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In several situations the notion of uniform continuity can be strengthened to strong uniform continuity to produce interesting
properties, especially in constrained problems. The same happens in the setting of proximity spaces. While a parallel theory for
uniform and strong uniform convergence was recently developed, and a notion of proximal convergence is present in the literature,
the notion of strong proximal convergence was never considered. In this paper, we propose several possible convergence notions,
and we provide complete comparisons among these concepts and the notion of strong uniform convergence in uniform spaces.
It is also shown that in particularly meaningful classes of functions these notions are equivalent and can be considered as natural
definitions of strong proximal convergence. Finally we consider a function acting between two proximity spaces and we connect
its continuity/strong continuity to convergence in the respective hyperspaces of a natural functor associated to the function itself.

1. Introduction

In topology and analysis the concepts of uniform continuity
and uniform convergence on compacta play a central role.
It is well known that a continuous function restricted to
a compact set is uniformly continuous on that set. In the
setting of metric spaces, Beer and Levi [1] observed that a
continuous function is actually uniformly continuous on a
sufficiently small enlargement of every compact set. This led
them to introduce the concept of strong uniform continuity
on a set that is not necessarily compact. The concepts of
uniform continuity and strong uniform continuity agree
on the whole space, but they may differ on a subset. This
phenomenon is interesting since it is rare; generally one
comes across concepts which differ globally and agree locally.
It is also known that uniform convergence preserves uniform
continuity but on the other hand this may fail for strong
uniform continuity. Thus in Beer and Levi [1] and Caserta
et al. [2] a definition of strong uniform convergence is con-
sidered, enjoying the property of preserving strong uniform
continuity. This concept is related to the sticking convergence
defined by Bouleau [3] (see also [4]). In Beer [5], the author
extends the concept of strong uniform continuity to the more

general setting of Hausdorft uniform spaces and develops
the rudiments of the theory. Since in any uniform space a
natural proximity is associated to the uniformity, it is then
useful to consider notions of continuity and convergence
directly connected to the proximity structure. Thus a notion
of proximal continuity has been proposed, with the property
of preserving the nearness of two sets. This is a stronger
notion than simple continuity, which preserves nearness of a
point and a set. The equality of the two properties provides
a powerful tool in studying the problem of extension of
continuous functions from dense subspaces; see Gagrat and
Naimpally [6]. In analogy with the uniform case, a natural
concept of convergence is defined in this setting. It is called
proximal convergence, or also Leader convergence, since it
was defined by Leader [7]. In his investigation Leader in
particular showed that uniform convergence implies proxi-
mal convergence and that the converse in general does not
hold. However, when considering functions acting between
the two proximity spaces (X, «) and (Y, ), it is known that
two convergence modes are equal in the following three cases:
(a) Y is totally bounded, (b) the converging net is a sequence
or the directed set of the net is linearly ordered, and (c) X
is compact (see [7-10]). Furthermore, proximal convergence



preserves continuity as well as proximal continuity. Then Beer
and Levi [1] introduced some new concepts of local-type
proximal continuity and local-type proximal convergence, in
the setting of metric spaces, and provided some character-
izations of strong uniform continuity and strong uniform
convergence in terms of the analogous proximal properties.
These characterizations rely on convergence of various types
on bornologies. Some extensions are also provided in Beer
[5].

In this paper, after revising the various concepts of
continuity in uniform and proximal spaces, we introduce
several forms of strong proximal convergences, and we
investigate their connections in the setting of Tychonoft
spaces with compatible uniformities and proximities. We
also compare them with uniform convergences, and we
study them on bornologies. Then we connect uniform and
proximal continuity and convergences of functions with the
behavior of a natural functor in the hyperspace associated
to a given function f, that is, the functor f"(A) = f(A).
In the hyperspace we consider the proximal topology and
the Hausdorft-Bourbaki uniformity. Our results generalize
similar ones in Beer and Levi [1] and Di Maio et al. [11-13].

2. Preliminaries

Given a topological space (X, 1), we will denote by P(X)
(CL(X)) the set of all subsets (closed subsets) of X, and by
Py(X) (CLy(X)) the set of all nonempty (nonempty closed)
subsets. A central role in the paper will be played by the
notion of bornology. Thus, let us start with the following
definition.

Definition 1. Given a set X, a bornology 9 on X is a family
of subsets of X which is a covering, closed under finite union,
and hereditary. By a base %8, for a bornology % one means a
subfamily of 2 that is cofinal with respect to inclusion.

There is the smallest bornology on X, denoted by %,
containing (only) the finite subsets of X. Of course Py(X) is
the greatest bornology on X. Another important bornology
is the bornology # of the relatively compact subsets of X. In
the sequel we shall constantly assume that bornologies have
a closed base. We introduce now some relevant properties of
bornologies, introduced and studied in [5, 14, 15].

Definition 2. A bornology % on a Hausdorff uniform space
(X, %) is said to be stable under small enlargements if it
contains an enlargement U(A) of each of its members A; % is
said to be shielded from closed sets if for every A € 9 thereis
B € & such that A ¢ B and each neighborhood of B contains
an enlargement of A.

Clearly each bornology & that is stable under small
enlargements is shielded from closed sets, but the converse
does not hold: 98 ; is always shielded but stable under small
enlargements if and only if all points are isolated, and #
is stable under small enlargement if and only if X is locally
compact.
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In the paper we focus only on Tychonoff topological
spaces with associated Efremovi¢ symmetric uniformities.
For a complete reference on proximity spaces see Naimpally
and Warrack [16]. It is well known that to any uniformity %
on a uniform space Z a natural proximity { is associated: A{B
if there is no a symmetric W € %" such that W(A) N B =
0. In the other way around the situation is different: given
a proximity space (Z,«), there are in general several, not
equivalent uniformities on Z, having « as a natural proximity.
Thus, we shall consider (X, %), (Y, 7") uniform spaces when
we deal with uniform structures, and the associated prox-
imity spaces (X, ), (Y, 5), when we speak about proximal
properties. We shall use indifferently the notation AaB and
A<, B to indicate that AaB is false. We now introduce some
continuity notions we shall use throughout the paper.

Definition 3. Let (X, %), (Y, 7") be uniform spaces, and % a
bornology on X. One says that a function f : X — Y is
uniformly continuous if for every V' ¢ 7" there exists U ¢ %
such that for every x, y € X:

yeUx)= f(y) eV (f(x). 6))

Given a nonempty subset A of X, f is uniformly continuous
on A if its restriction f|, : (A, %) — (Y,7") is uniformly
continuous. Finally, we say that f is uniformly continuous on
& if f is uniformly continuous on A, for every A € 3.

Remark 4. Uniform continuity can be expressed in the
following equivalent form:

EcA= f(U(E)NA) cV(f(E). (2)

This last remark suggests the following enforcement of
uniform continuity.

Definition 5. Let (X, %),(Y,7") be uniform spaces, and %
a bornology on X. let A be a nonempty subset of X. One
says that the function f : X — Y is strongly uniformly
continuous on A if for every V € 7 there exists U € % such
that

EcA= fUE)CV(fE). 3)

We say that f is strongly uniformly continuous on 2 if it is
strongly uniformly continuous on A, for every A € .

Definition 6. Let (X, «) and (Y, ) be proximity spaces, and
P abornology on X. We say that the function f: X — Yis
proximally continuous on X if

VE,Sc X, EaS= f(E)Bf(S). (4)

Given a nonempty subset A of X, f is proximally continuous
on A if its restriction f|, : (A,a«) — (Y, p) is proximally
continuous. Finally, we say that f is proximally continuous
on A if f is proximally continuous on A, for every A € 2.

Definition 7. Let (X, «) and (Y, ) be proximity spaces; let A
be a nonempty subset of X and 98 a bornology on X. One says
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that the function f : (X,a) — (Y, f) is strongly proximally
continuous on A if

VEC AVS C X, EaS=> f(E)Bf(S). (5)

Finally, one says that f is strongly proximally continuous on
3 if f is strongly proximally continuous on A, for every A €

We shall use the notation C;(X, Y) to denote the family
of the functions from X to Y which are strongly proximally
continuous on the bornology 3.

Remark 8. Proximal and strong proximal continuity on a
set can be equivalently expressed in the following way: f is
proximally continuous on A if

VE CANT C f(A), f(BE)<T = E<,f ' (T). (6)
f is strongly proximally continuous on A if
VECANT cY, f(E) <l = E<<0‘f_1 (7). (@)

We now recall some connections among the introduced
continuity notions. Strong uniform continuity on a set
implies uniform continuity on that set. The converse does
not hold in general; for a complete characterization of
equivalence among the two continuities in uniform spaces,
see Beer [5]; strong proximal continuity implies proximal
continuity, and in general the two notions do not coincide;
furthermore (strong) uniform continuity implies (strong)
proximal continuity, for the natural proximity associated to
the uniformity. On the contrary a proximally continuous
function needs not to be uniformly continuous for the
uniformities compatible with the proximity. As an example,
take a proximity space (X, «) and uniformities %, and %,
on X such that %, is strictly finer than %,. The identity map
d: (X,%,) — (X,%,)is not uniformly continuous, but
the associated map from the proximal space (X, «) into itself
is so. However, if X, Y are metric spaces and f is proximally
continuous with respect to the induced proximities, then it
is also uniformly continuous with respect to their underlying
uniformities (see [17, Corollary 4.4.2]). More generally, it is
clear that on the whole bornology % the two notions of
strong continuity do coincide and are equivalent to continuity
of f.

For the coincidence of the two notions of uniform
continuity and strong uniform continuity on a bornology,
let us recall the result proved in Beer [5, Theorem 3.5] that
a continuous function acting between two uniform spaces,
if it is uniformly continuous on a bornology shielded from
closed sets, is automatically strongly uniformly continuous on
the bornology. To provide a similar result in the proximity
setting, we rephrase the notion of bornology stable under
small enlargements, given in Beer [5, Definition 3.2] in a
uniform setting, in order to have the analogous property in
proximal spaces.

Definition 9. Given a proximity space (X, &) and a bornology
3B on it, one says that B is stable under small enlargements it
for every A in 9 there is % in % such that A< B.

The next Lemma is useful to prove when proximal
continuity and strong proximal continuity coincide on a
bornology.

Lemma 10. Let (X, ) and (Y, ) be proximity spaces. Let
A, C ¢ X such that A< ,C. Suppose that for each F C C such
that AaF it holds f(A)Bf(F). Then f is strongly proximally
continuous on A.

Proof. Take G ¢ X such that AaG. Let F = C N G. We claim
that AaF. Otherwise, setting H = GNC", it is AaH, but then
G = F U H is such that AaG, against the assumption. Thus
AaF and then by assumption f(A)Bf(F). Since F C G, it
follows that f(A)Bf(G). O

Proposition 11. Let (X, &) and (Y, ) be two proximity spaces.
Let 3B be a bornology on X stable under small enlargements.
Then the following are equivalent:

(1) f is proximally continuous on 9B;

(2) f is strongly proximally continuous on 9.

Proof. We only need to prove that (1) implies (2). Fix A € &8
and let C € & be such that A<,C. From Lemma 10 it
is enough to prove that if F ¢ C is such that AaF, then
f(A)Bf(F). But this is an immediate consequence of the fact
that f is proximally continuous on C. O

Since the bornology 9 ¢ is not stable under small enlarge-
ments, but it is shielded from closed sets, it is easily seen that
in the above proposition the assumption on the bornology of
being stable under small enlargements cannot be weakened,
since any function is proximally continuous on % ¢, but only
the continuous functions are strongly proximally continuous
on % .

In Beer [5, Theorem 3.5] a result similar to Proposition 11
in uniform setting is proved.

3. Convergences

In this section we recall some notions of uniform and
proximal convergence, and related properties. Some of the
definitions are classical; some other are new. We also make
several comparisons among them.

We first recall the well-known definition of uniform
convergence between uniform spaces.

Definition 12. Let (X, %), (Y, 7") be uniform spaces, and let %
be a bornology on X. Let D be a directed set and f,, f € Y,

n € D. One says that the net {f,} uniformly converges to f
onAeRBif

VW eZ AN:¥n>N xeA= f,(x) eV(f(x)). (8)

{f,,} uniformly converges to f on 2 if it converges uniformly
onevery A € .

Definition 13 (see Beer [5]). Let (X, %), (Y,7") be uniform
spaces, and let & be a bornology on X. Let D be a directed



setand f,, f € Y, n € D. One says that the net { f,,} strongly
uniformly converges to f on A if

VYV e? AN :Vn> N,
)
U, €U :xeU,(A) = f,(x) e V(f(x).

{f,} strongly uniformly converges to f on 9 if it converges
strongly uniformly on every A € 3.

Remark 14. Strong uniform convergence on A can be equiv-
alently expressed in the following way:

VV e AN :Vn> N,
U, € % : VC C A, (10)

£, (U, (©) cV(f(C).

Evidently for each Hausdorff uniform codomain the strong
uniform convergence is finer than the uniform convergence
on Y¥; they collapse on Y* if and only if the bornology
P is stable under small enlargements, Beer [5, Theorem
3.1]; moreover they coincide on C(X,Y) if and only if the
bornology 3 is shielded from closed sets, Beer [5, Theorem
3.4].

Definition 15 (see Leader [7]). Let (X,«) and (Y,p) be
proximity spaces, and % a bornology on X. Let D be a
directed set and f, f, € Y*, n € D. The net {f,} proximally
convergesto f on A € & if

VCCA,VTCY:f(C)<<ﬁT, AN :Vn> N f,,(C)<<ﬁT.

(11)

The net {f,} proximally converges on & if it proximally
converges on A for every A € .

We introduce now the following definitions, in order to
investigate strong proximal convergence on bornology.

Definition 16. Let (X, «) and (Y, ) be proximity spaces, and
B a bornology on X. Let D be a directed set and let f, f,, €

Y¥, n € D. The net {f,} outer proximally converges to f on
AcRBif

VCCA,VTCY:ElBETX:CCB/\f(B)<</3T,
(12)
3N:Vn>N 3B, €175 : C C B, € BA £, (B,) <4T.

The net {f,} outer proximally converges on & if it outer
proximally converges to f on A, for every A € Z.

Definition 17. Let (X, T) be a topological space, let (Y, 3) be a
proximity space, and let 8 be a bornology on X. Let D be a
directed set and let f, f, € Y*, n € D. One says that ({f,}, f)
satisfies property (©) on A € B if

VCcANT cY: f(C) <gT,
(13)
3N :Vn> N 3B, € 15 : C C B, A f, (B,) <gT.

Onesays that ({f,}, f) satisfies property (©) on % if it satisfies
property () on every A € 2.
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Definition 18. Let (X, «) and (Y, 3) be proximity spaces, and
let & be a bornology on X. Let D be a directed set and let
f. f. € YX, n € D. One says that ({f,}, f) satisfies property
(d)on A C X if

VC c A,VT cY:3B: C<,BA f(B) <gT,
(14)
3N :Vn> N 3B, : C<,B, ¢ BA f,(B,) <4T.

Onessays that ({ f,,}, f) satisfies property (&) on & if it satisfies
property (&) on every A € A.

We observe at first that there is an equivalent way, often
used in the sequel, to express the above definitions. For
instance, outer proximal convergence of {f,} to f on & can
be equivalently expressed in the following way: let (X, &) and
(Y, B) be proximity spaces, and 9B a bornology on X. Let D
be a directed set and f, f, € Y™, n € D. The net {f,} outer
proximally converges to f on % if

VAE,%,VTCY:HBGTX:ACB/\f(B)<<ﬁT,
(15)
3N:Vn>N 3B, €15 : AC B, C BA f,(B,) <gT.

Remark 19. In the case the bornology 2 is the bornology
of the finite subsets of X, proximal convergence coincides
with pointwise convergence. This is no longer true for outer
proximal convergence, as Example 23 shows. However it is
clearly true in the case the limit function f is continuous, but
in such a case a more general result holds (see Proposition 25).

Remark 20. Property () usually does not define topological
convergence, at least on the whole space Y. For instance,
it can happen that ({f, := f}, f) does not fulfill property
(¥). Moreover, the next Example 21 shows that on the
whole space Y* the (&) limit of a net does not need to be
unique. However both conditions are interesting and natural
properties to consider and become topological convergences
on important subsets of Y*. In particular, (9) is a sticking
convergence type, as defined in Bouleau [3] and Bouleau [4],
while (&) looks like a natural type of proximal convergence,
since it directly appeals to proximity properties and not to
topological properties of the two proximity spaces.

In the sequel, when dealing with metric spaces, we always
intend that the proximity is the natural proximity associated
with the metric.

Example 21. In this example we see some pathological phe-
nomenon associated to properties & and ©, from the point of
view of convergence of nets. Let X = R*, Y = R, and % the
bornology of the bounded sets. Let

0 ify=0

F) -1

16
otherwise. 16)

Then ({f,, = f}, f) does not satisty property (¥). Let X = R,
Y = [0, +o0]. Let f, : X — R be the zero function, for every
n. Then observe that ({f,}, f) satisfies (&) for any f valued
zero on a dense subset of R.
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Coming back to the relations between the above proper-
ties/convergences, we immediately have the following.

Proposition 22. Let (X, «) and (Y, B) be proximity spaces, and
B a bornology on X. Let D be a directed set and f, f, € Y™,
neD.

D) If (S}, f) satisfies (V) on a set A, then f, outer
proximally converges on the set A, whence the same
holds on a bornology.

(2) If { S}, f) satisfies (V) on a set A, then f,, proximally
converges on the set A, whence the same holds on a
bornology.

Example 23. In this example we show that implication (1) in
Proposition 22 is not an equivalence. Let X = Y = R and
% = . Define

0 ifx=0
f@=1,
—  otherwise,
* (17)
n ifx=0
fu(x) =

1
— otherwise.

X

Then {f,} outer proximal converges to f, but does not
proximal converge on % ¢; thus in particular © does not hold.

On the other hand, on Y¥ proximal and outer conver-
gence are independent, as the following example shows.

Example 24. In light of Example 23, we only need to produce
a sequence proximally converging, but not outer proximally
convergingon . Let X =Y = Rlet # = % and f the
zero function. Let &, oy, . .., &, . . . be an enumeration of the
rational numbers and set

if x = o

S

fn (x) = (18)

otherwise.

—

Taking any open set B the set T = [-¢, ] fulfills f(B)<,T,
while for any Bsup, . f,,(B) = +00, and thus there is no outer
proximal convergence. Observe that the limit function f is
continuous, while the approximating functions are not.

With some (weak) assumptions on the functions f,,, f
further relations hold.

Proposition 25. Let (X, «) and (Y, ) be proximity spaces, and
B a bornology on X. Let D be a directed set and f, f, € Y,
neD.

W) If f € C(X,Y) and f, — f outer proximally on A €
B, then f, — f proximally on A € B, whence the
same holds on 9;

) If f € C(X,Y) and f,, — f outer proximally on A €
B, then ({f,}, f) satisfies (V) on A € B, whence the
same holds on 9;

QB)If f, e C(X,Y) and if f, — f proximally on A € 3B,
then f, — f outer proximally on A € B, whence the
same holds on 2.

Proof. (1) Let A € % andlet T C Y be such that f(A)<</3T.
There is E € 7y such that f(A)<gE<gT. Let 7y > B :=
f “Y(E). Thus f(B)x T By assumption there is N such that
there are B, € 7y such that A ¢ B, ¢ Band f,(B,)<gT’, and
thus for all n > Nf,(A)<gT.

(2) Suppose f (A)<gT. Then there is O € 7y such that
J(A)<gO<gT. We conclude by applying the definition of
outer proximal convergence to B := ' (O).

(3) Let A € BB andlet T C Y be such that there is B € 7y
with A ¢ Band f(B)« T By assumption there is N such that
foralln > N, f,(B)<gT. Thus there are for all n open sets
W, such that f,(B)<zW,<T. Let 7y > B, := f~'(W,) N B.
Hence A ¢ B, ¢ Band fn(Bn)<<ﬁT' ]

The following Corollary is immediate.

Corollary 26. Let (X, «) and (Y, ) be proximity spaces. Then
in the space C(X,Y) the following are equivalent:

(1) f, — f for the proximal convergence;
(2) f, — f forthe outer proximal convergence;

(3) property (V) holds for ({f,.}, f).

Thus in the class of continuous functions proximal conver-
gence is a sticking type convergence described also by means
of property (9).

The next Lemma is useful to characterize outer proximal
convergence.

Lemma 27. Let (X, ), (Y, B) be two proximity spaces, B a
bornology on X let f € Y* and A € B. Then the following
are equivalent:

(1) f is strongly proximally continuous on A;

(2) for every T CY such that f(A)<<ﬁT,

3B : A< ,BA f(B) <gT. (19)

Proof. Let T be such that f(A)<<ﬁT. Then by (2) there is B
such that A<, Band f(B)<</3T. Thus A<, B ¢ f"1 (T) and so
(2) implies (1). Conversely, let T be such that f(A)<« T Then
there is S such that f(A)<<ﬁS<<ﬁT. Then by (1) A<<“f71(8),

and there is B such that A<, B<,f'(S); it follows that
f(B) c S<<ﬁT. O

Observe that in the above condition the set B can be
equivalently supposed to be open.

From Lemma 27 we immediately get the following corol-
lary.



Corollary 28. Let (X, «) and (Y, ) be proximity spaces and
B a bornology on X. Then in the class CZ;(X, Y) a net {f,}
proximally converges if and only if property (&) holds.

Proof. This is an immediate consequence of Lemma 27. [

We now introduce two new properties on a pair ({ f,,}, f),
where as usualn € D, with D a directed set. Similar to the case
of property (9), they do not define a topological convergence
on Y*, but on important subclasses of Y* they do.

Definition 29. Let (X, «) and (Y, ) be proximity spaces. Let
f X — Y and % be a bornology on X. One says that
({f,}, f) satisfies property (&) on A € R if

VTcY:f(A)<<ﬁT dBcCc X:
(20)
A< BAIN :Vn > Nf, (B) <4T.

Onesays that ({ f,,}, f) satisfies property (<) on % if it satisfies
property (<>) on each A € 9.

The next example shows that a constant net does not need
to fulfill the property (<>). Thus the same considerations made
for property (¥) in Remark 20 apply to (<) as well. Naturally,
we shall call property (<) equiproximal convergence, when it
is a topological convergence.

Example 30. Let X be an infinite dimensional separable
Hilbert space with orthonormal basis {e, : n € N} (e.g., I*
withe, = (0,0,...,1,...,...)). Let f : X — [0, +00) be the
following function:

o0

fx) =Y (xe,)" 1)

n=0

Setting A = B(0; 1), the unit ball in the Hilbert space, happens
that f(A) = [0, 1], while for any enlargement H of Af(H) =
[0, 00). Thus one more time the constant net {f,, = f} does not
converge to f.

The second property is meaningful instead only when
a bornology is specified. For this reason we do not make
comparisons of this property with the other ones with specific
examples on sets.

To prove our results, we start by giving a new definition,
in the context of proximity spaces: it is the natural adaptation
in this setting of the definition given by Beer in [5] in the
uniform case.

Definition 31. Let (X,«) be a proximity space and & a
bornology on it. One says that % is shielded from closed sets
if for each A € & there is B € & such that each open set O
containing B is such that AaO".

In the sequel we shall naturally say, for sets A and B as
above, that B is a shield for A.

Definition 32. Let (X, T) be a topological space, let (Y, ) be a
proximity space, and let & be a bornology on X. Let D be a
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directed set and let f, f, € Y™, n € D. One says that ({f,}, f)
satisfies property (#) on B if

VAe R VTCY:f(A)<<IgT,
(22)
3C € % : C shields ANIN :Vn > N f, (C) <4T.

Property (<) is a stronger notion than both property (é)
and proximal convergence. However in the next propositions
we see that on bornologies with particular features the new
properties coincide with previous convergences.

Theorem 33. Let (X, ) and (Y, B) be two proximity spaces;
let D be a directed set and f, f, € YX, n € D. Let B be a
bornology on X and stable under small enlargements; let f be
strongly proximally continuous on 9. Then the following are
equivalent:

(1) ({f,.}, f) satisfies property (&) on 9B;

(2) {f,.} proximally converges to f on B;

(3) ({f,.} f) satisfies property (&) on AB.

On the other hand, if for every f € R* which is strongly
proximally continuous on B, (2) and (3) are equivalent on 9B,
then 3B is stable under small enlargements.

Proof. 1t is enough to prove that (2) and (3) are equivalent.
Let A € & and let us prove thatif f, — f proximally on A
then {f,} satisfies property (<>) on . Thus, suppose T is such
that f(A)<gT. Since f is strongly proximally continuous on
A and & is stable under small enlargements, from Lemma 27
we know that there is B € 9 such that f(B)<T. Since
fn — f on B, then eventually f,(B)<T, and this concludes
the proof of the first part. Let us now prove the second
statement. Suppose 9 is not stable under small enlargements.
We shall produce a net {f,} proximally converging to a
strongly proximally continuous limit function f on %, but
on the other hand ({f,}, f) does not satisfy property (<) on
AB. There is A € B such that for every B € & it is not the
case that A<, B.Let D = {B € % : A C B}, directed by
inclusion. Observe that, for every F ¢ X such that A< F, for
every B € D there is xgp € F \ B. Now define

1 ifx = xgp for some F

fa (%)= { (23)

0 otherwise.

We now prove that fp proximally converges on % to the
function f valued zero everywhere, but on the other hand
({fg}, f) does not satisfy property () on A € 2. The first
statement is clear, since for all C € D such that B ¢ C, it
is fo(x) = 0 on C, whence on A. About the second setting
T =[-1/2,1/2],itis f(A) < T, but for any F ¢ X such that
A< F, forevery B € D, 1 € fg(F), and this ends the proof.

O
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Theorem 34. Let (X, &) and (Y, [3) be two proximity spaces let
D beadirected setand f, f, € Y™, n € D. Let B be a bornology
on X shielded from closed sets; let f be strongly proximally
continuous on B. Then the following are equivalent:

(1) ({f,.} f) satisfies property (&);
(2) {f,.} proximally converges to f on 9.

On the other hand, if X is a normal space, if for every f € R*
which is strongly proximally continuous on 9B, (1) and (2) are
equivalent on 9B, then 9B is shielded from closed sets.

Proof. Obviously we only need to prove that (2) implying (1),
since (1) implies (2) is always true, with no assumptions on
f and %B. Let {f,} be a net proximally converging to f on
B, let f be strongly proximally continuous on %, let A €
%, and suppose f(A)<gT. Then there is M C Y such that
f(A)<gM<,T. Since f is strongly proximally continuous on
B, itis A<, f1(M). Take B € & such that B shields A. It
is easy to see then that B > C := Bn f'(M) shields A.
Moreover f(C) ¢ M<gT. Since f, — f proximally on C €
%, then eventually f,(C)<T, and this concludes the proof
of the first part. Suppose now 2 is not shielded from closed
sets. We shall produce a net {f,,} proximally converging to a
strongly proximally continuous limit function f on %, buton
the other hand ({f,}, f) does not satisfy property (#) on %.
Thus, there is A € 98 such that for every B € 9 there exists
a closed set Fy with F; N B = f and AaFg. Let D = {B € % :
A ¢ B A B is closed}, directed by inclusion. Now, for every
B € D find a continuous function fz which is valued 0 on
Band 1 on F. Mimicking the proof of Theorem 34, it is easy
to see that f; proximally converges to f on % (since % has
a closed base), but ({ 5}, f) does not satisfy property (#) on
Ae . O

As a conclusion, observe that on C(X,Y) convergences
proximal, outer proximal and property () coincide, and
in the subset C;(X,Y) of C(X,Y) of the strongly proximal
continuous functions also (&) is equivalent to proximal
convergence. In the next example we see that (&) can be
in general different from other convergences in C(X,Y) \
CHXY).

Example 35. Let X be the following subset of R:
X={(x,y):x>1,y>0}. (24)

Let A = {(x,y) € X : y = 0}. Consider the bornology %
of the sets of the form S U {x;} U --- U {x;}, with k € N and
S ¢ A.Finally, consider f,(x, y) = (1/n)xy, f(x, y) = 0. Then
f, — f proximally, but ({f,}, f) does not satisty property
(). If instead we take f(x, ¥) = xy, f,(x, ¥) = xy + (1/n)x?,
we see that f,, does not proximally converge on A, while (&)
holds on 3.

From the previous considerations the following corollary
is immediate.

Corollary 36. Let (X, «) and (Y, ) be two proximity spaces let
B be a bornology on X stable under small enlargements. Then
in the space C;I;(X, Y) the following are equivalent:

(1) f, — f for the proximal convergence;

(2) f, — f forthe outer proximal convergence;

(3) property (V) holds for (1f,}, f) (sticking convergence);
(4) property (&) holds for (1£,}, f) (equiproximal conver-

gence);
(5) property (&) holds for ({f,}, f);
(6) property (&) holds for ({ f,}, f).

We end the section showing some connections among
strong uniform convergence and the proximal convergences
introduced before.

Proposition 37. Let (X, %),(Y,7") be uniform spaces, with
associated proximities o, [3; let B8 be a bornology on X. Let { f,,},
n € D, D a directed set, be a net strongly uniformly converging
to f on B. Then ({f,}, f) satisfies property (&) on ZB.

Proof. Fix A € B and let T C Y be such that there is B
such that B«,A and f(A)<gT; hence there is V' such that

V(f(A)) c T.Let W be such that W? ¢ V. Since f,, strongly
uniformly converges to f on A, there exists N such that
for all n > N there are U, such that for all x € U, (A),
fa.(x) c V(f(x)). Let U, such that U;(A) < B. There is

U! ¢ U, NU, and there is U, be such that ﬁi c U, Thus

A c U'(A) = B, c B.Since U,(A) ¢ U.(A) c B,, it follows
that A<, B, ¢ B. Moreover, for all x € 3B, W(f,(x)) c
W2(f(x)) C V(f(x)) C T, that s, f,,(B,)<4T- O

The next proposition provides a similar, yet independent,
result.

Proposition 38. Let (X, %),(Y,7") be uniform spaces, with
associated proximities «, 3 let B be a bornology on X. Let { f,,}
be a net strongly uniformly converging to f on %. Then {f,}
outer proximal converges to f on A.

Proof. Fix B € 9B and let T C Y be such that there is
A € 74 with B ¢ A and f(A)<<ﬁT; thus there is V' such

that V(f(A)) ¢ T. Let W be such that W2 ¢ V. Since fa
strongly uniformly converges to f on B, there exists N such
that for all n > N there are U,, such that for all x € U, (B),
fu(x) € V(f(x)).Let B c (U, (B)NnA) =S, ¢ A. Then all
S, are openin X and forall x € S, W(f,(x)) Wz(f(x)) C
V(f(x)) ¢ T, thatis, f(S,)<4T. O

4. Convergence on Hyperspaces

In this section we show that the notions of strong uni-
form continuity (convergence) and strong proximal conti-
nuity (convergence) restricted to a bornology are equivalent
to continuity (convergences) on hyperspaces with suitable
topologies.



Given a function f : (X,7) — (Y¥,A) acting from a
topological space to another topological space, it is natural
to consider the two following functors associated to f and
acting on hyperspaces:

Py (X) — Py (Y),
defined as

f*:CL(X) — CL(Y), (25)

A =fA), (A= f(A). (26)

We remember that by hyperspace the set Pj(X) (or a subset
of it, like CL(X)) is intended, endowed with some topology
making continuous the embedding x — {x} of X in Py(X).
In particular, in this section we shall deal with a net of
functions {f,}, f, : (X,&) — (¥, and a function f,
and we want to connect convergence on a bornology, in
various senses, of f, to f, with convergence of the associated
nets { fr/l\} and {f,'}. Our focus will be on the proximal
topology in the hyperspace of a proximal space, and on
the Hausdorff Bourbaki uniform topology when considering
uniform spaces. As it is well known, these topologies are the
join of two topologies, a so-called upper topology and a so-
called lower topology.

A basic upper neighborhood of C € Py(Y), where (Y, f3)
is a proximity space, is

J = {HCY:H<<ﬁT}, (27)

for some T ¢ Y with C< 3T, and T is from a given fixed family
of subsets of Y. Equivalently, a basic neighborhood of C C Y
is

7 = {W e P, (Y) : WBF}, (28)

where F ¢ Y and CSF and F is from a given fixed family of

subsets of Y. The natural lower topology associated with the
former upper one is the lower Vietoris topology (depending
only from the topology on X, and indicated by V) whose
join with the upper Hausdorff topology gives rise to the well-
known proximal topology, indicated from now on by o3. We
remember that a subbase for the lower Vietoris topology is
given by O™, where O is an open set in Y and O~ indicates
the family of all sets F € Py(Y) such that F N O #0. Instead,
if (X, %) is a uniform space, in the hyperspace it is possible
to consider the so-called Hausdorff-Bourbaki uniformity. As
usual, it consists of a lower and an upper part. A typical
neighborhood of a set A in the upper uniform topology is the
following family of sets:

{BePy(X):BcU(A)}, (29)

where U € %. Similarly, a typical neighborhood of a set A in
the lower uniform topology is the following family of sets:

{BePy(X): AcU (B}, (30)

where U € %. It is known that, when considering the
proximity naturally associated with the uniformity %, the
upper proximal Hausdorff topology agrees with the upper
uniform topology (see [18], page 50).

Our first intent is to show that we can limit our analysis
to one of the two functors. Our choice will be on f".
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Definition 39. Given a topological space (Z, 1), let o be a
topology on the set Py(Z) of the nonempty subsets of Z. One
shall say that o is a compatible topology on Z if for each
F € Py(Z) and N € g, N is a neighborhood of F if and only
if it is a neighborhood of any set A such that F ¢ A c cl F.

Proposition 40. Let (X, ) and (Y, ) be two proximity spaces,
let f : X — Y be a function and let 7,0 be compatible
topologies on Py(X) and P,(Y), respectively. Let B be a
bornology on X and denote by B the set B = {B : B € BB},
Then the following are equivalent:

(1) f*: B — Py(Y) is (1, 0)-continuous;
2 rr : B — CL(Y) is (1, 0)-continuous.

Itis clear that the hyperspace topologies introduced above
are compatible topologies.
Here is our first result.

Proposition 41. Let (X, ), (Y, ) be proximity spaces, and let
f: X,a) — (Y,f) be a given function. The following are
equivalent:

(1) f is proximally continuous on B;
(2) f*: (Py(B),H)) — (PO(Y),HE) is continuous;
(3) "1 (Py(B),0,) — (Py(Y), o) is continuous.

Proof. (1) = (2) Without loss of generality, we can assume
B = X. Let us prove that, given A ¢ P,(X), for every
neighborhood L of f"(A) there is a neighborhood N of A
such that f*(N) ¢ L. We can assume L = {T : T<<ﬁM},
for some M such that f(A)<zM. Thus there is H such

that f(A)<zH<zM. Then A<, f '(H). Take N = {C :
C<<af_1(H)}. Then forall C € Nitis f(C) ¢ H<gM; thus
fA(N) c L.

(2) = (1) By contradiction, there are A, S such that
AaS and f(A)Bf(S). Let L be the following neighborhood

of f*(A): L = {B : BBf(S)}. Let U be a neighborhood of A:

we can suppose U = {T : TaR}, with AaR. Since AasS there
exists x;; € S\ T. Thus {xy;} € U but f({xy}) ¢ L, so that for
no U neighborhood of A in P,(X) it happens that f"(U) ¢ L,
and as a result " is not continuous at A.

(3) © (1) It is enough to prove that f proximally con-
tinuous implies f A(PO(B),V‘; ) — (Py(Y), Vl; ) is continuous.
But actually continuity of f on X is enough to get it. For, let
O be an open set such that f(A)NO # @. Take x € A such that
f(x) € O. Since f is continuous at x, there is an open set I in
X such thatforallz € I f(z) € O. Thus I isa neighborhood
of Asuch that,forallBe I, f(B) e O". O

The next result instead deals with the same issue, but
when the function f is supposed to be strongly proximal
continuous, rather than merely proximally continuous. We
do not provide the proof, since it mimics that one of
Proposition 41. Compare the result of Proposition 42 with
Theorem 3.3 in Beer and Levi [1].
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Proposition 42. Let (X, ), (Y, 3) be proximity spaces, and let
f: (X,a) — (Y,p) be a given function. The following are
equivalent:

(1) f is strongly proximally continuous at every B € Py(A);
2) f* (Py(X),H)) — (PO(Y),HE) is continuous at
every B € Py(A);

3) fA :(Py(X),0,) — (P(Y), aﬁ) is continuous at every
B € Py(A).

We now provide analogous results, in uniform spaces. We
shall prove only the second result; the proof of the first one is
similar.

Proposition 43. Let (X, %), (Y, 7") be uniform spaces, and let
f: X, %) — (Y,7) be a given function. The following are
equivalent:

(1) f is uniformly continuous on A;
(2) f" 1 (Py(A), Hy)) — (Py(Y), Hy) is continuous;
3) fA : (Py(A), Hy) — (Py(Y), Hs,) is continuous.

Proposition 44. Let (X, %), (Y, 7") be uniform spaces, and let
f: X% — (Y,7) be a given function. The following are
equivalent:

(1) f is strongly uniformly continuous on A;

(2) f" : (Py(X),Hy) — (Py(Y),Hy) is continuous at
every B € Py(A);

(3) f" : (Py(X),Hy) — (Py(Y),Hy) is continuous at
every B € Py(A).

Proof. (2) = (1) Suppose by contradiction that (1) is not true.
Then there is V € 7 such that for all U € % there exist E;; C
A and points x, ¥y, with

(f(xw), fOw) ¢V (3D)

Since f” is by assumption continuous with respect to the
upper Hausdorff uniformities, given V' € 7" as above, there
isU € % such that f(U(E) c V(f(E)) for all subsets E of A.
But this contradicts (1), for E = {xy}.

(1) = (3) By contradiction, suppose there is F ¢ A such
that there is V' € 7" such that there exists G;; with F ¢ U(Gy,)
and f(F) ¢ V(f(Gy)); that is, there are x;; € F and y; €
U(xy) with (f(xy, f(yy)) ¢ V. But this contradicts strong
uniform continuity of f at A. 0

xy € By, (xpoyu) €U

The following corollary generalizes Theorem 2.2. in Di
Maio et al. [11], which establishes the same result in metric
spaces.

Corollary 45. Let (X, %), (Y,7") be uniform spaces, and let
f: (X% — (Y,7) be a given function. The following are
equivalent:

(1) f is strongly uniformly continuous on Py(X);

(2) f is uniformly continuous on X;

(3) f* 1 (Py(X), Hy) — (Py(Y), Hy,) is continuous;
(4) f": (Py(X), Hy) — (Py(Y), Hy) is continuous.

The next results instead deal with convergences on a
bornology.

Proposition 46. Let (X, ) and (Y, ) be two proximity spaces;
let D be a directed set and f, f, € YX, n € D. Let B be a
bornology on X. Then the following are equivalent:

(1) {f,} proximally converges to f on B;
2) {frf} pointwise converges to f" at every A € B.

Proof. Suppose {f,} proximally converges to f on A € %,
and let .7 be a neighborhood of f"(A). We suppose .7 =
{B c Y : BpPF}, for some F C Y, such that f(A)BF.
Then f, (A)BF eventually, so that f/'(A) € .7 eventually. The

opposite implication follows the same pattern. O

In the sequel we shall use the following definition of
convergence, that we shall call topological convergence.

Definition 47. Let (U, 1) and (V,0) be topological spaces. A
net {f,}, n € D, D a directed set, topologically converges
to f if for every u € U, for every neighborhood /" of f(u)
there is a neighborhood ./ of u and N such that for every
n>N f, (M) cN.

Proposition 48. Let (X,«)) and (Y,p) be two proximity
spaces; let D be a directed set and f, f, € Y*, n € D. Let 5 be
a bornology on X. Then the following are equivalent:

(1) {f,,} equiproximally converges to f on 9B;
) {fM : (B(X),H)) — (PO(Y),HE) topologically
converges to f" at the members of B;

3 {1 (Py(X),0,) —  (Py(Y),0p) topologically
converges to f" at the members of B.

Proof. To show that (1) implies (2), we take A € 9% and
a neighborhood .# of f"(A) in Py(Y). Without loss of
generality there exists T C Y suchthat 7 = {H ¢ Y : H<T},
with f (A)<<BT' Then there exist N and B(e 7y) such that
foralln > N fn(B)<<ﬁT. Thus B =: {C ¢ X : Ck,B}isa
neighborhood of A such that f,f\((%’) C %, and this shows the
claim. For the converse relation, let A € 98 and let T be such
that f(A)<,T. Consider the following neighborhood .7 of

A A):
J = {H C Y:H<<ﬁT}. (32)

From (2) there are N and an open set O such that for all
n>N f,:\(O) € J. Since O is open in Py(Y) and contains
A there is L ¢ X such that O > {R : R<,L}. There is
B € 1y such that A« B« L. Thus f,(B) ¢ f,(O) ¢ . and
so f,(B)<gT. To conclude the proof, it is enough to show
that equiproximal convergence implies convergence of { /')
for the lower Vietoris topology, on Py(X) and Py(Y). Thus,
take an open set O such that f(A) € O™. Then thereis x € A
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such that f(x) € O. Thus f({x})« 30; and there exists B, that
without loss of generality we can suppose to be open, such
that f,(B)< 0. This implies that for all C € B, f,(C) € O7,
and this ends the proof. O

Specializing the above results to the bornology P,(X)
and collecting some previous statements we can establish the
following interesting corollary.

Corollary 49. Let (X, «) and (Y, B) be two proximity spaces;
let D be a directed set and f, f, € Y=, n € D. Then the following
are equivalent:

(1) {f,,} proximally converges to f on Py(X);

(2) {f,.} equiproximally converges to f on Py(X);

B) {f1}: (Py(X),H)) — (PO(Y),H;;) topologically con-
verges to f';

@) {7 (B(X),0,) — (Py(Y), 0) topologically con-
verges to f';

(5) {frf}pointwise converges to f" at every A € Py(X).

Proof. We remind of that, as shown in Naimpally [19], conti-
nuity with respect to upper Vietoris topology on graphs auto-
matically implies pointwise convergence, and this implies
continuity with respect to the lower Vietoris topology: exactly
the same proof applies when considering upper proximal
topology instead of upper Vietoris topology.
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