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We give several sufficient conditions under which the first-order nonlinear discrete Hamiltonian system Ax(n) = a(n)x(n +
1) + /3(n)|y(n)|"72y(n),Ay(n) = —y(n)|x(n + D %x(n+ 1) - a(n) y(n) has no solution (x(n), y(n)) satisfying condition 0 <
Z;SOOHX(”)P + (1 + B(n)lyn)|"] < +co, where p,v > 1 and 1/u + 1/v = 1 and «a(n), B(n), and y(n) are real-valued functions

defined on Z.

1. Introduction

In 1907, Lyapunov [1] established the first so-called Lyapunov
inequality:

b
(b—a)J q(t)dt > 4, (1)

a
if Hill's equation
" () +qt)x () =0 2
has a real solution x(t) such that

x(a)=x®b)=0, x() %0, te€lab], (3)

and the constant 4 in (1) cannot be replaced by a larger num-
ber, where g(t) is a piecewise continuous and nonnegative
function defined on R. Since this result has found appli-
cations in the study of various properties of solutions such
as oscillation theory, disconjugacy, and eigenvalue problems
of (2), a large number of Lyapunov-type inequalities were
established in the literature which generalized or improved
(1); see [1-20].

In 1983, Cheng [3] first obtained the discrete analogy
of Lyapunov inequality (1) for the second-order difference
equation:

Nx(n)+qm)x(n+1) =0, (4)

where, and in the sequel, A denotes the forward difference
operator defined by Ax(n) = x(n + 1) — x(n).

When a = —oco and b = +00, that is, system (4) has a
solution x(n) satisfying lim, _, ., x(n) = 0, which is called
homoclinic solution, whether one can obtain Lyapunov-type
inequalities for (4)? To the best of our knowledge, there are
no results.

In 2003, Sh. Guseinov and Kaymakg¢alan [7] partly gen-
eralized the Cheng’s result to the discrete linear Hamiltonian
system:

Ax(n)=am)x(n+1)+pn)yMn)),

Ay(m)=-ym)xn+1)-a(n)yn)),

(5)

where «(n), f(n), and p(n) are real-valued functions defined
on Z and a and b are not necessarily usual zeros, but
rather, generalized zeros. Later, some better Lyapunov-type
inequalities for system (5) were obtained in [19, 20].

Very recently, He and Zhang [10] further generalized the
result in [19] to the following first-order nonlinear difference
system:

Ax(n)=a(mxn+1)+Bm)|ym| " y®n),

Ay(n) ==y |x(n+ D" x(n+1) —a () y (),

where y,v > 1and 1/pu+1/v = 1 and a(n), B(n), and y(n) are
real-valued functions defined on Z.



When y = v = 2, system (6) reduces to (5). In addition,
the special forms of system (6) contain many well-known
difference equations which have been studied extensively and
have much applications in the literature [21-23], such as the
second-order linear difference equation:

Alp () Ax ()] +q(m) x (n+1) =0, @)

and the second-order half-linear difference equation:
Alp () |Ax () Ax (m)] + q () |x (n + DI x (n+1) =0,
(8)

where r > 1, p(n) and g(n) are real-valued functions defined
on Z and p(n) > 0. Let

y (n) = p (n) |Ax (m)| *Ax (), 9)
then (8) can be written as the form of (6):

Ax(n) = [pm)]"" "y )|

Ay(n)=—-qn)|x(n+1)?

where y =r/(r — 1), v =rand a(n) = 0, B(n) =
and y(n) = q(n).

In this paper, we will establish several Lyapunov-type
inequalities for systems (5) and (6) if they have a solution
(x(n), y(n)) satisfying conditions

2-r)/(r— 1))/ (1’1) i
(10)

x(n+1),

[p(m)]/0"

0< Y [lx@l’ +(1+Bm)|ym['] < +c0, (1)

0< Y [lx@"+(1+Bm)|ym|] <+c0,  (12)

respectively. Taking advantage of these Lyapunov-type
inequalities, we are able to establish some criteria for
nonexistence of homoclinic solutions of systems (5) and
(6). As we know, there are no results on non-existence of
homoclinic solutions for Hamiltonian systems in previous
literature.

2. Lyapunov-Type Inequalities for System (6)

In this section, we shall establish some Lyapunov-type
inequalities for system (6). For the sake of convenience, we
list some assumptions on «(n) and fB(n) as follows:

(A0) a(n) < 1, foralln e Z, [T 1 - als)] ™
(Al) a(n) < 1,forallne Z, ¥ °
(B0O) B(n) = (#) 0,foralln € Z;
(BD 32 BOITL (1 - a(o)] "

+ Y0 ﬁ(‘r)]_[ [1-a(s)]* < +oo.

Denote

< 005

o 1(8)| < +005

n n vy
()= Z,B(T)H[l—oc(s)]"‘] ,
T (13)

+00 -1 V/”
n(n) = [ Y B@[] [1—a<s>1f‘] :

T=n+1 s=n+1
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Theorem 1. Suppose that hypotheses (A0), (BO), and (B1) are
satisfied. If system (6) has a solution (x(n), y(n)) satisfying

+00
0< Y [lx@"+(1+Bm)|ym[] <+co,  (14)
then one has the following inequality:

© L)
2 teenm! @=L =

where y* (n) = max{y(n), 0}.

Proof. Hypothesis (B1) implies that functions {(1) and #(n)

are well defined on Z. Without loss of generality, we can
assume that

& L)
2

RTET L "

From (14) and (B0), one has
Jim ()= lim [y ()] =0, (17)
io B@) |y (@] < +co. (18)

T=—00
It follows from (13), (18), and the Holder inequality that

Z B |y @ 11‘[[1—

T=—00

n n 1/u n
= [ 2 B@[]n —a(s)]”] [ 2 B@ |y(r)|”]

1/v

n 1/v
1””[ 2 @ ly(r)l”]

<+00, VneZ,
(19)
+00 -1
Y B@y@F ] 1-a)
T=n+1 s=n+1
+00 -1 Vhr voo 1/v
< [ IGCHEEE —a(s)]”} Y B |y<r)|"]
T=n+1 s=n+1 T=n+1
+00 /v
= n(n)]””[ Y B |y(r)|"]
T=n+1
<400, VneZ.
(20)
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From (A0), (17), (19), (20), and the first equation of system
(6), we have

x(ni) = Y @@ y@[[-a@)™, vnez,
- 2)
+00 -1
x(m+D) ==Y B@O |y @[y @ [[l1-a(s)], Vnez.
T=n+1 s=n+1
(22)

Combining (19) with (21), one has

v

Ix(n+1)" =

Y B y@ [ -a@)”

<{m) Y B@ly@|, vnez

(23)

Similarly, it follows from (20) and (22) that

v

Ix(n+ DI =

+00 -1
Y B@ly@F y@ [] 1-as)

T=n+1 s=n+1

<nm) Y B@|y@|,

VnelZ.
T=n+1 (24)
Combining (23) with (24), one has
Ix(n+ 1) < f(())—”n(()) Z B@)|y@|, Vnez
(25)
Now, it follows from (16), (18), and (25) that
PR OIEICES N
< (mnn) v
26
|2 zmenm’ @ 29

X Z Bn) |y )] < +o0.

By (6), we obtain
ym)=Bm|ymf-ymIx@+D". (27)

A(x(n)

Summing the above from —c0 to +c0 and using (17) and (18),
we obtain

Yymlxm+D"= Y Bm|ym[,  (28)

which, together with (26), implies that

Yy mxm+ 1)l

n=—00

Zﬁwqu

n=—00

IN

=

[ {mnm) ]
Z<§(n)+f1(n) (

N n)r](n)
1 Z < L(n) +1(n)
[ & EIOVION o
Z ((")+’1(")

Wm Y oymlxm+ 1)

| Zmewm+Mﬂ
(29)

IN

We claim that

+00

Y ytmlxm+ 1 > 0. (30)

n=-—00

If (30) is not true, then

Zy<mmm+n|—o (31)

n=—00

From (28) and (31), we have

0< Y Byl -

n=—00

Zywwm+m
(32)

< Y Yrmlxm+ 1) =0.

n=—00

It follows that

B(m) |y )|y () =0
Combining (21) with (33), we obtain that

Vne”Z. (33)
x(n)=0, Vne2, (34)

which, together with the second equation of system (6),
implies that

Ay(n) =

Combining the above with (17), one has

-a(n)y(n), Vne. (35)

ymn) =0, Vnel. (36)
Both (34) and (36) contradict with (14). Therefore, (30) holds.
Hence, it follows from (29) and (30) that (15) holds. O

Corollary 2. Suppose that hypotheses (Al), (BO), and (Bl) are
satisfied. If system (6) has a solution (x(n), y(n)) satisfying
(14), then one has the following inequality:

Zy(m Zﬁw>2ﬁw>

T=n+1

v/2u +00

22 [ [ 1@ lamI}?
n=-00 (37)



where and in the sequel,

O [a(n) = min{l —a"(n),[1+a” (7’1)]71})

a' (n) = max{«a (n),0}, o (n) = max {-«a(n),0}.
(38)
Proof. Obviously, (Al) implies that
0< ﬁ [1-a(s)] < +oo, (39)

and so (A0) holds, and which, together with (B1), implies that
Y B(r) < +o0. Since

C () + 7 (n) = 2[C (m) (]2, (40)
it follows that

+§° Gmn(n) ()

L)+ )’

1§ [0 0]y ()
2

15 ol fpoffor

T=—00

+00 -1
x Y B@ []11-a()

T=n+1 s=n+1

}V/ZM

s% > <n){ > B@[]-a" "
+00 -1 v/2p (41)
X Z B (1) H [1+a (s)]#}
T=n+1 s=n+1
1 v/2u
<3 . Z % (n)[ Z B(7) Z B(7)
T=n+1
X ﬁ [1-af (s)]_v/2 ﬁ [1+a” (s)]w2
§=—00 s=n+1
! v/2u
SEZ)/ (n[Zﬁ(T Zﬁ(r]
n=-—00 T=—00 T=n+1
x [T{®[a)1} ™
which implies that (37) holds. O
Since

1/2

Z B(7) Z B (1) <13 Z By,  (42)

T=n+1

l\)

then it follows from (37) that the following corollary is true.
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Corollary 3. Suppose that hypotheses (Al), (BO), and (BI) are
satisfied. If system (6) has a solution (x(n), y(n)) satisfying
(14), then

+00 Vb oo /v
( > /»’(n)) ( >y (n)) >2 1‘[ {0 [o (m)}'2.

(43)

Applying Theorem 1 and Corollary 2 to system (8) (i.e.,
(10)), we have immediately the following two corollaries.

Corollary 4. Suppose thatr > 1 and p(n) > 0 forn € Z, and
that

+00 1

T:ZOOW < +00. (44)

If (8) has a solution x(n) satisfying

+00

0< ) [l +pem (1+[p]"7) 1ax ()] < oo,
(45)

then
r—1

h {Z [p@] }{ 3 [p(r)]“““}

n=—00 T=n+1

’ Gri [p(™] 1/(r-1) }r—l

+00 r=1y 71
+{ > lp (T)]_l/(r_l)]» ) >q+ (n) > 1.
T=n+1

(46)

Corollary 5. Suppose thatr > 1 and p(n) > 0 forn € Z, and
that (44) holds. If (8) has a solution x(n) satisfying (45), then

(-112
Zq(n){z p()l/”)z p()“”} >2.

T=n+1
(47)

3. Lyapunov-Type Inequalities for System (5)

When y =
form:

(B2) Tr- oo BT, 1~ (s)]?
+ 209 BT [1 - als)]* < +o0.
Applying the results obtained in last section to the first-

order linear Hamiltonian system (5), we have immediately the
following corollaries.

v = 2, assumption (Bl) reduces the following
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Corollary 6. Suppose that hypotheses (A0), (B0), and (B2) are
satisfied. If system (5) has a solution (x(n), y(n)) satisfying

0< Y [lxmP+(1+Bm)|ym|’] <+oo,  (48)

then

io {Zﬁ(r)]‘[[l—a(s) }

n=—00 T=—00

+00 7-1
x{ Y B[] [1—oc<s>12}

T=n+1 s=n+1

x < 2 B@[[i-aw)”

-1
-« (s)]2> > y (n)=1.

(49)

+00 -1
+Y B@ [[n

T=n+1 s=n+1

Corollary 7. Suppose that hypotheses (Al), (BO), and (B2) are
satisfied. If system (5) has a soldution (x(n), y(n)) satisfying
(48), then

172 +00
Z y* () Z @ Y ﬁ(r)] z2[]Oam].
T=n+1 n=-00
(50)

Corollary 8. Suppose that p(n) > 0 for n € Z, and that

Z m < +00. (51)

If (7) has a solution x(n) satisfying

0< Y [lxm)’+pm) (1+pm)]|Ax )] < +oo,
(52)

then

Zq(n) Z

7= OOP(T)T n+1p(T)

1 X1

> Y —.  (53)

n=—co P (n)

4. Nonexistence of Homoclinic Solutions

Applying the results obtained in Sections 2 and 3, we can
drive the following criteria for non-existence of homoclinic
solutions of systems (5) and (6) immediately.

Corollary 9. Suppose that hypotheses (A0), (B0), and (BI) are
satisfied. If

*f cc GITOIN 50

n)+rl(n)

then system (6) has no solution (x(n), y(n)) satisfying

0< Y [lx@I+(1+Bm)|ym[*] <+co.  (55)

Corollary 10. Suppose that hypotheses (Al), (B0), and (B1) are
satisfied. If

v/2u +00
Z Y () Z B (@) Z B | <2 ][ {@lam”
T=n+1 n=-—00

(56)
then system (6) has no solution (x(n), y(n)) satisfying (55).

Corollary 11. Suppose that hypotheses (Al), (BO), and (Bl) are
satisfied. If

+00 Ve s oo /v
( _Z /5(n)> ( _Z y*<n>)

then system (6) has no solution (x(n), y(n)) satisfying (55).

<2 ﬁ @ lam)'?,

n=—00

(57)

Corollary 12. Suppose that hypotheses (A0), (BO), and (B2)
are satisfied. If

f {Z ﬁ(r)]‘[[l—oc(s) }

n=—00 T=—00

+00 7-1
x{ Y B[] [1—a<s>12}

T=n+1 s=n+1

x ( > B@[]-awn™

+00 -1
+ > B@ [[1-a®)

T=n+1 s=n+1

-1
) >y*(n)< 1,

(58)

then system (5) has no solution (x(n), y(n)) satisfying

0< Z [|x(n)|2 +(1+ B () |y(n)|2] <+oco.  (59)

n=—00

Corollary13. Suppose that hypotheses (A1), (B0), and (B2) are
satisfied. If

1/2

<2 ﬁ O la(n)],

n=—00

Yym| Y B@ Y @
n=—00 T=—00 T=n+1

(60)

then system (5) has no solution (x(n), y(n)) satisfying (59).



Corollary 14. Suppose that p(n) > 0 for n € Z, and that (51)
holds. If

Zaf(n)(z ! Y 1)< ! (61)

n=—00 ‘r:—oop (T) T=n+1 p (T) n:—oop (71) '
then (7) has no solution x(n) satisfying (52).

Example 15. Consider the second-order difference equation:
Al(1+m)Ax(m)] +qm) x(n+1) =0, (62)

where g(n) is real-valued function defined on Z. In view of
Corollary 14, if

+00 n 1 +00 1 +00 1
.

— n) < -

nzzm[<fzml+rzrgll+rz)]q ) Z 1+n?

T e

then (62) has no solution x(n) satisfying

0< io [|x(n)|2+(1+n2)2|Ax(n)|2] <+00.  (64)
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