —2[&, (&) + 1] + o ([, (&) +1]),
dy (&) = [A (&) + A, ()] 4 (o)

=0(A, () +1) = A, (0) A, (0) e +0(e),
d; (e) = A, (&) [A; (€) + 24, () + A, (e) A, (¢)]

- —2[22(0)+Z3(0)] +o(l)=al+o(l).
(60)
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By the implicit function theorem, there exists a unique

function y, = y,(¢), y,(0) = 0 such that (aa/ayo)( yi(e),€) =
0. Therefore, for |e| sufficiently small, there is a unique
extremal point y, = y, (¢) near x = 0. Moreover, the function

;l(yo,s) takes its minimum (maximum) A(e) = c~l(y1 (e),¢)
only if a; > 0 (<0):

Ae)=dy(e)+0(e) = A, () ~1=-2[A, (&) +1] +0(e).
(61)

Without loss of generality, we can let a; = d,(0) > 0 and
then y, = 0 is the minimum point of d(y,, 0). So there exists
& > 0, such that

d(+£,,0) >0, = (g,0) >0, od (~£,,0) < 0,
9o

(62)

and for |y,| < &, (azfi/ayg) (¥9,0) > 0 exists. Therefore, there
exists a §,, such that, for |¢| < §,, we have

d (+ep,€) > 0, od (&,€) >0, od (=g €) < 0.
9, 0
(63)
For |e| < &, and |y,| < ¢, we have
o’d
gg ()/0,8) > 0. (64)

From (64), for any |¢| < §,, we have

A(e) = mind (yp¢),

[yol<&,

—& < y1 (&) < &. (65)
And for y, € (—¢y, y,(e))(€ (y,(e), &))s

od

a_yo (ypo€) <0 (>0). (66)

If A(e) > 0, then for all |¢| < &y and |xy| < &), we have
0 < Ae) < d.

If A(e) = 0, then y, = y,(e) is the unique solution of
function d.

If A(e) < 0, then there exist a unique y,(¢) and a unique
¥,(¢g), such that

d(y;(e),e) =0, ;—d(yi(s),s)q&o, i=12 (67
Yo

Thus system (52) has two (no) two-side periodic orbits if

a; A(e) < 0 (=0). The conclusion is completed (see Figures
4,5, and 6). O
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Now we shall calculate A, (0) and a; in the simplest case,
let g = 1. For g > 1 we can calculate them in the same way.
In this case, I;, = I and By;(yy, €) = B;(¥y,€),i = 1, 3. Suppose
y(t, yp-€) (t < t,) is the solution to system (53) with initial
value y(ty+, ¥y, €) = ¥,. For y(t,0,¢€) = 0, let

Yt yoo€) = @y (t,€) Yo + @, (t,€) )’3
(68)

+s (e yy+o(yy), t<t,

Then for t € [ty t, + T], taking y(¢, y,, €) into system
(53), we can obtain ¢,, ¢,, and ¢, satistying the following
equations:

¢ (te)= A, (te) g (te),
¢y (te) = A (L e) @, (te) + A, () 9; (t,€),
(p; (t,e) = A, (t,e) s (t, &) +2A, (t, &) @, (t,€) @, (t, €)
+ @5 (t,€) (pf (t,e).
(69)

For y(0, yy,€) = ¥,, we know

@, (0,¢) =1, @, (0,¢) = @5 (0,¢) = 0. (70)

—& W & S

A<O

FIGURE 6

From (69) and (70), we have

t
@, (te) = expj A, (u,€)du,
tO

t
@, (t,€) =@, (t¢) Jt A, (s,€) @, (s,€)ds,

0

@, (t,e) = ¢, (t,€)
X Jt [ZA2 (5,€) 9 (5,€) + A, (5,€) 7 (s, s)] ds.
’ ()
Fort, <t <ty + T, as we know, we get
y(to+T" yp8) = [1+ By (e)] y(to + T ¢)
+ B, (e) y* (t, + T ¢)
+B;(e) ¥ (t, + The)
+o(y3 (to +T,s))
=g (to+The) yo+a(ty + T, ¢) )’é

+9; (t+ T ¢) yg + 0()’3) >
(72)

where
¢, (ty+T",e) = [L+B, (e)] ¢, (t, + T, ¢),
¢, (Lo +T7,€) = [1+B, ()] @, (t; + Tre)
+ B, (e) ¢ (o + Te),
@5 (ty+T",e) = [L+ B, (e)] @5 (t, + T, €)
+2B, (), (to + T,€) @, (to + T €)

+B;5(e) @’ (t, + Toe).
(73)

Clearly, A, (e) = —¢,(t, + T", €), A,(e) = —,(ty + T*,€), and
As(e) = —y(ty + T, €).
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Moreover, we know
to+T
J A, (s,€) @, (s,€)ds
toy

to+T
= Jt A, (s,8) @ (s,€)
b (74)
X “ A, (u,€) @) (u,€) du] ds

2

1 to+T
= E[L A, (u, €)@, (u,€) du] .

Denote ®(e) = jtt°+TA2(t, e)g,(t,e)dt and ¢,(e) = ¢, (t; +
T, ¢). Then,

¢y (tg +Toe) = ¢, () D (e),

to+T
0 (14 1) =4 @O @+ [ 4,509 (s.0)ds.

to

(75)
Then we can obtain
— to+T
A (&)= —[1+B,(¢)] exp (L A (u,¢€) du),
A, (&)= —[1+B,(e)] ¢, () D (e),
As(e) = —[1+B,(e)] ¢, () (76)

to+T

X [dbz (e) + I A5 (s,€) gof (s, €) ds]

0

~B;(e) ¢} (¢).
ForZI(O) = -1, we can have ¢,(0) = 1/(1 + B,(0)). Then

A, (0) = - (0), (77)

B; (0)

A, 0) = -0? (0) - — 2O
5(0) O T

M) = [T aGeglads =
JtoJrT As(s, €) exp[2 _[: A, (u, €)dulds. Therefore,

to

where

2B (0)

i+ of 7

a; = 2[4, (0) + A (0)] = 24(0) +

By considering (76)-(79), we can easily have the following
theorem when g = 1.
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Theorem 25. Suppose that f(¢,0) = 0 and x = 0 is a one-
side periodic solution of system (52),_, with P(0,0) = 0 and
(OP/0y,)(0,0) = —1. Let

to+T

A(e)= — (1 +T (x*,s)) expj F,(t,x",¢)dt,

271// )
[1 +T (0)]3 '
(80)

1 to+2T s
o= J U (50 ha O g
to

If ay #0, then for |e| sufficiently small, [A,(e) + 1lay > 0(<0)
implies that system (52) has a unique (no) two-side periodic
orbit of near x = 0, except for a one-side periodic orbit x™ (¢, €).

By virtue of Theorem 25, we can have the following
conclusion.

Corollary 26. (i) Let A;(0) = -1, a; > 0 (<0). Then x = 0 is
a nonhyperbolic one-side periodic orbit of system (48) (e = 0),
which is asymptotically stable (unstable). (ii) Let A 0) = -1,
[A;(e) + 1]a; > 0,0 < |e| < 1. Then (A,(e) + 1) < 0 (>0),
x*(t,¢€) is a hyperbolic one-side periodic orbit of system (48)
(e = 0), which is asymptotically stable (unstable. Moreovet, the
two-side periodic orbit is unstable (asymptotically stable) near
x=0.

Finally, we give an example to illustrate it.

Example 27. Consider

d_x =&’ x+|e| (sint) x* — (1 —2cos2f) x>, t+km,
dt (81)
Ax|y_py = —ex (k) + (by + €) x° (kn), ke Z",

where |e] > 0. It is obvious that for |e| > 0 sufficiently small,
x—ex+(by+ e)x’ is strictly increasing, and then x*(¢,&) = 0
is the unique 7-periodic solution. By direct computation, we
have A (t,¢) = &, A,(t,e) = |e|(sint), A5(t, ) =2cos2t -1,
B,(e) = —&, and B,(e) = b, + &. Therefore, A;(e) + 1 = (& -
1)@827r +1 =¢e+o(e), a; =2b;—m. It follows from Theorem 25
that system (81) has two (no) 27-periodic solution of near
x = 0if |¢| is sufficiently small and aj e > 0 (<0).
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