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By applying the method of coincidence degree, some criteria are established for the existence of antiperiodic solu-

tions for a generalized high-order (p,q)-Laplacian neutral differential system with delays (¢, (((t) — ex(t — 1))@y

(m—k)

! (k) ! 0 Oyl _ / (0] / (k)
F(t: x@g(t)’ xGlQ)’ e xek(t)’ yso(t)> ysl(t)> ) ysl(t))) ((Pq((}/(t) - d}’(t - U)) )) = G(tx yﬂo(t): }/M(t), ) }/m(t), xyo(t>) xvl(t)’ D) x'vk(t))
in the critical case |c| = |d| = 1. The results of this paper are completely new. Finally, an example is employed to illustrate our

results.

1. Introduction

During the last twenty years, there have been quite a few
results on the existence of periodic solutions for delay differ-
ential equations and neutral functional differential equations.
We can see [1-7]. For example, the authors of [8-11] inves-
tigated the existence of periodic solutions for the following
types of neutral functional differential equations:

(x(t)—cx(t- T))' =g, (t,x({)+g,(t,x({t-0))+e(t),

(x(®)—cx(t-1)"+g(x(t-08)=e(),
(ppx () —cxt-1)') +g(tx(t-n®)) = e®),

(9, (x O —ex' =) = fx@) % ()

+EM g(x(t-n@®)) +e(),
1

respectively. But the condition of constant |c| # 1 is required.
For example, under the assumption |c| # 1, they obtain that
A:Cy o= 1{x: x € C(R,R), x(t +2m) = x(t)} — C,,,

(Ax)(t) = x(t) — cx(t — 7) has a unique inverse At Cyr —
C,,, defined by

Yf(t-jr), <1,
_ >0
(A7 f) @ = J—Zc_jf(t+jr), lf>1, @
j=1
and then
2 4 1 2
JO (a f)(s)|dss|1_lc||L If(9)|ds, VfeCyp

(3)

which was crucial to obtaining estimation of a priori bounds
of periodic solutions in the noncritical case |c| # 1.

Under the critical case |c| = 1, the authors of [12-15]
studied a first-order neutral differential equation

(x () —cx(t-1)) = glt,x-8@)+e(®), (4
a Duffing differential equation of neutral type

(x@t)-cx(t-1)"=gt,x(t-3®) +e®), ()



a Rayleigh differential equation of neutral type

x) —ext-1)" = fF(x@®)x (1)

(6)

+g(tLx(t-0(1) +e(t),

and a p-Laplacian differential equation of neutral type
(ppx(®) = cx(t=1)) = F(x@)x' (1) .

+g(tx(t-0(1) +e(t),

respectively.

In the past thirty years, there has been a great deal of
work on the problem of the periodic solutions of high-order
nonlinear differential equations, especially for the third-order
and fourth-order differential equations which have been
used to describe nonlinear oscillations [16-20], and fluid
mechanical and nonlinear elastic mechanical phenomena
[21-27]. In [28], Jin and Lu discussed the existence of
periodic solutions of third-order p-Laplacian equation with
a deviating argument

(90 (=" ®)) + £ (1.6 ©).5" )
+gtx(t-n@))=e(t).

(8)

Before continuing, by applying Mawhin’s continuation
theorem of coincidence degree theory, the authors of [29]
studied the existence of periodic solutions for a fourth-order
p-Laplacian equation with a deviating argument

(9, (=" )+ F (" )+ g (x(t-n®)) =e®). ©)

Arising from problems in applied sciences, it is well
known that the existence of antiperiodic solutions plays a key
role in characterizing the behavior of nonlinear differential
equations as a special periodic solution and has been exten-
sively studied by many authors during the past twenty years;
see [30-44] and references therein. For example, antiperiodic
trigonometric polynomials are important in the study of
interpolation problems [45, 46], and antiperiodic wavelets are
discussed in [47].

However, to the best of our knowledge, due to the
neutral term and p-Laplace operator term, the existence of
antiperiodic solutions for (4)-(7) is very difficult to obtain
by applying traditional researching methods. Therefore, to
date, there are few papers to investigate the existence of
antiperiodic solutions for (4)-(7).
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Motivated by above statements, in this paper, we will
apply the method of coincidence degree to study the existence
of antiperiodic solutions for a generalized high-order (p, q)-
Laplacian neutral differential system with delays in the
critical case

(m—k)

(¢, ((x(t) —ex (t - )™))

_ ! (k) ! w
=F (t’ X0y(1)> X0, (£)> > X0, (1) V9 (£)> Vo, (t)> - -+ ’yS,(t)) >
CAN
(9, (@& -dy-o)"))
(k)

_ ! () !
=G (t’ Y@ Yy 0y -+ > V(e X0 Xy 0>+ > ka(t)) ]
(10)

where [c| = |d| = 1,(pp(s) = |s]P72s, (pq(s) = |s]72s,and s € R,
pq=2;0,(t) (0<i<k),9(t) (0<i<D,pu(t)0<i<l),
and 7;(t) (0 < i < k) € C(R,R) are mr-periodic functions;
for any p(t) € C(R,R), Xp(p) 18 defined by Xpw) = x(t - p®));

F,G € C(R*"3 R) are 27-periodic in their first arguments;
T, 0 are constants; m, 1, k, and [ are nonnegative integers, k <
m,l < n.

Throughout this paper, we will denote by N the set of
nonnegative integers and by N, the set of odd positive
integers.

Letp=g,k=I,m=nx=y,c=d,7=0,and F=Gin
system (10), then system (10) is reformulated as

O\ (m—K)
(¢, ((x (1) —cx (t - T)™))
B ) ® ' 0)
=F (t’ X6, (1) X0, (1) * * - > X, (1) X9, (1)> X9, (1) " * - ’xslm) :
(11)

Furthermore, one can easily obtain the following.

@Ifp=qg=2,x=ylc=1dl=1k=1=0 m=
n=1, 6,(t) =),

F=F(txgp)=gtxt-8®)+et), (12)

then system (10) reduces to (4).

b)Ifp=gq=2,x=y,cl=dl =1 k=1=0, m=
n=2, 6,t) =0(),

F = F(t, xgo(t)) =g(tx(t-58(t) +e(t), (13)

then system (10) reduces to (5).

@QIfp=gq=2,x=y,|cl=d =1, k=1=0, m=
n=2, 64t =0,0)=0, 9,(t) = (¢),

!
F = F (£, %9, Xg, 1 %0y(0))

= flx@)x' O +gtx(t-38(@) +e(t),

(14)

then system (10) reduces to (6).
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DIfp=qg x=yplcd=Ildl=1k=I=1, m=n=
2, 0,(t) =0,(t) =0, 9,(t) =5(),

!
F=F (t’ xeo(f)’xel(t)’xso(f))

= fx@)x O +gtxt-5@1) +e(t),

(15)

then system (10) reduces to (7).

The main purpose of this paper is to establish sufficient
conditions for the existence of m-antiperiodic solutions to
system (10) by using the method of coincidence degree.

The organization of this paper is as follows. In Section 2,
we make some preparations. In Section 3, by using the
method of coincidence degree, we establish sufficient condi-
tions for the existence of m-antiperiodic solutions to system
(10). An illustrative example is given in Section 4.

2. Preliminaries

The following continuation theorem of coincidence degree is
crucial in the arguments of our main results.

Lemma 1 (see [48]). Let X,Y be two Banach spaces; let Q) C
X be open bounded and symmetric with 0 € Q. Suppose that
L:D(L) ¢ X — Yisalinear Fredholm operator of index zero
withD(L)NQ#0@and N : Q — Yis L-compact. Further, one
also assumes that

(H) Lx—Nx # A(—Lx—N(-x)), forall x ¢ D(L)N0Q, A €
(0,1].

Then equation Lx = Nx has at least one solution on D(L)N

Q.

Definition 2. Letu(t) : R — R be continuous. u(t) is said to
be T'/2-antiperiodic on R, if

ult+T)=u(t), u<t+§>=—u(t), vt e R. (16)

We will adopt the following notations:

Ck = {ue C(R,R) : u is 2m-periodic}
17)

keN, luly, = nax, [u(t)],

where u is a 27r-periodic function.
For the sake of convenience, we introduce the following
assumptions.

(H,) There exist nonnegative constants o, ®,, ..., % 2>
B> By - - > Brsisa» Such that
|F (t) 51) 52) e ;Sk+l+2) - F (t, zl’ Zz, ey Zk+l+2)|
k+1+2
< Z o ls; -z,
i=1
(18)
|G (t’ S15525 0405 5k+l+2) -G (t> Z15Z95 - ’Zk+l+2)
k+1+2

< Z Bils: - =il
=1

3
for any (t,51,85 .- +»Skiis2)s (21522545 Zks142) €
Rk+l+3

(H,) Forall (t,s;,s Stasy,) € RFHHS
2 »S1> 82>+ o5 Skl >
F(t+7m,-81,=5y > —Sksis2)
= —F(t,51,8 - Sga1s2) »
(19)
G(t+7,-51, =S o> —Spa1s2)
= =G (6,518 » Stars2) -

In order to apply Lemmal to study the existence of
antiperiodic solutions for system (10), we set

X = {x = (x, (1), %, (1), 31 (1), 1, (t))T € CI;n X Cg;_k_l
xChy, x Cil i x (t+m) = —x (1) |,
Y= {x = (%1 (1), %, (), 31 (1), y (t))T € Cy, x Cy,

xCy, x Cy i x (t+7) = —x (1) |

(20)
are two Banach spaces with the norms
ko mok-1 1
et = ], + 2 bl + 2D,
i=0 i=0 i=0
n-l-1
+ ) Y (21)
i=0

2
il = Y (x| + il)-

j=1

respectively. Define

D= {x=(x, (0,50, 0, 0) €5, xcp*

xCIZH x C;’;l tx(t+m) = —x (t)}

(22)
and two difference operators A and B as follows:
AY —Y, Ax)(t)=x(@)—cx(t-1),
(23)
B:Y —Y, (By)®)=y @) —dy(t-o0).



Then system (10) reduces to

(4x)® (1) = 9 (x, (1),

R (1)

_ / (k) ! 0)
—F<t’ X16,(8)> X160, (t)> * * > X10,(t)> V19(1)> V19, (1) - + "y9u(t)) >

By)" (1) = 9y (5 (1),
A0
(k)

0 ' )
V1 X100 X1, - > X100 )
(24)

!
:G(t’ Yo ® Y1ty -+

where 1/p + 1/p' = 1, 1/g+1/q = 1,1 < p', 4 <2
Obviously, the existence of antiperiodic solutions to system
(10) is equivalent to that of antiperiodic solutions to system
(24). Thus, the problem of finding a w-antiperiodic solution
for system (10) reduces to finding one for system (24).
Define a linear operator L : D(L) = D ¢ X — Y by

setting
k
X (Axl)( :
X x(mfk)
N (B)’l)
¥, ygnfl)

and N : X — Y by setting

X1
Nx=N| ™
N
Y2
Py k(xz (t)) :
! !
_ F(t’xwo(t)’xlel(t)"--’x(u;)(z)’ylsg(trylsl(:)"~~>y§$,(:))
¢g (72 (1)) o
! !
G(t’ylyo(t)’ylyl(t)’ ~~’)’1,41(z)’x1v0(t)’x1v1(t)’""xwk(t))
(26)
It is easy to see that
Ker L = {0},
x, (s 0
o E s; 0 (27)
ImL = xeY:J 2 ds = =Y.
0 i (s) 0
Y2 (s) 0
Thus, dim Ker L = 0 = codim Im L, and L is a linear

Fredholm operator of index zero.
Define the continuous projector P : X — Ker L and the
averaging projector Q : Y — Y by

X, X, x (s) 0
x X 1 ([ x,(s) 0
p 2 | _ 2 | 2 b J 2 ds =
N Q N 21 Jo Y (s) $ 0
Y2 Y2 ¥, (s) 0
(28)
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Hence Im P = Ker L and Ker Q = Im L. Denoting by L;,l :
ImL — D(L) N Ker P the inverse of L|p)nke P> we have

X, (A7Kx,) (1)
el _ (Kx,) (1)
By )92 oo | @
2 (Ky,) (1)
where
Tl @) (4
(Kx,) (t) = Zi—'(Ahl) 0)¢t
ik
1
m—k—
(sz (t) = Z O)t
i=0 !
1 m:
@7:ﬁf“”>“%@®
(30)

-1 . )
(Ky) (t) = Z},(Bhg“) o) ¢
=%

1 ‘ -1
+(l——1)!L(t_S) ¥, (s)ds,
nll

(Ky,) (6) = Z_me

1 -

+ﬁj (t-ys) llyz(s)ds,

in which (Ah,)?(0) (i = .,k-1)aredecided by E, Z, =

B, where

2 0 o ---0 0
¢ 2 0 -0 0
[ q 2 -0 0

El - . . . . . bl
G2 %3 Ga 02 0
G-1 %2 Gs G 2/

(k-1)
(Ahy) (0) (31)

() (0)

z,=| () ()

(Ahl)’ 0)
(Ahy) (0)

kx1
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B, = (b, by ..., b)), by = —(1/i) jj"(n—s)"xl(s)ds, c; =

(m)/jland j=1,2,...,k-1; K’(0) (i =0,1,...,m-k-1)
are decided by E,Z, = B,, where

2 0 0 0
a 2 -0 0
G o 0 0
E, = . . ,
Cm-k-2  Cm-k-3 " 2.0
Cnk-1 k2 G 2/ poxim)
"D (0) (32)
hgm—k—Z) (0)
z,=| W0
h; (0)
h2 (0) (m-k)x1
. 2
B, = (bybyosbypi)s by = —(Ui) [ (-

)'xy(s)ds, ¢; = (m)/jl, and j = 1,2,....m - k -

1; (Bhy)®(0) (i = 0,1,...,1 — 1) are decided by E;Z, = B,
where

2 0 0 0 0
q 2 0 0 0
I a 2 0 0

E3 = . >
G2 G3 Ggq 2 0

G G2 Gs3 a2/ .,

(I-1)
(Bhs)™ " (0) (33)

(Bh,)"™ (0)
Zy = (Bh,)"™ (0)

(Bhs)l 0)
(Bhs) (0) /1y

By = (byy, by 2 by)T by = —(1/i1) [ (x — 8)'y,(s)ds, ¢; =

(mY/jl,and j=1,2,...,1-1; K?(0) (i=0,1,...,n—-1-1)
are decided by E,Z, = B,, where
2 0 -0 0
q 2 .0 0
(o (o -0 0
E4 = . . . >
Cn-1-2  Cn-1-3 20
Cp-l-1 Gn-l-2 a 2

(n=I)x(n-1)

hiﬂ—l—l) (0)
hf{l*l*Z) (0)

hz(ln_l_S) (O)

h, kO)
h, (0)

(n-I)x1
(34)

B, = (ubpbiy) by = /i) [ -
s)iyz(s)ds, ¢ = (n)j/j!,and j=L2,...,n-1-1

Clearly, QN and L;l(I — Q)N are continuous. Using
the Arzela-Ascoli theorem, it is not difficult to show that
QN(Q), L, (I-Q)N(Q) are relatively compact for any open
bounded set Q ¢ X. Therefore, N is L-compact on Q for any
open bounded set () ¢ X.

Lemma 3 (see [12]). Let |t| = (b/a)m, where a and b are
coprime positive integers. Then

(1) ifc = -1, bis odd and a is even, then

. —ki
w, = inf |1 —ce "
keN,;

. 1/2 .
= klngl[Z(l +coskr)]"" > 05 (35)

(2) ifc = 1 and b is odd, then

. ki
w, := inf |1 —ce "
keN;

_ _ 1/2 .
= klg\i[Z (1-coskr)]'* > 0; (36)

(B)ifc=1landa=0b =1, then

—kit

= inf[2(1 - coskn)]* =2 > 0.

w; = inf |1 —ce
keN;
(37)

keN;

Lemma 4 (see [13]). Suppose A: Y — Y, (Ax)(t) = x(t) -
cx(t — 1) for allt € [0,27]. Then the following propositions are
true.

(1) Ifc = -1, |t| = (b/a)w, where a and b are coprime
positive integers with b odd and a even, then A has
a unique inverse A™' Y — Y satisfying ||A7]| <
(1/wy).

(2)Ifc = 1, |7| = (b/a)n, where a and b are coprime
positive integers with b odd, then A has a unique inverse
A Y 5 Y satisfying [A7Y) < (1/w,).

(3) Ifc = 1, |t| = 7, then A has a unique inverse A™" :
Y — Y satisfying A7 < (1/w;).

Lemma 5 (see [12]). Let |o| = (v/u)m, where y and v are
coprime positive integers. Then

(1) ifd = -1, vis odd and u is even, then

w, = inf |1 - de™**
keN,

_ 1/2 .
= k1£1Nfl [2(1 +coskT)]"" > 0;  (38)



(2) ifd = 1 and v is odd, then

. —ki . 12
w, = klg\fl 1 —de ’T| = klg\lfl[Z(l — coskr)]'* > 05 (39)

(3)ifd=1land y=v =1, then

wy = inf |1 - de ™| = inf [2(1 - coskr)]'* =2 > 0.
3 keN;

keN,
(40)

Lemma 6 (see [13]). Suppose B: Y — Y, (Bx)(t) = x(t) -
dx(t—o) forallt € [0,2r]. Then the following propositions are
true.

(1) Ifd = -1, |o| = (v/u)m, where y and v are coprime
positive integers with v odd and y even, then B has
a unique inverse B”' : Y — Y satisfying |B'|| <

(1/w,).

(2)Ifd =1, |o| = (v/u)m, where y and v are coprime
positive integers with v odd, then B has a unique inverse
Bl:Y - Y satisfying IB7Y < (1/w,).

(3)Ifd = 1, |o| = m, then B has a unique inverse B!
Y — Y satisfying B~ < (1/w,).

3. Main Result

In this section, we will study the existence of m-antiperiodic
solutions for system (10) in the critical case |c| = |d| = 1.

Theorem 7. Assume that (H,)-(H,) hold. Suppose further that
c = -1, |7| = (b/a)n, where a and b are coprime positive
integers with b odd and a even, then system (10) has at least

one m-antiperiodic solution, if one of the following conditions
holds.

(D d = -1, lo| = (v/u)m, where u and v are coprime
positive integers with v odd and y even, and W, + W, <
1, where
k+1 _m—i+1 k+1 _n-l+k—i+1
T T
W, = max o i >
1 { ; w, 1 ; w, ﬁl+z+1 }
(41)
I+1 _m—k+l-i+1 I+1 _n—i+l
T T
W, = max Qpringy ) ——
2 {; w, k+i+1 1:21 w, ﬁ;}
(2)d = 1, lol = (v/u)m, where yu and v are coprime

positive integers with v odd, and W, + W5 < 1, where

I+1 _m—k+l-i+1 I+1 _n—i+1
W3 = max Z Kerit1> z—ﬂz . (42)
i=1 2 i=1 2

Abstract and Applied Analysis

3)d=1, |o| =m and W, + W, < 1, where

I+1 ﬂm—k+l—i+1 I+1 _n—i+l

W4 = max z (Xk+i+1 5 Z _ﬁl > (43)
— w —
i=1 3 i=1 3

in which w,, w,, and w; are constants defined by
Lemma 3 or Lemma 5.

Proof. As the proof of other cases works almost exactly as the

proof of case (1), we will prove case (1) only. Consider the

operator equation
Lx-Nx=A(-Lx-N(-x)), Ae€(0,1]. (44)

Then we have
k) 1 A
(Ax))™ (1) = T (1) - Toa% (=x, (1)),

m- 1 A
Xg k) (t) = mF (f, X, y) - mF (t, —-X, —y) N
(45)

1 A
By)" (1) = 1% (y, (D) - % (=3 1),

() oy _ L A e
H 0 = 66 px) - 1256 (63 x),

where
F(tsxp)’l)

= F (t, %16, %16, - ’x(llé)kw V19560 V19,00 > )’ils),(t)) >
G(t>y1’x1)

=G (t’ Vpg(ty J’{m(o’ . ’yizl(t)’xlvg(t)’xivl(t)’ e x(lljfi(t)) >
F(t,~x1,~y)

=F (t’ _xleg(t)’_xgﬂl(t)""’_xg;l(t)’_ylx%(l‘)’_yisl(t) .

)
- "le(t)) ’
G(t’ ‘)/1"9‘1)

_ / 0] /
=G (t’ V1) V1) TV 1) T (0 X 1 ()

(k)
=X )
(46)

Suppose that x(t) = (x,(£), x,(t), y,(t), yz(t))T € D is
an arbitrary sr-antiperiodic solution of system (45). Because
x,(t) € CIZ‘H is T'/2-antiperiodic, hence, we have

J:ﬂ x,(s)ds = Lﬂ x; (s)ds + LG x; (s)ds

B . (47)
= J xl(s)ds+J x; (s+m)ds=0.
0 0
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Then there exists a constant & € [0, 277] such that
x;(§) =0. (48)

Therefore, we have

|x, ()] =

t !
x, (&) + L x; (s)ds

< Jt |x; (s)' ds,
g

£
|x; ()] = |x; (¢t = 27)| = |x, (f)—L xy(s)ds|  (49)

§
: J't727r |x; (S)I as

forall ¢t € [¢,& + 27]. Combining the above two inequalities,
we can get

il = max. |, ()

= max |x; (t)|
te[&,E+2m]

t 4
< max {l(J |x; (s)|ds+J 'x; (s)|ds)}
te[Eg+am] (2 \ Je t-2m

2
< % L |x'1 (s). ds.
(50)

Similar to (50), one can easily get

' 1%
'x1|00 < 3 JO X (s)| ds,

”| <1 2 "'()|d '(1«1) <1 2n|(k)()|d
xloo_z . xl S Sy iy xl 00_2 . xl S S,
(51)

which yield
x| <A fori=01,. k-1 (52)

By a parallel argument to (47)-(52), we can also obtain

il = bl orizoneio 6y

'xgj) < nm_k_j_l'x;m_k_l)| , forj=0,1,....m-k-2,
0 (o]

(54)
"_l_j_1|y§"_l_1)'oo, forj=0,1,....,n-1-2.

(55)

|, <m
[e¢]

Since x,(t) € Cg’;k is m-antiperiodic, similar to (47), there

exists a constant ¢ such that xgm_k_l)(f ) = 0. By a parallel

argument to (50), we can obtain from (45), (H,), (52), and
(53) that

2 xgm—k—l) '

< 2| @] + rﬂ [0 ()] ds
0

J»27r
0

1
1+A

ds

1 A
mF(Sa X1 1) — mF(S’ —X1, Y1)

2
L |F (5,2, y1)| ds

+

A 2
—_ J |F (s,—x1,—y,)| ds

0

,_.
+
~

2
|F (s,x, y1) = F (s,0,0)| ds

IN
—
+ | =
—

A Jo
A 2
i 1+A L |F (s,=x1,—y;) = F (5,0,0)| ds
1 2 A 2
oA L 'F(S’°’°)|d5+mL IF (5,0,0)] ds
1 2
ST L ((xl |, (5—90(5))|+a2|x; (s-6, (s))'+.,_
# o [ (5= 8 9)
+ oo |1 (s =95 (9)]
s (5= 8, 6]+
FO0et142 ',Vil) (s—9 (s))|) ds
2
1 L (“1 %) (s =6 ()] + -

+ gy |61 (5= 64, (5)|
+ geyn |J’1 (s—9 (5))| LI

T4 |y§l) (S - ‘91 (S))|) ds

2
+ J |F (s,0,0)| ds
0

2
< [ (@l (-0, O ol (-0, )]+

T Kper 'x(lk) (s =6 (5))| + iz |11 (5= 99 (9))]

g [y (s =9, ()] + -

21
o [V (5= 99)])ds+ | T IF(s.0,0)ds



(kl'
o

2m ,
< |7 (@bl v anel] e e

(k) !
+ “k+1'x1 |Oo + 0| V1] oo + “k+3|)’1'm +

+0‘k+l+1')’§lil)|oo + ak+l+2|y§l)|oo) ds
2
N I IF (s,0,0)| ds
0

' (k-1)
< 2may x| + 2noc2|x1'oo Hoe |

+ Znock'xl
+2 ® 42 [y1]o, +2 1o+
T4 [ X ) T2 V1 00 T3\ V1 0

+ 271'0‘k+l+1 |y§l_1) 'oo + 27r‘xk+l+2|yil)|

(6]

+ 27 max |F (s,0,0)|
s€[0,27]

(2;)k |x§k)| 42 (2m)

< 2no T (k +-~
1 2 2k1

+ 2ma 2P+ 2|

1 -1
O 130, + 2maye 2 |50

Ty 2nak+l+12§‘y§1)|m + 277“k+l+2'y§1)'

(o]

+ 27 max |F (s,0,0)|
s€[0,27]

k+1 I+1
_ k—i+2 (k) 1-i+2 (0]
=23 o]+ 23 0 Y
i=1 i=1

+ 27 max |F (s,0,0)].
s€[0,27]

(56)

Namely,
(m—k-1) o k (k) < I (0]
m—k-1 —i+2 —i+2
|x2 ' = Z” ‘xi|x1 ot Z” “k+i+1|J’1 |00
i=1 i=1

+ 7 max |F(s,0,0)].
s€[0,2m]

(57)

Since y,(t) € Cg;l is mm-antiperiodic, similar to (50), there

exists a constant # such that yé"fl*l)(q) = 0. By a parallel
argument to (50), we can obtain from (45), (H,), (52), and

(53) that

i+,
<2|y(" =D (n) ' J 'y(" ) (s)|ds

J»Zﬂ
0

ds

G (s y1%1) =

A
mG (s, =y1—x1)

1+A
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|G (5 y1,x1)| ds

IN
—
+‘>—t
)
’*—‘

‘ -

J |G (s, =y, —x;)| ds

+
—_
+
~

|G(S y1%;) ~ G (5,0,0)| ds

IA
—
+‘>—t
)
'“—‘

J |G (s, =y, —x;) = G (5,0,0)| ds

2
J |G(s,0,0)|ds+LJ' |G (s,0,0)| ds
141 0

I/\

ﬁl |)’1 (5 ~Ho (5))|

t—» >»

+Bo |y (s = ()] +
B ) (s = (9)]
+ Bras %1 (s =7 (5))]
+ Bs %) (s = vy ()] + -

+Brakr2 'xgk) (s =% (5))') ds

+

L ' (ﬁl |)’1 (s = to (5))|

1+A
By |yi (s = ()| +
+ Bt ) (s = )]
+ Bria lxi (s =70 (9))]
+ Bras |x1 (s = v ()| +
Bk |61 (s = % (9))]) ds

2
+ J |G (s,0,0)|ds
0

2
= Jo (ﬁl 71 (s = o ()] + Ba |J’{ (s = (5))'
ot B | (s - )|
+ B by (5 =90 ()| + Bus 2] (5

+oot Brikea 'x(lk) (s = (S))') ds

! (s))i

2
+J |G (s,0,0)| ds
0

SJ (/31|)’1 +ﬁ2|)’1|

I '
+ ﬁl+1')’£)|oo + Brialxi]g + ﬁl+3|x1|o0 o

(k-1) |
+Briken 'Xl ©

2
+ J |G (s,0,0)| ds
0

o B

+ /31+k+2'x§k)'00) ds
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(1—1)|
(o]

<27Bi |y + 271/32')/”00 oot 2ﬂ/31|y1

+ 2B |y0| L+ 27| oo + 2Byaxi |+

|x(k 1)

(k)
+ 277ﬁl+k+1 + 27Tﬁl+k+2|xl |00

+ 21 max |G (s,0,0)|
s€[0,27]

< 27p, (22—7f)l|y§l)|oo + 2713, (227211_1 +
+ 222 | WO+ om0 + 27 (2m)" )
o, B (271) ' B o2, 2?77 9]

(k)
+ 271,81+k+2|x1 |00 + 27132[}{12)7([] |G (s,0,0)]

I+1 . 0 k+1 f "

_ —i+2 —i+2 (

= 22" ﬁi|J’1 |oO + ZZ” ﬁl+i+1'x1 '00
i=1 i=1

+ 21 max |G (s,0,0)].
s€[0,27]

(58)
Namely,
(n-1-1) o2 -i+2 | () k—i+2 (k)
|yn S Zﬂ " ﬁi'yl | Zﬂ " ﬁl+1+1|x
i=1
+ 7 max |G(s,0,0)].
s€[0,27]
(59)
From (1) of Lemmas 4 and 6, one can obtain
_ 1
[ 0] = |44 0] = - a0 0]
1
1 k 1
= —|(4x) 0] < —op ()
w; Wy
. (60)
7 0 = 5 B" 0] = - 50 )
1
1 1) 1
y |(B}’1) (t)| < aTl‘Pq’ (192le0)
That is,

<1,

1
], < w90 (72l
(61)

1

From (54) and (55), we can get

|x2|00 < ﬂmfk l'xz —k— 1)| |y2|00 < ﬂn—lfllyén—lfl)

0"

(62)

With (57)-(62), we have

k+1 _m—i+l

T _
%2] o < Z @ “i|x2|g> :

i=1

1+1 _m—k+l-i+1

+ Zw—“k+1+1l)’2| +T,

(63)

k+1 _n-l+k—i+1

T
D2l € 27—

i=1

Biyin |x2 |§oil

1+1 n i+1

Z ﬁz|y2| _1

where

T, = 7% max |F(s,0,0)|,
s€[0,27]

(64)

T, = 7" max |G (s,0,0)|.
s€[0,2m]

Let X, = max{|x;|o» [V2]00}- Then we have from (63) that
Xo <WXP T 4 WX+ max (T, T} (65)

in which

k+1n_m—i+1 k+1n_n—l+k—i+1
Wl = max z & Z ﬁl+i+1 >

=1 W W,
(66)

I+1 ﬂm—k+l—i+1 I+1 ﬂn—i+l
Wz = max Z—“k+i+l>zw—ﬁi .

-1 W, i=1 %1

Since 1 < p', q' < 2, (65) implies from (1) that there exists a
positive constant M, such that X, < M; that is,
|20 < Mo, 72|00 < Mo (67)

which implies from (61) that there exist positive constants M,
and M, such that
(k) (0]
'xl |oo <M, 'yl |oo <M,, (68)

which implies from (57) and (59) that

I+1

( —k—1) k—i+2 I-i+2
|x2m Zﬂ o (XM1+Z7T i M,
i=1
+ 7T max |F(s)0> 0)' = M3)
s€[0,27] (6 )
9
(n-l-1) I+1 : k+1 P
—1-1 —i+2 —i+2
'yzn |00 S Zﬂ 1 /3iM2 + ZT[ l ﬁl+i+1M
i=1 i=1

+ 7 max |G(s,0,0)| = M,
s€[0,27]
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Substituting (68), (69) into (52), (53), (54), and (55), we get

i
(&) (k)
'xl |oo < ki 'xl |oo
k—i
<—M;=N,; fori=0,1,...,k-1,
zk—z
(0 ™ 0
1
], < Fb’l o
<—M,=L; fori=0,1,...,1-1,
21—1
—k—i—
'x(j)| < T ' (mfk—1)|
2 oo T pmk-j-1172 o
Tm—k—j—l
< WM3 EHj for j=0,1,...,m—-k -2,
n—l-j-1
) T (n-1-1)
')’2 |oo < on-l-j-1 |y2 |oo
Tnflfj—l
SWM4EKj for]:O,l,...,n—l—Z.
(70)
Let
k-1 m—k-2 -1 n—-1-2
M=YN+ Y H+YL+ Y K,
i=0 i=0 i=0 i=0
(71)
4
+ ZMi + 1 (Clearly, M is independent of ).
i=1
Take
Q={xeX: x|y < M}. (72)

It is clear that Q) satisfies all the requirements in Lemma 1 and
condition (H) is satisfied. In view of all the discussions above,
we conclude from Lemma 1 that system (10) has at least one
n-antiperiodic solution. This completes the proof. O

Similar to Theorem 7, we can easily obtain the following
results.

Theorem 8. Assume that (H,)-(H,) hold. Suppose further that
¢ = 1,|7| = (b/a)m, where a and b are coprime positive integers
with b odd, then system (10) has at least one m-antiperiodic
solution, if one of the following conditions holds.

(1) d = -1, lo| = (v/u)m, where y and v are coprime
positive integers with v odd and y even, and W5 + W, <
1, where

k+1 —i k+1 _n—Il+k—i
" i+1 " I+k—i+1

)

i=1 2 i=1

ﬁl+i+1 } >
(73)

I+1 n_m—k+l—i+1

W, = max «{Z

i=1

I+1 n_n—i+1 ﬁ
Ketit1> Z— i -
1 w 1

W -1 @i
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2)d = 1, lo| = (v/u)m, where yu and v are coprime
positive integers with v odd, and Wy + W, < 1, where

I+1 nm—k+l—i+1

W, = max {Z

i=1

I+1 n_n—i+1

Kerit1> . —/3;} . (74)

w, o W

3)d=1, lo| =nr, and W5 + W, < 1, where

I+1 ﬂm—k+l—i+1 1+1 _n—i+l
W4 = max Z Kfeyirls Z—ﬁ, > (75)
i=1 (U3 i=1 3

in which w,, w,, and w; are constants defined by
Lemma 3 or Lemma 5.

Theorem 9. Assume that (H,)-(H,) hold. Suppose further that
¢ =1, |t| = 7, then system (10) has at least one n-antiperiodic
solution, if one of the following conditions holds.

1) d = -1, lo| = (v/u)r, where u and v are coprime
positive integers with v odd and p even, and Wy + W, <
1, where
1_m—i 1 n-lk—i
k+ " i+1 k+ " I+k—i+1
We = max Z %> Z Breisi >
i=1 w3 i=1 w3
(76)
1 _m—k+l—i 1 _ni
I+ an k+l-i+1 I+ " i+1
W2 = max Z Kperit1> Z—ﬁl
i=1 wl i=1 wl

2)d = 1, lo| = (v/u)m, where u and v are coprime
positive integers with v odd, and Wy + W; < 1, where

I+1 n_m—k+l—i+1 I+1 n_n—i+1
W, = max{ ) i ) ——Bi- (77)
-1 W2 ol W

3)d =1, |lo| =nr, and Wy + W, < 1, where

1+1 nm—k+l—i+1 I+1 ﬂn—i+1

W, = max{ ) i ) ——Bits  (78)
P w ~
i=1 3 i=1 3

in which w,, w,, and w, are constants defined by
Lemma 3 or Lemma 5.

4. An Example

Example 1. Let p, ¢ > 2. Then the following third-order
(p> q)-Laplacian neutral differential system

(((00+x(:-3))))
V2 vz,

2
=sint + gx(t—l)+;y(t—l)+;y (t-1),

<‘Pq ((y(t) +y(t B §>)~>>,

\/—

2 2
:cost+”—\/6—y(t—1)+?x(t—l)

"

(79)

has at least one 7-antiperiodic solution.
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Proof. By calculation, w, = V2, oy = V2/7*, a3 = a, =
\/E/TTG, xy) = 05 = 0, ﬁl = ﬁ/ﬂﬁ, ﬁ4 = \/E/TI4, and ﬁz =
B3 = B5 = 0. Therefore,

1 1 1 1
lemax{—,—z}:—<—,
T T2
1 1 1 1 (80)
Wimmax | S St e m <
Hence,
W+W<1+1—1 (81)
1 25575550

which implies that case (1) in Theorem 7 holds. It is easy
to verify that (H,)-(H,) hold and the result follows from
Theorem 7. This completes the proof. O
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