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A new fixed point theorem is established under the setting of a generalized finitely continuous topological space (GFC-space)
without the convexity structure. As applications, a weak KKM theorem and a minimax inequalities of Ky Fan type are also obtained

under suitable conditions. Our results are different from known results in the literature.

1. Introduction

In the last decade, the theory of fixed points has been investi-
gated by many authors; see, for example, [1-11] and references
therein, which has been exploited in the existence study for
almost all areas of mathematics, including optimization and
applications in economics. Now, there have been a lot of
generalizations of the fixed points theorem under different
assumptions and different underlying space, and various
applications have been given in different fields.

On the other hand, the weak KKM-type theorem intro-
duced by Balaj [12] has attracted an increasing amount
of attention and has been applied in many optimization
problems so far; see [12-14] and references therein.

Inspired by the research works mentioned above, we
establish a collectively fixed points theorem and a fixed
point theorem. As applications, a weak KKM theorem and a
minimax inequalities of Ky Fan type are also obtained under
suitable conditions. Our results are new and different from
known results in the literature.

The rest of the paper is organized as follows. In Section 2,
we first recall some definitions and theorems. Section 3 is
devoted to a new collectively fixed points theorem under
noncompact situation on GFC-space and a new fixed point
theorem. In Section 4, we show a new weak KKM theorem
in underlying GFC-space, and, by using the weak KKM

theorem, a new minimax inequality of Ky Fan type is
developed.

2. Preliminaries

Let X be a topological space and C,D < X. Let intC and
int,C denote the interior of C in X and in D, respectively.
Let (A) denote the set of all nonempty finite subsets of a set A,
and let A, denote the standard n-dimensional simplex with
vertices {ej, e;, . ..,e,}. Let X and Y be two topological spaces.
A mapping T : X — 2" is said to be upper semicontinuous
(u.s.c.) (resp., lower semicontinuous (l.s.c)) if for every closed
subset B of Y, the set {x € X : T(x) N B+ 0} (resp., {x € X :
T(x) € B}) is closed.

A subset A of X is said to be compactly open (resp.,
compactly closed) if for each nonempty compact subset K of
X, AN K is open (resp., closed) in K.

These following notions were introduced by Hai et al. [15].

Definition 1. Let X be a topological space, Y a nonempty set,
and @ a family of continuous mappings ¢ : A, — X,n € N.
A triple (X, Y, @) is said to be a generalized finitely continuous
topological space (GFC-space) if and only if for each finite
subset N = {y,, ¥1,..., ¥} of Y, thereis @y : A, — X of the
family ©.



In the sequel, we also use (X, Y, {py}) to denote (X, Y, ®).

Definition 2. Let S : Y — 2% be a multivalued mapping.
A subset D of Y is called an S-subset of Y if and only if for
each N = {yg, y1,..., ¥} € Y and each {y,,y;,....y,} €
N N D, one has g5 (A ) € S(D), where Ay is the face of A,
corresponding to {y;» i>---»¥; }> that is, the simplex with
vertices {e; , »€;, ). Roughly speaking, if D is an S-subset
of Y, then (S(D) D (D) is a GFC-space.

The class of GFC-space contains a large number of spaces
with various kinds of generalized convexity structures such
as FC-space and G-convex space (see [15-17]).

Definition 3 (see [8]). Let (X,Y, {py}) be a GFC-space and Z
a nonempty set. Let T : X — 2%and F: Y — 2% be two
set-valued mappings; F is called a weak KKM mapping with
respect to T, shortly, weak T-KKM mapping if and only if for
each N = {yp, yi,.... 7.} € Y, {y»,»--> %} € Nand

x € on(8), T() N Uy F(3y)) #0.

Definition 4 (see [8]). Let X be a Hausdorfspace, (X, Y, {¢y})
a GFC-space, Z atopological space, T : X — 2%, f: YxZ —
RU{-00,+00},and g : X xZ — RU{-00,+00}. Let A € R.
f is called (A, T, g)-GFC quasiconvex if and only if for each
xe X,z e Tx), N = {yp ¥1>--> ¥y} € (Y),and N, =

{»i» ¥ij>---» ¥} € N, one has the implication f(yij,z) <A
forall j = 0,1,...,k implies that g(x',z) < A for all x' €
on(A ).

For A € R, define f € RandH, : Y — 2%byf =

inf,cxSUP,er(9(x,2) and Hy(y) = {z € Z : f(y,2) 2 A},
respectively.

Lemma 5 (see [8]). For A < B, if f is (A, T,g)-GFC
quasiconvex, then H, is a weak T-KKM mapping.

The following result is the obvious corollary of Theo-
rem 3.1 of Khanh et al. [8].

Lemma 6. Let {(X;,Y;, {pn D}ier be a family of GFC-spaces
and X = [];e; X; a compact Hausdorff space. For each i € I,
letG;: X — 2% andF,: X — 2" besuch that the conditions

hold as follows:

(i) for each x € X, each N; = {yé,yi,...,yfli} CY; and
each {yfo,yfl,...,yfk‘} € N;NF;(x), one has (pM(Ak) c
G;(x) foralli e I,

(ii) X = Uyiey, int F; ' () for all i € I.

Then, there exists X = (x;);c; € X such that x; € G;(x) for all
i€l

3. Fixed Points Theorems

Let I be an index set, X; topological spaces, X = [],;X;, and
G;: X — 2% The collectively fixed points problem is to find
X = (X;);c; € X such thatx; € G;(x), foralli € I.
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Theorem 7. Let {(X;,Y;, {on D}ic; be a family of GFC-spaces
and X = [l;e; X; a Hausdorff space. For each i € I, let G; :
X — 25 F X — 2% andS; : Y, — 2% with the following
properties:
(i) for each x € X, N; = {y(’;,yi,...,y:li} C Y, and
{yj0 yjl . ,y] } € N; N Fy(x), one has ¢y (Ay)
G;(x) foralli e I
(ii) for each compact subset K of X and each i € I, K
Uy it F )
(iil) there exists a nonempty compact subset K; of X; and

for each N; € (Y;), there exists an S, subset Ly, of Y;
containing N; with §;(L ) being compact such that

N

N

S(Ly)\Kc ] intF ' (y), W
}ViELN,-
where Ly = [lie;Lny K = [[;e/Kp and S(Ly) =
[TierSi(Ln)-

Then, there exists X = (X;);c; € X such that x; € G;(x) for
alli el

Proof. As K is a compact subset of X, by the condition (ii),
there exists a finite set N; = {y;, 1,..., ¥, } € Y, such that

K¢ CJ intF; ' (] ). )

k=0

By the condition (iii), there exists an S;-subset Ly of Y;
containing N; such that

S(Ly)\Kc | intE"(y), 3)

¥ €Ly;
and it follows that

S(Ly) c

U intFi_1 (yi). (4)

y'ely,

We observe that the family {S;(L ), L > {¢n D}ie; is @ family
of GFC-space and §;(L ;) is compact for each i € I, defining

S(Ly) — 2% and F;

set-valued mapping G;
Si(Ly,) — 2% as follows:

G/ (x)=G,(x)nS;(Ly,)> .
E] (x) = F; (x) NLy,.

We check assumptions (i) and (ii) of Lemma 6 for replaced G;
and F, by G; and F;, respectively. By (i) and the definition of

S-subset, for each x € §;(Ly), each N; = {yé,yi, .. .,yf,i} c
L, and each {yéo,yj.l, e ,yj.k‘} € N;NF/ (x) = N,NF(x)NLy,
we have

on, (8) €Gi ()N S (Ly,) = G (), (6)

then assumption (i) of Lemma 6 is satisfied.
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By (4), we have

S(Ly) = < |J intF" (y’))ﬂS(LN)

yeLM

7)
= ygNis(igtj) (F1(y')nS(Ly)).
On the other hand, forall y' € L,
(E) ()= {xeX:y e FE@lns(Ly) ©
=F'(y')nsS(Ly).
Hence,
s= U ')

yELM

Thus, (ii) of Lemma 6 is also satisfied. According to Lemma 6,
there exists a point X = (X;);c; € X such that x; € G;(x) for
alli el O

Remark 8. Theorem 7 generalizes Theorem 3.4 of Ding [6]
from FC-space to GFC-space, and our condition (iii) is
different from its condition (iii). Theorem 7 also extends
Theorem 3 in [18]. Note that Theorem 7 is the variation of
Theorem 3.2 in [8].

As a special case of Theorem 7, we have the following
fixed point theorem that will be used to prove a weak KKM
theorem in Section 4.

Corollary 9. Let X be the Hausdorff space, (X,Y,{pN}) a
GFC-space, G : X — 2 F: X — 2¥,andS:Y — 2%
with the following properties:

(i) for each x € X, N = {y5, ¥1,---»¥,} € Y, and
Wiy Vi ¥} € NN F(x), one has oy (A ) € G(x),

(ii) for each compact subset K of X, K € |J,ey int F™'(y),

(iii) for each N € (Y), there exists an S-subset Ly of Y
containing N with S(L ;) being compact such that

S(Ly)\Kc [ J intF' (y). (10)

yeLy

Then, there exists x € X such that x € G(x).

4. Applications

Theorem 10. Let X be a Hausdor{f space, (X,Y, {¢x}) a GFC-
space, Z a nonempty set, T : X — 2°, H :Y — 2% and
S:Y — 2% assume that

(i) H is a weak T-KKM mapping,

(ii) for each y € Y, the set {x € X : T(x) N H(y) # 0} is
compactly closed,

(iii) there exists a compact K of X, and, for any N € (Y),
there exists an S-subset L of Y containing N with
S(Ly) being compact such that

S(Ly)\K c [ J int{x e X:T(x)nH(y)=0}. an

yeLy

Then, there exists a point x € X such that T(x) N H(y) @ for
each y €Y.

Proof. Define F: X — 2" andG: X — 2% by
F(x)={yeY:T(x)nH(y) =0},
(12)
G(x):{x' EX:EiyeF(x),T(x’)ﬂH(y) ;&(Z)}.

Suppose the conclusion does not hold. Then, for each x €
X, there exists a y € Y such that

T(x)NH(y)=0. (13)

It is easy to see that F has nonempty values. By (ii), for each
yey,

F'(y)={xeX: T(x)nH(y) =0} (14)

is compactly open. Then,

X=JintF™ (y). 15)

yeYy

Since K is a compact subset of X, then there exists N € (Y)
such that

Kc|JintF'(y). (16)
yEN

Then, assumption (ii) of Corollary 9 is satisfied.

It follows from (iii) that there exists a compact K of X and
for any N € (Y), there exists a S-subset L of Y containing
N with S(L ) being compact such that

S(Ly)\Kc | J intF" (). (17)

y€Ly

Therefore, assumption (iii) of Corollary 9 is also satisfied.
Furthermore, G has no fixed point. Indeed, if x € G(x),
then there exists y € F(x) such that
T(x)NH(y) #0, (18)

which contracts the definition of F. Thus, assumption (i) of
Corollary 9 must be violated; that is, there exist an X € X,
N={Upyp,.-»¥,} €Y, and

Ne=1{9,,7,--7,} SNNF (%) (19)
such that

px(Ar) LG (). (20)



That s, for each y € F(%),
T(x)NH(y)=0. (21)
Hence,
T (x)NH(Ny) =0. (22)

On the other hand, since H is a weak T-KKM mapping
and X € ¢x(A ), we have

T® nH(Ny) #0, (23)
which is contradict. This completes the proof. O

Remark 11. (1) Theorem 10 extends Theorem 1 in [13] from
the G-convex space to GFC-space, and our proof techniques
are different. Theorem 10 also generalizes Theorem 4.1 of [8]
from the compactness assumption to noncompact situation.

(2) If Z is a topological space, condition (ii) in Theorem 10
is tulfilled in any of the following cases (see [13]):

(i) H has closed values, and T is u.s.c, on each compact
subset of X.

(ii) H has compactly closed values, and T is u.s.c, on each
compact of subset of X and its values are compact.

Theorem 12. Let X be a Hausdor{f space, (X, Y, {¢yN}) a GFC-
space, Z a topological space, T : X — 2% us.c, f:Y X Z —
RU {-00,+00}. and S : Y — 2%; assume that
(i) foreach y €Y, f(y,-) is w.s.c. on each compact subset
of Z,
(i) fis (A, T, g)-GFC quasiconvex for all A < 3 sufficiently
close to 3,

(iii) there exists a compact K of X, and, for any N € (Y),
there exists an S-subset Ly of Y containing N with
S(L ) being compact such that

S(Ly)\K ¢ ] int{x € X: T (x)nH, (y) = 0}. (24)

y€ely
Then,
inf sup g (x,z) < supinf sup ,zZ).
XGXZET(x)g ex erZET(x)f (}’ ) (25)

Proof. Let A < B be arbitrary. By Lemma 5 and condition (ii),
H, is a weak T-KKM mapping. It follows from condition (i)
that H, has closed values. Hence, the set {x € X : T(x) n
H,(y) #0} is compactly closed for all y € Y (see Remark 11
(2)). Thus, all the conditions of Theorem 10 are satisfied, and
so there exists an x € X such that
T(X)NH,(y) #0, VyeY. (26)

This implies that A < inf ,cysup, 7 f(y,2) and so

A < supinf sup f(y,2). 27)

xeX V<Y zeT(x)

Since A < fis arbitrary, we get the conclusion. This completes
the proof. O
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Remark 13. Theorem 12 improves Theorem 4.2 of [8] from
the compactness assumption to noncompact situation.
Theorem 12 also extends Theorem 4 of [12] from compact G-
convex space to noncompact GFC-space. Our result includes
corresponding earlier Fan-type minimax inequalities due to
Tan [19], Park [20], Liu [21], and Kim [22].

Acknowledgment

This work was supported by the University Research Founda-
tion (JBK120926).

References

[1] E. Tarafdar, “A fixed point theorem and equilibrium point of an
abstract economy;” Journal of Mathematical Economics, vol. 20,
no. 2, pp. 211-218, 1991

[2] K. Q. Lan and J. Webb, “New fixed point theorems for a family
of mappings and applications to problems on sets with convex
sections,” Proceedings of the American Mathematical Society, vol.
126, no. 4, pp. 1127-1132, 1998.

[3] Q H. Ansari and J.-C. Yao, “A fixed point theorem and its
applications to a system of variational inequalities,” Bulletin of
the Australian Mathematical Society, vol. 59, no. 3, pp. 433-442,
1999.

[4] Q. H. Ansari, A. Idzik, and J.-C. Yao, “Coincidence and
fixed point theorems with applications,” Topological Methods in
Nonlinear Analysis, vol. 15, no. 1, pp. 191-202, 2000.

[5] X. P. Ding and K.-K. Tan, “Fixed point theorems and equilibria
of noncompact generalized games,” in Fixed Point Theory and
Applications, pp. 80-96, World Sicence, Singapore, 1992.

[6] X. P. Ding, “Continuous selection, collectively fixed points and
system of coincidence theorems in product topological spaces,’
Acta Mathematica Sinica, vol. 22, no. 6, pp. 1629-1638, 2006.

[7] L.-J. Lin and Q. H. Ansari, “Collective fixed points and maximal
elements with applications to abstract economies,” Journal of
Mathematical Analysis and Applications, vol. 296, no. 2, pp. 455-
472, 2004.

[8] P. Q. Khanh, V. S. T. Long, and N. H. Quan, “Continu-
ous selections, collectively fixed points and weak Knaster-
Kuratowski-Mazurkiewicz mappings in optimization,” Journal
of Optimization Theory and Applications, vol. 151, no. 3, pp. 552—
572, 2011.

[9] X.P.Dingand L. Wang, “Fixed points, minimax inequalities and
equilibria of noncompact abstract economies in FC-spaces;
Nonlinear Analysis A, vol. 69, no. 2, pp. 730-746, 2008.

[10] X. P. Ding, “Collective fixed points, generalized games and
systems of generalized quasi-variational inclusion problems in
topological spaces,” Nonlinear Analysis A, vol. 73, no. 6, pp.
1834-1841, 2010.

[11] G. X.-Z. Yuan, KKM Theory and Applications in Nonlinear
Analysis, vol. 218, Marcel Dekker, New York, NY, USA, 1999.

[12] M. Balaj, “Weakly G-KKM mappings, G-KKM property, and
minimax inequalities,” Journal of Mathematical Analysis and
Applications, vol. 294, no. 1, pp. 237-245, 2004.

[13] M. Balaj and D. O’Regan, “Weak-equilibrium problems in G-
convex spaces, Rendiconti del Circolo Matematico di Palermo,
vol. 57, no. 1, pp. 103-117, 2008.

[14] G.-S. Tang, Q.-B. Zhang, and C.-Z. Cheng, “W-G-F-KKM
mapping, intersection theorems and minimax inequalities in



Abstract and Applied Analysis

(16]

(17]

(18]

(19]

(20]

(21]

(22]

FC-space,” Journal of Mathematical Analysis and Applications,
vol. 334, no. 2, pp. 1481-1491, 2007.

N. X. Hai, P. Q. Khanh, and N. H. Quan, “Some existence
theorems in nonlinear analysis for mappings on GFC-spaces
and applications,” Nonlinear Analysis A, vol. 71, no. 12, pp. 6170-
6181, 2009.

P. Q. Khanh and N. H. Quan, “Intersection theorems, coin-
cidence theorems and maximal-element theorems in GFC-
spaces,” Optimization, vol. 59, no. 1, pp. 115-124, 2010.

P. Q. Khanh and N. H. Quan, “General existence theorems,
alternative theorems and applications to minimax problems,’
Nonlinear Analysis, vol. 72, no. 5, pp. 2706-2715, 2010.

S. Park, “Continuous selection theorems in generalized convex
spaces,” Numerical Functional Analysis and Optimization, vol.
20, no. 5-6, pp. 567-583, 1999.

K.-K. Tan, “Comparison theorems on minimax inequalities,
variational inequalities, and fixed point theorems,” Journal of the
London Mathematical Society, vol. 28, no. 3, pp. 555-562, 1983.

S. Park, “Generalized Fan-Browder fixed point theorems and
their applications,” in Collection of Papers Dedicated to ]. G. Park,
pp. 51-77, 1989.

E-C. Liu, “On a form of KKM principle and Sup Inf Sup
inequalities of von Neumann and of Ky Fan type;” Journal of
Mathematical Analysis and Applications, vol. 155, no. 2, pp. 420-
436, 1991.

I. Kim, “KKM theorem and minimax inequalities in G-convex

spaces,” Nonlinear Analysis Forum, vol. 6, no. 1, pp. 135-142,
2001.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



