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We present a survey on the existence of periodic solutions of singular differential equations. In particular, we pay our attention to
singular scalar differential equations, singular damped differential equations, singular impulsive differential equations, and singular

differential systems.

1. Introduction

During the last two decades, singular differential equations
have attracted many researchers [1-11] because such equa-
tions describe many problems in the applied sciences, such
as the Brillouin focusing system [12-14], nonlinear elasticity
[15], and gravitational forces [3]. Besides these important
applications, it has been found that a particular case of
singular equations, the Ermakov-Pinney equation, plays an
important role in studying the Lyapunov stability of periodic
solutions of Lagrangian equations [16-18].

In the literature, two different approaches have been used
to establish the existence results for singular equations. The
first one is the variational approach [3, 4, 6, 19, 20] and
the second one is topological methods [1, 10, 21-28]. In
our opinion, the first important result was proved in the
pioneering paper of Lazer and Solimini [29]. They proved
that a necessary and sufficient condition for the existence of
a positive periodic solution for

"

x =$+e(t) @

is that the mean value of e is negative; thatis,e < 0,here A > 1,
which corresponds to a strong force condition, according to
a terminology first introduced by Gordon [30]. Moreover, if
0 < A < 1, which corresponds to a weak force condition,
they found examples of functions e with negative mean values

and yet no periodic solutions exist. Therefore, there is an
essential difference between a strong singularity and a weak
singularity. Since the work of Lazer and Solimini, the strong
force condition became standard in related work, see, for
instance, [8, 15,18, 27, 28]. Compared with the case of a strong
singularity, the study of the existence of periodic solutions
under the presence of a weak singularity is more recent, but
it has also attracted many researchers [31-39]. In [39], for the
first time in this topic, Torres et al. proved an existence result
which is valid for a weak singularity, whereas the validity of
such results under a strong force assumption remains as an
open problem, which was partially solved in [32].

The main aim of this survey is to present some recent
existence results for singular differential equations. In partic-
ular, we will consider the scalar singular equations, singular
damped equations, singular impulsive equations, and singu-
lar differential systems. We will also include some examples
to illustrate the results presented.

The rest of this paper is organized as follows. In Section 2,
we will state some important results for the second-order
scalar singular differential equations. Singular damped equa-
tions will be considered in Section 3. In Section 4, singular
impulsive differential equations will be studied. Finally in
Section 5, we will focus on the singular differential sys-
tems. Sections 2 and 3 are mainly written by the first
author. Section 4 is mainly written by the second author,
and Section 5 is mainly completed by the third author.



All the results presented in Sections 3-5 shed some lights
on the differences between a strong singularity and a weak
singularity.

Finally in this section, we must note that besides the
results presented in this survey, many interesting and impor-
tant results on singular differential equations have been
obtained by other researchers, see, for example, [9, 40-45]
and the references cited therein.

In this paper, we denote the essential supremum and
infimum of p by p* and p,, respectively, for a given function
pe L'[0,T] essentially bounded.

2. Second-Order Scalar Singular Equations

In this section, we recall some results for second-order
singular differential equations

M rat)x = f(t,x)+e(t), )

here a(t), e(t) are continuous, T-periodic functions. The
nonlinearity f(t,x) is continuous in (¢, x) and T-periodic in
t and has a singularity at x = 0.

First we need to present some preliminary results on the
linear equation

" +at)x=p(t) 3)
with periodic boundary conditions
x(0)=x(T), ¥ (0)=x"(D). (4)

We assume the following:

(A) the Green function G(t, s), associated with (3)-(4), is

positive for all (¢,s) € [0,T] x [0, T], or

(B) the Green function G(t, s), associated with (3)-(4), is

nonnegative for all (¢,s) € [0,T] x [0, T].

When a(t) = k?, condition (A) is equivalent to 0 < K <
A= (/T)? and condition (B) is equivalent to 0 < k* < A,.
In this case, we have
sink (t —s)+sink (T —t +s)

2k (1 — coskT)
sink(s—t)+sink(T —s+1)
2k (1 — coskT)

, 0<s<t<T,

G(t,s)=

, 0<t<s<T.

©)

For a nonconstant function a(t), there is an L?-criterion
proved in [46], which is given in Lemma 1 for the sake of
completeness. Let K(g) denote the best Sobolev constant in
the following inequality:

Cllul? < Il Vu € H. (0.T). (6)
The explicit formula for K(q) is
27 ( 2 >”/‘1< I(1/q) )2
qr'*1\2 +q I(1/2+1/q)
K(q) = if 1 <q < oo,
4 ifg=o00
T 1=

7)

where I' is the gamma function, see [47, 48].
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Lemma 1 (see [46, Corollary 2.3]). Assume that a(t) > 0 and
a € LP[0,T] for some 1 < p < co. If

lall, < K(2p), (8)
then the condition (A) holds. Moreover, condition (B) holds if
lall, < K(2p). )

When the hypothesis (A) is satisfied, we denote

M= maxG(ts), o=-—. (10)

m = min G(t,s),
0<s,t<T M

0<s,t<T
Obviously, M >m >0and 0 < o < 1.

The first existence result deals with the case of a strong
singularity and the proof is based on the following nonlinear
alternative of Leray-Schauder, which can be found in [49] or
[50, pages 120-130].

Lemma 2. Assume Q is an open subset of a convex set K in
a normed linear space X and p € Q. Let T : Q — K bea
compact and continuous map. Then one of the following two
conclusions holds.

(1) T has at least one fixed point in Q.

(IT) There exists x € 0Q and 0 < A < 1 such that x =
ATx + (1= A)p.

Theorem 3 (see [37, Theorem 4.1]). Suppose that a(t) satisfies
(A) and f(t, x) satisfies the following.

(H,) There exists a nonincreasing positive continuous func-
tion gy(x) on (0,00) and a constant R, > 0 such that
f(t,x) = go(x) for (t, x) € [0, T]1x(0, Ry], where g,(x)
satisfies

Ry
lim g, (x) = +00, lim J go (u)du = +co. (11
x—0" x—0" Jx

(H,) There exist continuous, nonnegative functions g(x) and
h(x) such that

0< f(t,x)<g(x)+h(x) V(t,x)e€[0,T]x(0,00),

(12)

g(x) > 0 is nonincreasing and h(x)/g(x) is nonde-
creasing in x € (0, 00).

(H,) There exists a positive number r such that or +y, > 0
and

glor+y ) {1+ (h(r+y*)/g(r+y*))}

>’ (13)
here
T T
y(t) = J G (t,s)e(s)ds, w(t) = J G(t,s)ds. (14)
0 0

Then for each e € C(R/TZ,R), (2) has at least one positive
periodic solution x with x(t) > y(t) forallt and 0 < ||x—y| < r.
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Note that the study in [37, Theorem 4.1] is slightly
different from the above presentation. However, the proof
of the above theorem follows from that of [37, Theorem
4.1] with some minor necessary changes. Condition (H,)
corresponds to the classical strong force condition, which was
first introduced by Gordon in [30]. In fact, condition (H,)
is only used when we try to obtain a prior lower bound. In
Theorem 4, we will show that, for the case y, > 0, we can
remove the strong force condition (H,) and replace it by one
weak force condition.

Theorem 4 (see [33, Theorem 3.1]). Assume that (A) and
(H,)-(Hs) are satisfied. Suppose further the following condi-
tion.

(H,) For each constant L > 0, there exists a continuous
function ¢; > 0 such that f(t,x) > ¢.(t) for all
(t,x) € [0,T] x (0,L].

Then for each e(t) with y, > 0, (2) has at least one positive
periodic solution x with x(t) > y(t) forallt and 0 < || x—y|| < r.

For the superlinear case, we can establish the multiplicity
result. The proof is based on a well-known fixed point
theorem in cones, which can be found in [51]. Let K be a
cone in X and D is a subset of X, we write Dy = DN K and
0xD = (0D) N K.

Theorem 5 (see [51]). Let X be a Banach space and K a cone
in X. Assume Q', O are open bounded subsets of X with

QL #0, Oy O Let
T:0p —K @15)
be a completely continuous operator such that

(a) ITx|l < llx| for x € 0 Q'

(b) there exists v € K \ {0} such that x+Tx +
v forall x € 0, Q* and all A > 0.

Then T has a fixed point in ﬁi \ Q.

Theorem 6 (see [33, Theorem 3.2]). Suppose that a(t) satisfies
(A) and f(t,x) satisfies (H,)-(H;). Furthermore, assume the
following conditions.

(Hs) There exist continuous,
g1(x), hy(x) such that

ft,x) =g, (x)+h (x),

nonnegative  functions

Y (t,x) € [0, T] x (0,00), (16)

g1(x) > 0 is nonincreasing and h,(x)/g,(x) is non-
decreasing in x.

(Hg) There exists R > 0 with oR > r such that

oR
g (R+y*) {1+ (hy (0R +v,) /g; (0R +,))}

Sw,. (17)

Then (2) has one positive periodic solution X withr < |Xx—y| <
R.

Combined Theorems 3 and 4 with Theorem 6, we can get
the following two multiplicity results.

Theorem 7. Suppose that a(t) satisfies (A) and f(t, x) satisfies
(H,)-(H;) and (Hs)-(Hg). Then (2) has two different positive
periodic solutions x and X with0 < ||[x —y| <r < [X -yl < R.

Theorem 8. Suppose that a(t) satisfies (A) and f (¢, x) satisfies
(H,)-(Hg). Then (2) has two different positive periodic solu-
tions x and X with 0 < ||[x -y < r < [X¥ - y] < R

To illustrate our results, we have selected the following
singular equation:

M rat)x=x"+uxf re(t), (18)

here a,e € C[0,T], o, B > 0, and y € R is a given parameter.
The corresponding results are also valid for the general case

b(t)

x{X

!

' +alt)x= +/4c(t)xﬂ+e(t), (19)

with b,c € C[0,T].

Corollary 9. Assume that a(t) satisfies (A) and o« > 0, f >
0, u > 0. Then one has the following results.

(i) Ifa > 1, < 1, then for each e € C(R/TZ,R), (18)
has at least one positive periodic solution for all u > 0.

(ii) Ifa > 1, > 1, then for each e ¢ C(R/TZ,R), (18)
has at least one positive periodic solution for each 0 <
U < py; here py is some positive constant.

(iii) If &« = 1, > 1, then for each e € C(R/TZ,R), (18)
has at least two positive periodic solutions for each 0 <

U< p.

(iv) Ifa > 0,3 < 1, then for each e € C(R/TZ,R), with
Y. = 0, (18) has at least one positive periodic solution
forall yu > 0.

(v) Ifa > 0, > 1, then for each e € C(R/TZ,R), with
Y. = 0, (18) has at least one positive periodic solution
foreach 0 < p < p,.

(vi) If o« > 0,5 > 1, then for each e € C(R/TZ,R), with
Y, = 0, (18) has at least two positive periodic solutions
foreach0 < p < .

All the above results require that the linear equation
satisfies (A), which cannot cover the critical case. The next few
results deal with the case when the condition (B) is satisfied
and the proof is based on Schauder’s fixed point theorem.



Theorem 10 (see [31, Theorem 3.1]). Assume that conditions
(B) and (H,) and (H,) are satisfied. Furthermore, suppose that

(H,) there exists a positive constant R > 0 such that R >
D,,D, +y, >0and

(20)

RZg(®*+y*){1+%}w*,

here ®, = min, @(t), O(t) = JOT G(t, s)qSRﬂ,* (s)ds.
Then (2) has at least one positive T-periodic solution.

As an application of Theorem 10, we consider the case
¥, = 0. Corollary 11 is a direct result of Theorem 10.

Corollary 11 (see [31, Corollary 3.2]). Assume that conditions
(B) and (H,) and (H,) are satisfied. Furthermore, assume that

(Hg) there exists a positive constant R > 0 such that R > @,
and

(21)

ALESHI I

Rzg(q)*){Hg(Rw*)

Ify, =0, then (2) has at least one positive T-periodic solution.

Corollary 12 (see [31, Example 3.5]). Suppose that a satisfies
(B)and 0 < « < 1, B = 0, then for each e(t) € C(R/TZ,R),
with y, = 0, one has the following:

@D ifa+pf <1- o?, then (18) has at least one positive
periodic solution for each p > 0,

(i) ifa+ B > 1- o?, then (18) has at least one positive
T-periodic solution for each 0 < yu < w,, where y, is
some positive constant.

The next results explore the case when y, > 0.

Theorem 13 (see [31, Theorem 3.6]). Suppose that a(t) satisfies
(B) and f(t, x) satisfies condition (H,). Furthermore, assume
that

(Hy) there exists R > y* such that

M

22
g(R+y*) =

g () {1+

Ify, > 0, then (2) has at least one positive T-periodic solution.

Corollary 14 (see [31, Example 3.8]). Suppose that a(t)
satisfies (B) and &, 3 > 0, then for each e € C(R/TZ, R), with
Y. > 0, one has the following:

(i) ifa + B < 1, then (18) has at least one positive T-
periodic solution for each p > 0,

(ii) if « + B = 1, then (18) has at least one positive T-
periodic solution for each 0 < u < ps, where y; is some
positive constant.
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3. Singular Damped Equations

In this section, we recall some results on second-order
singular damped differential equations

x”+h(t)x'+a(t)x:f(t,x,x/), (23)

where h,a € C(R/TZ,R) and the nonlinearity f €
CU(R/TZ) x (0,00) x R, R). In particular, the nonlinearity
may have a repulsive singularity at x = 0, which means that

lim f(t,x,y)=+oco, uniformlyin (¢, y) € R (24)
x— 0"

First we recall some results on the linear damped equation
T +h)x +a®)x=0, (25)

associated to periodic boundary conditions (4). As in the
last section, we say that (25)-(4) is nonresonant when its
unique T-periodic solution is the trivial one. When (25)-(4) is
nonresonant, as a consequence of Fredholm’s alternative, the
nonhomogeneous equation

X +ht)x +a@®)x=1(@t) (26)

admits a unique T-periodic solution which can be written as

T
x(t) = J-o G, (t,s)1(s)ds, (27)

where G,(t,s) is the Green’s function of problem (25)-(4).
We also assume that the following standing hypothesis is
satisfied.

(C) The Green’s function G,(t, s), associated with (25)-(4),
is positive for all (t,s) € [0,T] x [0, T].

To guarantee that (C) is satisfied, we require the antimaxi-
mum principle for (25)-(4) proved by Hakl and Torres in [52].
To do this, let us define the functions

o (h) (t) = exp <L h(s) ds) ,
¢ T (28)
o, (h) (t) = o (h) (T) L o (h) (s) ds + L o (h) (s) ds.

Lemma 15 (see [52, Theorem 2.2]). Assume thata # 0 and
the following two inequalities are satisfied:

T
J a(s)o (h)(s)oy, (=h)(s)ds = 0,

0
t+T t+T
sup {J o(-h)(s)ds j [a(s)] +a(h)(s) ds} <4,
o<t<T UJt t
(29)
where [a(s)], = max{a(s),0}. Then (C) holds.

For the special case IOT a(t)o(h)(t)dt > 0 and h €

C(R/TZ) := {h € C(R/TZ) : h = 0}, one criterion has been
developed by Cabada and Cid in [40].
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Theorem 16 (see [40, Theorem 5.1]). Assume that h €
CR/TZ) and [, at)o(h)(O)dt > 0. Suppose further that
there exists 1 < p < oo such that

Bt ||, - < M* (29), (30)

where

T
B(T) = L o (—h) (t) dt, -

o, (t) = a, (t) (a(h)()* /7.
Then (C) holds.

Theorem 17 (see [35, Theorem 3.2]). Suppose that (25)
satisfies (C) and

T
J a(t)o (h) (t)dt > 0. (32)

0

Furthermore, assume that there exists a constant r > 0 such
that

(G,) there exists a continuous function ¢, > 0 such that

ft,x,y) = ¢.(t) for all (t,x,y) € [0,T] x (0,r] x
(—00, ),

(G,) there exist continuous, nonnegative functions g(-), h(-),
and g(-) such that

0< ftxy)<(g(x)+h)e(ly]),
V(t,x,y) € [0,T] x (0,r] xR,
where g(-) > 0 is nonincreasing, h(-)/g(-) is non-

decreasing in (0,r], and o(-) is non-decreasing in
(0, c0),

(Gj; ) the following inequality holds:

r

g {1+ (h(r) jg)eLr)

w’, (34)

where

2y awo ) (@) de
~ mingr o () (35

T
w(t) = L G (t,s)ds, L

M = max G(t,s),

1=—, m= min G(t,s),
0<s,t<T

M 0<s,t<T

then (23) has at least one positive T-periodic solution x with
0< x| <.

Corollary 18 (see [35, Corollary 3.3]). Let the nonlinearity in
(23) be

f(txy)= (1 + |y|y) (x_‘" + yxﬁ), (36)

where o > 0, B,y > 0, u > 0 is a positive parameter.

(i) If B+ y < 1, then (23) has at least one positive periodic
solution for each p > 0.

(ii) If B+ y = 1, then (23) has at least one positive periodic
solution for each 0 < y < p, where y; is some positive
constant.

Corollary 19 (see [35, Corollary 3.4]). Let the nonlinearity in
(23) be

1 v

— "ni—_-2
floxy)=(+b)(=-%) o
wherea > 3> 0,y = 0withy < a+ 1, u > 0 is a positive
parameter. Then there exists a positive constant y, such that
(23) has at least one positive T-periodic solution for each 0 <

U<ty

Corollary 19 is interesting because the singularity on the
right-hand side combines attractive and repulsive effects. The
analysis of such differential equations with mixed singular-
ities is at this moment very incomplete, and few references
can be cited [22, 44]. Therefore, the results in Corollary 19 can
be regarded as one contribution to the literature trying to fill
partially this gap in the study of singularities of mixed type.

Asin the last section, if we assume that the linear equation
(25)-(4) has a nonnegative Green’s function, we can also get
some results based on Schauder’s fixed point theorem, and the
results can cover the critical case.

4. Singular Impulsive Differential Equations

In this section, we will study the existence of periodic solu-
tions for some singular differential equations with impulsive
effects by using variational methods.
Firstly, we consider the following second-order nonau-
tonomous singular problem:
=20 e,

ur

ae t€(0,T),
(38)

u(0) —u(T) =u' (0)-u' (T) =0,
under the impulse conditions
M () =1 (u(t), j=L2...p-1, (39)

wheret ), j = 1,2,..., p—1are the instants where the impulses
occgrando =ty <t; <t, < e < tpg <ty =T,1;: R —
R (j=1,2,..., p—1) are continuous.

Our result is presented as follows.

Theorem 20 (see [19, Theorem 1.1]). Assume that « > 1 and
the following conditions hold.

$)) b e C'([0,T1], (0, 00)) is T-periodic and b'(t) > 0 for
allt € [0,T].

(S,) ec L*([0,T], R) is T-periodic and JOT e(t)dt < 0.
(S;) There exist two constants m, M such that for any t € R,
m<Li(t)<M, j=L2...,p-1, (40)

wherem < 0and 0 < M < (-1/(p - 1)) IOT e(t)dt.



(S4) Foranyt € R,

t
sz(s)dszo, j=12...,p-1. (41)

Then problem (38)-(39) has at least one solution.

Remark 21. In fact, it is not difficult to find some functions I f
satistying (S;) and (S,). For example,
I;(t) =sint, teR. (42)

u:[0,T] — R | u is absolutely continuous,
(43)
u(0)=u(T) and u' € L*([0,T],R)},

with the inner product

T T
(u,v) = L u(t)v(t)dt + L u' ()0 (t)dt, Vu,v e Hj.

(44)
The corresponding norm is defined by
T T 1/2
leall e = (J lu(t)dt + J |u’(t)|2dt> , VueH;.
0 0 )

Then Hy. is a Banach space (in fact it is a Hilbert space).

If u € Hj, then u is absolutely continuous and u' €
L2([0,T], R). In this case, Au'(t) = u'(+) — ' (t7) = 0 is not
necessarily valid for every t € (0, T) and the derivative ' may
exist some discontinuities. It may lead to impulse effects.

Following the ideas of [53], take v € H}. and multiply the
two sides of the equality

-+ Q +e(t) = (46)

by v and integrate from 0 to T, so we have

T
J [—u" + % +e(t)|vdt = 0. (47)

0

Note that since u'(0) — u'(T) = 0, one has

T
J J" () v () dt
0

P_l tj+1
=y J d" ®o@)dt
j=0 7t
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p-1
=u (T v(T)—u' (0)v(0) - Y Au' (t;)v(t;)
j=1
T
- J u ()0 (1) dt
0
p-1 T , ,
-1, (u(t)o (1) - | w00 @a.
j=1 0
(48)
Combining with (47), we get
T , p-1
[, w00 e 31 (u(t)) o (1)
- (49)

+L b (t)dt+J e(t)v(t)dt = 0.

As a result, we introduce the following concept of a weak
solution for problem (38)-(39).

Definition 22. One says that a function u € Hj. is a weak
solution of problem (38)-(39) if

T Pl
L W @OV @de+ Y 1 (u(t;)o(t)
j:I

(50)
T
j bt )v(t)dt+ J e®)v(t)dt=0
0
holds for any v € Hj.
Define the functional ® : H;. — R by
p- u(t; )
(1) = j ' (0 de + Z |, s
(51)

T u(t) 1 T
N L b(t)(L S—ads) dt + L e(t)u(t)dt,

for every u € Hj. Clearly, ®, is well defined on Hy., con-
tinuously Gateaux differentiable functional whose Gateaux
derivative is the functional @/ (u), given by

dt+ZI( (1:)v (1))

, T
D, (w)v = L () v
(52)

T
J 2@, ) dt+J e(t)v (b dt,
0
for any v € Hy. Moreover, it is easy to verify that ®, is

weakly lower semicontinuous. Indeed, if {u,,} ¢ Hy, u € Hy,
and u, — u, then {u,} converges uniformly to u on [0, T]
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and u, — uon L*([0,T]), and combining the fact that
lim inf IIuHIIH% > ||u||H%, one has

n— o0

hnrr_li)%f(b/\ (un)
] B T A P
n— 00 2 n H-r 2 0 n

Pl un(tj)
+ Z J I; (s)ds
j=170

_ JOT b(t) (Lu"(t) siad5> dt

. jTe(t) u, (8) dt)

0

u(t
0

1 (7, pl )
> | Wofaey [ e
2, &

T u(t) T
—J b(t)(J iﬁds)dt+J e()u(t)dt =0, (u).

0 1S 0
(53)

By the standard discussion, the critical points of @, are the
weak solutions of problem (38)-(39), see [53, 54].

The following version of the mountain pass theorem will
be used in our argument.

Theorem 23 (see [55, Theorem 4.10]). Let X be a Banach
space and let ¢ € C' (X, R). Assume that there exist xy, x, € X
and an open neighborhood Q of x, such that x; € X \ Q and

max{p(x) o ()} < nfo (). (s

Let

I'={heC([0,1],X): h(0) = xp,h (1) = x,},

B (55)
¢ = inf maxo (h(s)).

If ¢ satisfies the (PS)-condition, that is, a sequence {u,} in X

satisfying o(u,,) is bounded and ¢'(u,,) — 0asn — oo has

a convergent subsequence, then c is a critical value of ¢ and

¢ > max{p(x,), (x)}.

Next we consider T-periodic solution for another impul-
sive singular problem:

1
u ()

u' () - =e(t), (56)

under impulsive conditions
M () =1 (u(t), j=L2...p-1, (57)

where « > 1, e € LY([0,T],R) is T-periodic, Au'(tj) =
u'(t}r)—u'(t;)withu'(t;) = limt_)tﬁu'(t);tj,j =1,2,...,p-1

AN

are the instants where the impulses occur, and 0 = ¢, < ¢,
ty < o<ty <t,=Tty,=t;+T;;: R - R(j
1,2,...,p—1) are continuous and I;, , = I;.

In 1987, Lazer and Solimini [29] proved a famous result as
follows.

Theorem 24 (see [29]). Assume that e € L'([0,T],R) is T-
periodic. Then problem (56) has a positive T-periodic weak

solution if and only iffOT e(t)dt < 0.

From Theorem 24, if IOT e(t)dt > 0, then problem (52)
does not have a positive T-periodic weak solution. However,
if the impulses happen, for this singular problem may exist
a positive T-periodic weak solution. Inspired by the above
facts, our aim is to reveal a new existence result on positive T'-
periodic solution for singular problem (56) when impulsive
effects are considered, that is, problem (56)-(57). Indeed, this
periodic solution is generated by impulses. Here, we say a
solution is generated by impulses if this solution is nontrivial
when I; # 0forsomel < j < p—1,butitis trivial when
I.=0forall1 < j < p—1.For example, if problem (56)-(57)
dloes not possess positive periodic solution when I; = 0 for all
1 < j < p— 1, then a positive periodic solution u of problem
(56)-(57) with I; # 0 for some 1 < j < p—1liscalleda
positive periodic solution generated by impulses.

Our result is presented as follows.

Theorem 25 (see [35, Theorem 1.2]). Assume the following:

(§)) ece L'([0,T],R) is T-periodic and jOT e(t)dt = 0;

(S,) there exist two constants m, M such that for any s € R,

m<Ii(s)<M, j=12,....,p-1 (58)

wherem < M < (-=1/(p - 1)) fOT e(t)dt < 0.
Then problem (56)-(57) has at least a positive T-periodic
solution.

5. Singular Differential Systems

In this section, we will consider the system of Hill’s equations

w (t) +a; (t)u; (t) = F (uy (6),uy (£) ..., u, (1)),
59)

1<i<n

Here, a; and F, are T-periodic in the variable t, a; € L' [0, T],
and the nonlinearities F;(t, x,, x,,...,x,,) can be singular at
xj = 0 where j € {1,2,...,n}.

Throughout, let u = (uy, u,,...,u,). We are interested in
establishing the existence of continuous T-periodic solutions
u of the system (59), that is, u € (C(R))" and u(t) = u(t + T)
for all t € R. Moreover, we are concerned with constant-sign
solutions u, by which we mean 0;u;(t) > 0 for allt € R and
1 < i < n, where 0; € {1,-1} is fixed. Note that positive
solution, the usual consideration in the literature, is a special
case of constant-sign solution when 6, = 1 for 1 <i < n.



We will employ the Schauder’s fixed point theorem to
establish the existence of solutions. Indeed, in Section 5.1 we
will first tackle a particular case of (59) when

F(6u(t) = dh, <t,%|u(t)|2>ui O+£0.  (60)

Here, 0,h; is the partial derivative of h; with respect to the
second variable, and | - | is a norm in R". The particular case
(60) occurs in the problem [36]

i)+ V,P(Hu®) = f @), (61)

where the potential
1 5 1,
Ptw=sa@l -h(soWl), ()

and h presents a singularity of the repulsive type, that is,
lim,| _, oh(t, x) = co uniformly in ¢. The general problem (59)
will be investigated in Section 5.2; here the singularities are
not necessarily generated by a potential as in the case of (60).
To illustrate our results, several examples will be presented.

In [45], the authors use a nonlinear alternative of the
Leray-Schauder type and a fixed point theorem in cones to
establish the existence of two positive periodic solutions for
the system

(@) +a®)u)=Gud), (63)

where G can be expressed as a sum of two positive functions
satisfying certain monotone conditions. Therefore, the results
in [45] are not applicable to (59) with F; as in (60). In [45] it
is also shown that the system

u;’ ) +a; (Duy (t) = <m>_ﬁ . v( W))/,
u;l B +a,(H)u, (t) = (m>_ﬁ N \(W)Y

(64)

has a solution when 8 > 0,y € [0,1), and v > 0. We will
generalize the system (64) in Examples 46-48 to allow v to
be zero or negative. The improvement is possible probably
due to the fact that we do not need to make a technical
truncation to get compactness when we employ the Schauder
fixed point theorem as compared to when the Leray-Schauder
alternative is used. In fact, the set that we work on excludes
the singularities. The results presented in this section not only
generalize the papers [36, 39, 45] to systems and existence of
constant-sign solutions, but also improve and/or complement
the results in these earlier work as well as other research
papers [56-60]. This section is based on the work in [61].

5.1. Existence Results for (60). In this section we will consider
the system of Hill's equations

W (1) + a (1) s () = (t, %Iu(t)lz) w () + £,

1<i<n
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Here, 0,h;(t,s) = (0/0s)h;(t,s) and | - | is a norm in R”.
Moreover, a;(t), 0,h;(t,s), and f(t) are T-periodic in t, a; €
L'[0,T], fi € L'[0,T], and 0,h;(t, s) can be singular ats = 0.

To seek a T-periodic solution u” = (ul,ul,...,ul) of the
system (65), we first obtain a solution u* = (u],u;,...,u, ) of
the following system of boundary value problems:

u)' () +a; (t) u; (t)
- b, (t, %lu(t)|2>ui O+ £, tel0.T], (66)

u; (0)=u; (T), u;(0)=u,(T), 1<i<n.

Then, set

Wl ()=u"(t-mT), te[ml,(m+1)T), meZ. (67)
Our main tool is Schauder’s fixed point theorem, which is
stated below for completeness.

Theorem 26 (see [62]). Let Q be a convex subset of a Banach
space Band S : QO — Q a continuous and compact map. Then
S has a fixed point.

To begin, let g; be Green’s function of the boundary value
problem
") +at)x@t)=0, tel0,T],
(68)
x(0)=x(T),  x'(0)=x"(T).
Throughout, we will assume that the functions a; € L'[0,T]
are such that

(C1) the Hill’s equation X' + a;(t)x(t) = 0 is nonreso-
nant (i.e., the unique periodic solution is the trivial
solution), and g;(t,s) > 0 for all (¢, s) € [0, T] % [0, T].

Note that Torres [46] has a result on g,(t) that ensures that

condition (C1) is satisfied. In fact, if g;(¢) = k2, then (C1) holds

itk € (0,71/T];if a;(t) is not a constant, then (C1) is valid if the

L, norm of a;(t) is bounded above by some specific constant.
Let 6, € {1,-1}, 1 < i < nbe fixed. Define

T

¢, (1) = j G:(6:5)0,f; (s) ds,

0

te[0,T],1<i<n (69)

We also let

¢ = max; (1). (70)

We now present our main result which tackles (65) when
the norm | - | in R" is the lp norm or the [, norm.

Theorem 27. Assume that the following conditions hold for
each1 <i<n:(Cl),

(C2) ¢™™ > 0;
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(C3) let Hy(t,s) = (0/0s)h;(t, s); for any numbers b, b’ with
b’ > b > 0, the function H, : [0, T] x [b,b'] — Ris
an L'-Carathéodory function, that is,

(i) the map s — H,(t, s) is continuous for almost all
te[0,T],
(ii) the map t — H,(t,s) is measurable for all s €
[b,b'],
(iii) for any r > 0, there exists u,; € L'[0, T] such that
Is| < r(s € [b,b']) implies |H,(t,s)| < i (t) for
almost allt € [0,T];

(C4) (9/0s)h;(t,s) =0 fort € [0,T] and s > 0;
(C5) there exist ¢; > 0 and «; > 0 such that

aﬁhi (t,s) <gs™, te[0,T],s>0; (71)
s
(C6) the norm | - | is the lp norm where 1 < p < 00 is fixed,
and
T -1
J g; (t,s)ds < AP(c2*)™, te[0,T], (72)
0
where
n 204/ p
[z(¢gln)P]  1zp<on
AP = 4 L=t ; (73)
[g,g;;sbk ] ) p=oo.

Then, (65) has a T-periodic constant-sign solution u’ €
(C(R))" such that

¢ <Ou (1) <R, teR, 1<i<n,  (74)

. 2% T !
min max
Ri=d¢;, R = ¢ [1_ :417 X L 9i(t’5)d5] ;
1
1<i<n.
(75)

Theorem 27 is proved using Theorem 26; in fact we will
seek a constant-sign solution of (66) in (C[0,T])" and then
extend it to a T-periodic constant-sign solution of (65) as in
(67). Here, let Q) be the closed convex set given by

Q={ueC[0,T)" | ¢ < Ou,(t) <R,
. (76)
tel0,T], 1<i<n| g™},

where R; (> qS;ni“ > 0) is chosen as in (75), and define the
operator S: Q — (C[0,T])" as

Su(t) = (Su(t),Su),...,Su(), te[0,T], (77)

9
where
T
St () = | 0109 [o (5 S s, 90+ )] s,
tel[0,T],1<i<n
(78)

Clearly, a fixed point of Su = u is a solution of (66). We can
show that S(Q) € Q; that is, S;(Q) € Qforeachl < i < n.
Further, we can prove that S : Q@ — Q is continuous and
compact; that is, S;u is bounded and is equicontinuous for
any u € Q and 1 < i < n. By Theorem 26, the system (66) has
a constant-sign solution u* € Q. Now, a T-periodic constant-
sign solution u” of (65) can be obtained as in (67).

Remark 28. The constants ¢; that appear in (C5) determine
the upper bounds R; of the solution uiT, 1 < i < n. Noting
(75), we see that a smaller (bigger) ¢; gives a smaller (bigger)
R;, and hence a smaller (bigger) set Q where the solution lies.

In the next result, we will relax the condition (C6). The
tradeoft is the upper bounds R; of the solution that may
be bigger than those in (75). Also the bounds R; do not
depend on p (p as in [, norm) and so the information of p
is not utilized. This result is obtained by following the main
arguments in the derivation of Theorem 27 but modify the
proof of 0;S;u(t) < R;, t € [0,T].

Theorem 29. Assume that (C1)-(C5) hold for each 1 < i < n.
The norm | - | is the I, norm where 1 < p < oo is fixed. Then

(65) has a T-periodic constant-sign solution ul € (C(R))" such
that

PN <Qul (H)<R, teR, 1<i<n, (79)

where, for 1 <i < nwe have R; > ¢;"",

T
2a; i ; 1
R > 2" max L g; (t,s)ds, ifa; € (0, E) ,  (80)

T
20
R S WA R

[0,T]
’ (81)
. 1
lfOCi € <0, E) >
& ( 4min\ 129 T max
Rpzc2%(¢™) " max | gi(ts)ds+ 9™,
1 Jo (82)

. 1
lf‘xi 2 E

Remark 30. A similar remark as Remark 28 also holds for
Theorem 29. Moreover, we note that the upper bounds R; that
fulfill (80)-(82) are independent of p, thus the information of
| -| being a particular [, norm is not used. On the other hand,
in Theorem 27, the upper bounds R; that satisfy (75) depend
on p. The sharpness of the bounds in both theorems cannot
be compared in general; however, we will give an example at
the end of this section to illustrate the results.
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In the next result, we will relax the condition (C2). Here,
we allow ¢;(f) < 0 for some i € {1,2,...,n} and some t €
[0,T].

Theorem 31. Suppose that
(C7) there exists j € {1,2,...,n} such that (/)}mn > 0.
Let] = {j € {1,2,...,n}|¢7"™ > O} andlet ]' = {1,2,...,n}\].

Assume that the following conditions hold for each 1 <i <mn:
(C1), (C3), (C4), and

(C8) there exist ¢; > 0 such that

Ehi (t,s) <gs™,

t€[0,T],s>0, (83)
Os

wherea; > 0 for j € ] and oy, € (0,1/2) for k € J.
Further, let the following hold for each j € J:
(C9) the norm | - | is the lp norm where 1 < p < 00 is fixed,

and

T
—p “j -1
L g;(t:s)ds < A(c2) ", te[0,T],  (84)

where
Z“j/P
min \P
LB e
Al = ee] (85)
R R
[rgg]we] ; p=oo.

Then, (65) has a T-periodic solution ul € (C(R))" such that

¢ < ejuf ()<R;, teR,je],

(86)
|uz (t)| <R, teR ke,
where
1 T !
max a (TP\T .
R; = ¢; [1—c].2 J(Aj) trér[lg:)T(]L gj(t,s)ds] ,  jeT,

(87)

T
2 « !
R™ > g2 "trer[l(iT] JO g (t,s)ds, ke], (88)

T
o 20
R, [1 ~ 2% R k};}é}%‘] L gi (t,5) ds] 2 max b ()],

ke
(89)

To derive Theorem 31, we let the closed convex set Q" be
Q" = {ue(Clo,T))"| ¢§‘““ <0u;(t) <R, t €[0,T],
jeTilu @) <Ry, t€[0,T], ke]'},
(90)
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where R; (> gb;nin > 0) and R, are chosen as in (87)-(89).
Next, we define the operator S : Q" — (C[0,T])" as in (78)
and show that Theorem 26 is applicable.

Remark 32. From the conclusion of Theorem 29, we see that
the solution u” is “partially” of constant sign, in the sense that
Gju;.r(t) > 0for j € J,but maynotbe so for j € J'. Further, the
constants ¢; that appear in (C8) determine the upper bounds
R; of the solution uiT, 1 < i < n. From (87) and (88), we see
that a smaller (bigger) ¢; gives a smaller (bigger) R;, and hence
a smaller (bigger) set Q" where the solution lies.

Using similar arguments as in the derivation of Theorems
31 and 29 (in getting S;u € Q" for j € Jandu € QF), we
obtain the following result.

Theorem 33. Suppose that (C7) hold. Let ] = {j ¢
{1,2,... ,n}|</>;mn >0landletJ' ={1,2,...,n}\ J. Assume the
following conditions hold for each 1 < i < n: (Cl), (C3), (C4),
and (C8). Then, (65) has a T-periodic solution ul € (CR)"
such that
¢ <O ())<R;, teR,je],
(91)
lug 0| <R, teR ke],

where
Rz ¢, jeJ,

T

2 1

R.7 > 2% I (t,s)ds, i -e(o,—>, je],
J CJ tlg[l(i—%] 0 g] ( S) s lf“] 2 J J

T
_ o; 20 max
Rj [1 Cj2 JRJ. trgr{l&)g] JO gi (t,s) ds] > qu R

zfoge(O,%),je],

T
a; ( (min 1 72%; max
Rj>c;2 1(¢j ) trer[l(%)T(] L gj(ts)ds+ ¢,

ifocjzé,je],( |
92

T
Ri“’“ > .2 max J gi (£,8)ds, ke 7,

te[0,T] Jo

T
R, |1 - ¢, 2%R*™ max J t,s ds] > max B,
k k ko eior Jo 9k (£:9) t€[0,T] 230

!

ke].
(93)
Remark 34. A similar remark as Remark 32 holds for
Theorem 33. Also, we observe once again that the upper
bounds R; that fulfill (92) are independent of p, thus the
information of | - | being a particular I, norm is not used.
On the other hand, in Theorem 31, the upper bounds R; that

satisty (87) depend on p.
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We will now present an example that illustrates Theorems
27 and 29.

Example 35. Consider (65) when

1
T = 2m, n=2, al(t)=a2(t)=;l,
1 In(s+1)
t)=1, t)=—, h, (t,s) = ———,
A f® 2 1 (69 [sint]| + 1
In(s+1)
h, (t,s) = ———, =1 1<p< .
2 (£8) 30cost+ 1) |-| =1, norm (1 < p < 00)
(94)
Fix0; = 1,1 < i < n, that is, we are seeking positive

solutions. The corresponding Green’s function has the explicit
expression [36]

1
cos—(t—-s—m), 0<s<t<2m,

g1 (t,8) =g, (t,s) =

1
cosz(s—t—n), 0<t<s<2m

(95)

Condition (Cl) is satisfied. By direct computation, we get
¢,(t) = 4and ¢,(t) = 2 for t € [0,2n]. Thus, (C2) is fulfilled
with

¢;nin — ¢;nax _ 4’ ¢;nin — ¢;nax =2, (96)
Moreover, we have
0 1 1 1 1
—h, (t,s) = — < <,
Os [sint|+1s+1 " s+1 s
3 (97)
1 1 1 1
—h, (t,s) = < < —
Os 3(Jcost|+1)s+1 "~ 3(s+1)  3s
and so it is clear that (C4) and (C5) are satisfied with
1
a =1, q =1 =1, 6 =73 (98)
Finally, we compute
AP = AP = (4P 4 20?1 < p< oo,
(99)

AT = AT = 16.

Since f()zﬂ gi(t,s)ds = 4fort € [0,2n] and i = 1,2, we check
that (C6) holds forall 1 < p < co.

All the conditions of Theorem 27 are satisfied, thus we
conclude that the problem (65) with (94) has a positive 27-
periodic solution u = (14, u,) such that
teR,i=1,2,

¢ <u, (t) <R, (100)

i >

where (from (75))

-1
8c
A—C};] =1f, l1<p<oo,i=12 (101

i

R, > f“a"[l—

1

We can also apply Theorem 29 to conclude that the
problem (65) with (94) has a positive 27r-periodic solution
u = (u,,u,) satisfying (100) and (from (82))

-1
R; > 8¢,(¢™") i=1,2. (102)

i

+ ¢ = M,

As mentioned in Remark 30, in general we cannot com-
pare L and M;. In fact, a direct calculation gives

p=1:
L' =514<M, =6,  L,=216<M, =333,
p=2:
L} =6.67>M, =6,

, (103)
L5 =231 <M, =333,

p=00:

IP=8>M,=6, L¥=24<M,=2333.
5.2. Existence Results for (59). In this section we will consider
the general system of Hill's equations

w' () +a; () u;(t) = F(tLu®), 1<i<n  (104)
Here, a; and F, are T-periodic in the variable ¢, a, € L'[0, T],
and the nonlinearities F;(t, x, x,, ..., x,,) can be singular at

xj= 0 where j € {1,2,...,n}.

Once again, to obtain a T-periodic solution u’ =
(u{, u;r, . uZ) of the system (104), we first seek a solution
u* = (uj,u;,...,u,) of the following system of boundary
value problems:

w () +a O)u; (t) = F (Lu (), tel0,T],
(105)
u; 0) = U; (1),

u (0)=u (T), 1<i<n

The periodic solution is then given by

W' () =u" (t-mT), te[mT,(m+1)T], meZ. (106)

With g; being the Green’s function of the boundary value
problem (68), throughout we will assume that (Cl) is satisfied.
Moreover, for fixed 0; € {-1, 1} and T-periodic functions g; €
L'[0,T], 1 <i < n, we define

T
1 (t) = J 9i (t) S) Qiqi (S) dS,

0

tel0,T],1<i<n (107)

and also
i = min (6, o = maxn (. (108)
Forb > b >0and 1 <i < n, we denote the interval
[bb'],  if6, =1,
!
5 PR 1
0B [-V,-b], if6,=-1. (109

A similar definition is valid for (b, b");.
Using Schauder’s fixed point theorem, we will establish
existence results for the system (104).
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Theorem 36. Assume the following conditions hold for each
1<i<n:(Cl);
(C10) for any numbers bj,b;, 1 < j < nwith b]{ >b; >0,
the function F; : [0,T] x H;l:1[bj’b]"]j — RisalL'-
Carathéodory function, that is,

(i) the map u — F;(t,u) is continuous for almost all

t e [0,T],

(ii) the map t w— F,(t,u) is measurable for all u €

n !

[Tj1 185,531,

(iii) for any r > 0, there exists y,; € L'[0,T] such
that |u| < r(u € ]_[;le[bj,b;]j) implies |F;(t,u)| <
. ;(t) for almost all t € [0, T];

(C11) there exist 5; > 0, y; € [0, 1), and T-periodic functions
w;, q; withw; € L'[0,T], q; € L'[0,T] and w;(t) > 0
fora.e. t € [0,T] such that

0,q; () [ul"* < OF, (t,1) < 0,q; (&) |ul" + w; (t) [l P,

n (110)
t €[0,T], u € [ J(0,00),
k=1

(here | - | is the lp norm where 1 < p < co is fixed);
(C12) ™™ > 0.

Then, (104) has a T-periodic constant-sign solution u' €
(C(R))" such that

r<Ou (t)<R, teR,1<i<n, (111)

where, for 1 < i < none has

(112)

i >

in\ 1/(1-y;)
0<r,<R, ;< (ifnm) g

T
R, = " |R[% + |r|;ﬁ"t1€1?g¥] JO g () w (s)ds,  (113)
(here IRI, is the lp norm of (R, R, ..., R,), likewise Irl, is the
lp norm of (1,15, ...>1,)).

In proving Theorem 36, we actually seek a constant-sign
solution of (105) in (C[0,T])" and then extend it to a T-
periodic constant-sign solution of (104) as in (106). Let Q) be
the closed convex set given by

Q={ue(C[0,T])" |, <6u,(t)<R,tel0T],
(114)
1<i<n},

where R; > r; > 0 are chosen as in (112) and (113), and define
the operator S : Q — (C[0,T])" as

Su(t) = (Syu(t),Su(t),...,Sut)),

where

te[0,T], (115)

T
Su(t) = I G:(6,5) F; (5, (s)) ds,

0

te[0,T],1<i<n
(116)

Clearly, a fixed point of Su = u is a solution of (105). The
conditions of Theorem 26 are then shown to be satisfied.
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Remark 37. As seen from (112) and (113), the functions w; and
q; that appear in (Cl11) determine the lower and upper bounds
of the solution uiT, 1<i<n.

Theorem 38. Assume that the following conditions hold for
each1 <i < n:(Cl), (Cl0), (CIl), and (C12). Then, (104) has
a T-periodic constant-sign solution ul € (C(R))" such that

rSGiu?(t)SR, teR,1<i<n, 117)
where 0 <r < R, and forall1 <i < n,

; 1/(1-y;)
(n;nmn”"/P) T TP p < 00,
r<

= oy

1

(118)
> p = 00,

RYi m{nax n)’i/ P .
+r—ﬁin—ﬁi/P [ max J i (t,s) w; (s) dS] >
t€[0,T] Jo

l<p<oo, (119

T
RV 4 rh [ max J gi (£, ) w; (s) ds] ,
te[0,T] Jo

p = 0.

Theorem 38 is obtained by similar arguments used in the
derivation of Theorem 36, with a new Q) defined as
Q= {ue(C[0,T])" | r<6u;(t) <R, te[0,T],

(120)
1<i<n},

where R > r > 0 are chosen as in (118) and (119).

Remark 39. Remark 37 also holds for Theorem 38. Further,

comparing the bounds r;, R;, 1 < i < nin Theorem 36 (see

(112), (113)) with the bounds r, R in Theorem 38 (see (118),
(119)), we note that r; and R; are lower and upper bounds for a
particular GiuiT, whereas r and R are uniform lower and upper
bounds for all .u, 1 < i < n. However, the computation of
R; from (113) is more difficult than calculating R from (119).

Our next result tackles the case when 7" = 0.

Theorem 40. Assume that the following conditions hold for
each 1 <i<n:(Cl), (Cl0),

(C13) there exist 3; € (0,1), y; € [0, 1), and T-periodic func-
tions w;, v;, q; with w; € L'[0,T], v; € L'[0,T], g; €
L'[0,T], and w;(t), v(t) > 0 for a.e. t € [0,T] such
that

0,q; (t) [ul” + v, (t) [ul P < O,F, (t,u)
< 0,q; () lul" + w; (t) [ul ",
te[0,T],uce H(O,oo)k

k=1
(121)

(here | - | is the lp norm where 1 < p < 00 is fixed);

(Cl14) ™™ = 0.

1
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Then, (104) has a T-periodic constant-sign solution u' €
(C(R))" such that

1

RgeiuiT(t)sR, teR,1<i<n, (122)

where R > 1, and for all 1 <i < n,

f T -1/(1-B;)
nﬂ*’/‘”(l_ﬁ")[ min J gi(t,s)vi(s)ds] ,
tel0,1] Jo

1< p<oo,

T -1/(1-B;)
[min J g; (t,8)v; (s) ds] ,

te[0,7] Jo

p=o0o,

T

Ryiﬂ;naxnyi/P+Rﬁin_ﬁi/P [ max J gi (t,s) w; (s) ds] >
te[0,T] Jo

1< p<oo,

T
RV 4 RF: [max J g; &, s) w; (s) ds] ,
te[0.1] Jo

p = co.

R>

(123)
The closed convex set used to get Theorem 40 is given by

Q={ue(C[0,T])" | r<06u(t) <R,
(124)
te[0,T],1<i<n},

where r = 1/R and R > 1 satisfies (123).

Remark 41. As seen from (123), the functions w;, v;, and g;
that appear in (C13) determine the lower and upper bounds
of the solution ] , 1 < i < n.

Finally, the next result tackles the case when #;"** < 0.
Theorem 42. Assume that the following conditions hold for
each1 <i<n:(Cl), (Cl0),

(C15) thereexist B € (0, 1) and T-periodic functions w;, v;, g;
with w; € L'[0,T], v; € L'[0,T], g; € L'[0,T), and
w;(t), v;(t) > 0 for a.e.t € [0, T] such that

0,q; (t) +v; (t) |u|_’B < O,F (t,u) < 0,q; (t) + w; (t) |u|_ﬁ,

n
t € [0,T], u e[ ](0,00)
k=1

(125)
(here | - | is the lp norm where 1 < p < 00 is fixed);
(C16) ;™ < 0;

(C17) n;nin > n—ﬁ/(l'i'ﬁ)Pw—ﬁ/(]_ﬁz)(Vﬁ2)1/(1—ﬁ )(1 _ 1/[5)2)
where

T
W = max [max j G (&, 5) wi (s) ds] ,

1<k<n | t€[0,T] Jo

. (126)
V = min [ min J i (£, 8) v (s) ds] .

1ksn | te[0,T] Jo
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Then, (104) has a T-periodic constant-sign solution u’ €
(C(R))" such that

rs@iu?(t)SR, teR,1<i<n, (127)

where 0 < r < R are given by

) {n—ﬁ/wmw—m—ﬁz)(Vﬁz)”“‘ﬁz), 1<p<oo

W—ﬁ/(l_ﬁz)(vljz)l/(l—ﬁz), p= oo,

o n—ﬁ/(l+ﬁ)pwl/(l—ﬁ2)(Vlgz)—ﬁ/(l—ﬁz), l<p<oo
p = oo.

Wl/(l—ﬁz)(vﬁz)*ﬁ/(lfﬁz)’
(128)

Theorem 42 is obtained by considering the closed convex
set

Q={ue(C[0,T])" | r<Ou;(t) <R te[0,T],
(129)
1<i<n},

where R > r > 0 are determined later as those given in (128).

Remark 43. As seen from (128), the functions w; and v; that
appear in (C15) determine the lower and upper bounds of the
solution uiT, 1<i<n

We have so far established the results when (i) 17;“1“ > 0,

(ii) r]:nm = 0, and (iii) 7™ < 0 for all 1 < i < n. However, it

could be that we only have #;(¢) > 0 for some i and n;(t) <0
™% > 0 and 1 < 0 for some
1 < i, j < n. We present two results for such a case as follows.
Note that Theorem 44 is obtained by applying Theorems 38-
42, while Theorem 45 is obtained by applying Theorems 36,

40, and 42.

for some j, which results in 7

Theorem 44. Let (C1) and (CI10) hold for each 1 < i < n.
Assume the following:

(C18) conditions (Cl1) and (Ci12) hold for some i € I <
{1,2,...,n}

(C19) conditions (C13) and (C14) hold for some i € ] <
{1,2,...,n}

(C20) conditions (C15), (C16), and (C17) hold for some i €
Kc{1,2,...,n}

where I U J UK = {1,2,...,n}. Then, (104) has a T-periodic
constant-sign solution ul € (C(R))" such that

r<Ou ()<R teR, 1<i<n, (130)

where 0 < r < R satisfy

(a) (118) and (119) fori € I;
(b) r=1/R, R>1, (123) fori € J;
(c) (128) fori € K.
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Theorem 45. Let (CI) and (CI0) hold for each 1 < i < n.
Assume that (C18)-(C20) hold with TU JUK = {1,2,...,n}.
Then, (104) has a T-periodic constant-sign solution u’ €
(C(R))" such that

r<Ou (H)<R, teR,iel, (131)
where 0 < r; < R; satisfy (112) and (113) for i € I, and

r<@ul (t)<R teR,ieJUK, (132)
where 0 < r < R satisfy conclusions (b) and (c) of Theorem 44.

We will now apply the results obtained to the following
system of Hill’s equations, a particular form of it (see (64))
that has been discussed in [45],

4%n+%amﬂw=(w@+@>ﬂ+v& ﬁ+uﬁﬂ
w) () +a, () uy () = (\/uf + u%)_ﬁz + v2<\/uf + ug)yz.

(133)

Clearly, the system (133) corresponds to (104) where n = 2
and

—B; Yi
F;(t,u) = <\/uf +u§> +vi<\luf +u§> , i=1,2.

(134)

We will assume that a,,a, € L'[0,T] satisty (Cl1). Note that
condition (C10) is clearly satisfied. Further, let 8, = 0, = 1,
that is, we are interested in positive periodic solutions of
(133).
Example 46. Consider the system (133) with

v;>0, fB;>0,

yie[0,1), i=1,2

Clearly, (C11) is satisfied with p = 2, g, = v; and w; =
1, i = 1, 2. Thus, (C12) also holds since

(135)

. T
n, = tg[lol)l%] L 9i (t,s) qui (s)ds
(136)

T
= vitér[lol’% L g; (t,s)ds > 0.
Theorem 38 (or Theorem 36) is applicable and we conclude
that the system (133) with (135) has a T-periodic positive

solution u” € (C(R))? such that

r<ul ())<R teR,i=1,2 (137)
where 0 < v < R are such that
. inAy: /(1-y:)
< min 5 Y; 2\ }
r< min{ (7"2"%) , (138)

T
R > max { RVy™21/2 4 pFig P2 [ max J gi (t,s) ds] .
i=1,2 ! te[0,T] Jo
(139)

Abstract and Applied Analysis

To illustrate numerically, suppose

al(t):az(t):i, T =2m, vlzl,
. (140)
v, =1 Y1=Y2=§) Bi=p =1
Green’s function is given in (95) and
) T
ot = vit??()i,ITl] L g; (t,s)ds = 4v,. (141)

Hence, (138) yields r < V2. Let r = V/2, then (139) reduces to

R> max {R1/24vi21/4 + r_12_1/24vi} = R 4 2, (142)
=1,
which is satisfied by R > 26.48. Let R = 26.48, then from (137)
we conclude that the system (133) with (140) has a 27-periodic
positive solution u € (C(R))? such that

V2 <u;(t) <2648, teR,i=1,2. (143)
Example 47. Consider the system (133) with
v; =0, Bi€(0,1), y; €[0,1), i=12. (144)

Here, (C13) is satisfied with p = 2, g; = v; = O and w; =

1

v; = 1, i = 1,2. Subsequently, (C14) also holds since

' T
7" = min j- gi (£,5)0,q; (s)ds

te[0,T] Jo (145)

T
= . i . t, d = O
i |, o9
Employing Theorem 40, we conclude that the system (133)
with (144) has a T-periodic positive solution ul € (C(R))?
such that

1
ESqug& teR,i=1,2, (146)
where R > 1, and from (123), we have fori = 1,2,
T -1/(1-p;)
R> 2'8"/2(17/;")[ min J g; (t,s) ds] ,
te[0,T] Jo
(147)
T 1/(1=p;)
R> {27&/2 [max J gi (t,s) ds” .
tel0,T] Jo

Combining the inequalities, we see that R should satisfy

R > max {1, mla)z( 2ﬁi/2(1—ﬁi)
1=1,

T -1/(-4)
X [ min J g; (t,s) ds] ,

te[0,T] Jo
T 1/(-4)
max{z_ﬁ"/2 [max J gi(t, s)ds”» ]» .
i=1,2 t€[0,T] Jo

(148)
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Example 48. Consider the system (133) with

v, <0, B=Pe(0,1), y=0 i=12  (149)

T ZBI2(1+8) 1y Bl (1—B2) (1 ra2\ L/ (A-FD)
v; min J gi(t,s)ds > 2 w (Vﬁ )

'tefo,1] Jo
1 .
x({1- _‘82 , 1=1,2,

(150)

where

T
W = max [ max j Ik (t,s)ds] ,
k=12 [ te[0,T] Jo

(151)

T
V = mi i t,s)ds|.
i | mip J, 0.9

Obviously, (C15) is satisfied with p = 2, ¢; = v; < 0 and
w; =v; = 1, i = 1, 2. Then, (C16) also holds since

T
max: _ (t,5)0.g; (s)d
A = max | 0,(6.9)0q,)ds

(152)

T
= v, max J g; (t,s)ds < 0.
tef0,1] Jo

Moreover, condition (C17) is simply (150). Hence, we con-
clude from Theorem 42 that the system (133) with (149) and
(150) has a T-periodic positive solution ul € (C(R))? such
that

r<ul ()<R teR,i=1,2, (153)
where 0 < r < Rare given by
r= 2fﬁ/z(1+ﬁ>w—ﬁ/(1—ﬁ2)(Vﬁz)l/(l-ﬁ2>
(154)

R = 2 BRI/ (=) (Vﬂz)—ﬁ/(l—ﬁz).

Remark 49. In [45], it is shown that (64) has a solution when
B >0,y €[0,1)and v > 0. As seen from Examples 46-48,
we have generalized the system (64) to allow v to be zero or
negative.
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