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We construct the Nth order nonlinear ordinary differential equation related to the generating function of g-Euler numbers with
weight 0. From this, we derive some identities on g-Euler numbers and polynomials of higher order with weight 0.

1. Introduction

As a well-known definition, the Euler polynomial E, (x) is
given by

2 ’“—OOE " .
el -};}ma. (1)

In the special case, x = 0, E, (0) = E,, is the nth Euler number.
From (1), we note that

Ey=1, (E+1)"+E,=0, ifn>0, (2)

with the usual convention of replacing E" by E,, (see [1-16]).
In the viewpoint of the g-extension of (1) and (2), let us
consider the following g-Euler number and polynomial:
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4= Trg q(E,+1) +E,, =0, ifn>0, (4

with the usual convention of replacing EZ by En)q.

Equation (3) is called the generating function of g-Euler
polynomial with weight 0. In the case x = 0, E,, (0) = En,q is
the nth g-Euler number with weight 0 (see [5, lﬁ).

Throughout this paper, let g be a complex number with
lgl < 1. Asgq — 1, we obtain (1) and (2) from (3) and (4).

The generating function of Eulerian polynomial H, (x |
u) is defined by
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where u € C with u# 1. In the special case, x = 0, H,(0 |
u) = H,(u) is called the nth Eulerian number (see [1-3]).
Sometimes that is called the nth Frobenius-Euler number (see
[9-11, 15]).
From (1) and (5), we note that H,(x | —1) = E,(x). From
(5), we have
Hy(u)=1, H,(1|u)-uH,(u)=~1-u)d,, (6)

where &, ;. is Kronecker symbol (see [9-11]).
For N € N, the g-Euler polynomial of order N is defined
by the generating function as follows:
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In the special case, x = 0, E%)(O) = E;{;) is called the nth
q-Euler number of order N with weight 0 (see [5, 11]).



In [9], Kim derived some identities between the sums
of products of Frobenius-Euler polynomials and Frobenius-
Euler polynomials of higher order. The main idea is to con-
struct nonlinear ordinary differential equations with respect
to t which are closely related to the generating function
of Frobenius-Euler polynomial. In [3], Choi considered
nonlinear ordinary differential equations with respect to u
not t.

In this paper, we construct nonlinear ordinary differential
equations with respect to g. The purpose of this paper is to
give some new identities on the high order g-Euler numbers
and polynomials with weight 0 by using the differential
equations of g.

2. Construction of Nonlinear
Differential Equations

We define
G=Glg)= —
1 get +1’
(8)
GN(t,x) =Gx---xGe™ for N € N.
N-times
From (7) and (8), we note that
GSI (t,x) = 2NGN (t, x) = 2NGNe™. 9)
By differentiating (8) with respect to g, we get
(1)_dG q€t+1—1 G+G2
= — = ——2 = —— _—,
dq q(get +1) a 49 (10)
9G"Y +G =G
By differentiating (10) with respect to g, we get
7°G? + 4qG"Y + 2G = 2IG°, (11)
where G™ = dNG/dg".
By the derivative of (11) with respect to g, we have
7°G® +94°G? + 184G +31G = 31G*. (12)
Continuing this process, we get
N-1
(N-1DIGY = Y a (N) 4°G®. (13)

k=0

Let us consider the derivative of (13) with respect to g to
find the coefhicient a;(N) in (13).
By (10), we get

qdiq (N -11G6Y) = NGV gG™

- NIGV (-G + &) (14)

= NIGN - N (N - 1)IG.
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From (13) and (14), we get

NIGN = N(N - 1)IGY
N-1

+ ) ka, (N) qu(k)
,;) ‘ (15)

N
+ Y a (N)gGY,
k=1

where NIGN™ = Y7 a (N + 1)g* G,
By comparing coeflicients on both sides of (15), we obtain
the following recurrence relations:

ay (N +1) = Na, (N), ay (N+1) =ay_ (N), (16)
a, (N +1) = Nag (N) + ka, (N) +a,_, (N),  (17)

forl<k<N-1landa/(N)=0.
From the first part of (16), we have

a, (N +1) = Na, (N)
=N(N-1)a,(N-1) (18)
=..-=Nlg,(2).
By (10) and (13), we have
1
aG"V +G =G = Y a, (2)4"G"
k=0 (19)
=ay(2)G+a, (2)qG".
From (18) and (19), we get
ay(2) =1, a,; (2)=1, a,(N)=(N-1L (20
From the second part of (16), we have
ay(N+1)=ay (N)=---=g,(2) =1 (21
To find g, (N) in (13) from (17), we set

N

t
g(t,s) = Z Z a, (N) —'sk, (22)
N=>10<k<N-1 N
where |t]| < 1 (see [9]).
From (17) and (22), we have
Z Z a..,(N+1) ﬁsk
k+1
N>10<k<N-1 i N!
N
Uk
=2 > Nag (N) s (23)
N2=10<k<N-1 :
N k
+Y Y (k+Day, (N)ms +g(ts).
Nz1 0<k<N-1 :
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From the left hand side of (23), we have

Z Z ak+1(N+1)—s

N=>10<k<N-1
N—l

PN CTh
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N1 f (N-1

== —ay (N) ———

Nz>2 <O<k<ZN— N (N-1)! ~-n° aO( ) (N - 1)!)
3 3 aman- 1)
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_l< +L>
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where g, = dg/0t. From the first term of the right hand side
of (23), we have

(24)

> Y Na, (N)

N>10<k<N-1

N—l

_t &
2L
=E<Z Y oam & 09
S \ N>1 0<k<N-1 ‘ (N-1)!
ay (N) N1>
NZ>:1(N_1)'

_E< +L>
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From the second term of the right hand side of (23), we have

N

Y Y ke D (N)

N210<k<N-1

N
Y Y ka(N) %sk_l (26)

Nz1 1<k<N

N

Z Z ka, (N) Ztmskfl =9,

N=10<k<N-1

where g, = dg/0s.
From (22)-(26), we obtain the following initial value
problem quasilinear first-order partial differential equation:

t-1)g,+sg,=-sg—-1, |t| <1,

g(0,s)=0, seR.

(27)

We consider Cauchy problem for the following first-order
quasilinear partial differential equation:

P(x,5,2) 2, +Q(x. 3,2) 2,
=R(x,y,2), (28)
z(xg (1), 30 (1) =20 (t), tel,

where I is some interval.
We know that (28) has a unique solution under some
conditions as follows.

Theorem A (see [17, page 65]). Suppose that P,Q, and R are
of class C" in a domain Q of R? containing the point (x,, yy» Zo)
and suppose that

dy‘)( o) £0. (29)

= Q (%05 ¥ 29)

dx, (t,)
P (x9, ¥ 29) (:it -

Then in a neighborhood U of (xy,,) there exists a unique
solution of (28) at every point of initial curve contained in U.

Since (27) satisfies (29) and regularity conditions, there
exists a unique solution of (27).
It is customary to write (27) in the form

dt ds dg

(-1 s g1 G0
t=0, s=p, g=0. (31
Since dt/(t — 1) = ds/s is separable, we get
1-t¢
u, (t,s,9) = - (32)
u, is a solution of partial differential equation of (27).
From (30), we get the linear equation
dg 1
- _g- . 33
ds 975 (3)
By the integrating factor method, we have
u,(t,s,9) =€’'g+E;(s). (34)
The exponential integral E;(s) is defined by
E(s) = j < dr
—oc0 T
(35)
[ee] SYI
=yp+In|s| +;W (seR,s#0),

where y is Euler constant.

u, is another solution of partial differential equation of
(27), and u, and u, are linearly independent.

From the parameterized initial conditions (31), (33), and
(34), we get

uZ:E,-<ui1>, esg+Ei(x)=Ei<ﬁ>. (36)



Thus, from (35) and (36), we obtain the following unique
solution of (27):

g(t,s):e_s<—ln|1—t|+§ns‘”n!<<ﬁ>”_l>).

n=1

Moreover, if we choose another initial condition

=Z (38)

from (20) and (22), then (37) satisfies it.

We note that

(—) —1=( Y x| Y -1
1-t 1,>0

n-times

1,20
(3 ) ®
N21 \ I, ++l,=N
-y <”+%_1>tN.

Nx1

Zao (N)

N>1

g(t0)=

By (37) and (39), we get

1" N>
(t) )= -
g ’ (kZO ' ><N21N

—)"Nk <1)"Nk
2 Nl et 2wt

N21k>N

=)

N210<k<N-1

k k-1
L<Z+N—1>>tN k
+sz:1 1sk;\1-1 <z;(k—l)! -1 N S

'3 (S ()

N>1 k>N
(40)
It is known that
1[I+ N-1 _l -N
' (UN)=x ()
(41)
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In the case of k > N in (40), from (41), we get

D" (D 14N
N-k!J’l_zl(k—l)!l-l!( N )

:H)k( - %k!g(f;)(—;v» 12

N
=(-1) W( +<k;{N)—1>=0.

By (40) and (41), we get

N
o=y ¥ pfE (RN g

N=>11<k<N-1
+ Y (N- 1)'— (43)
N=>1
2 N
=y Y (N—k—l)!(Nk_l) t—'sk,
N=>1 0<k<N-1 N!

where (V) = (=1)* (N:1). Thus, by (22) and (43), we get

2
ak(N)z(N—k—l)!<Nk_1>. (44)

Therefore, by (13) and (44), we obtain the following theorem.

Theorem 1. For g € C with |q| < 1 and N € N, one can
consider the following nonlinear (N — 1)th order ordinary
differential equation with respect to q:

2
N k (k)
G (q) = (N_l),Z(N k 1)< )qG
(45)
R
T e
k=0
where G® = d*GP/dg" and GN(q) = G(g) x---x G(q).
N-times

Then G(q) = 1/(qet + 1) is a solution of (45).

Let us define GP (¢, x) = . Then we obtain the

following corollary.

G(k) (q)ext
Corollary 2. For N € N, one considers

1)' Z( k_l)!<N

GN(t,x) =

—-1 2 X
X )gG“" (t, x)

(46)

Then G(t, x) = €' /(ge’ + 1) is a solution of (46).
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3. Identities on the High-Order
g-Euler Numbers and
Polynomials with Weight 0

From (3), (7), and (8), we get

1 2 2
N = — ——)x...
C) 2N<qet+1>>< ><(qet+1>

N-times

n
Z g E (47)
ZN nq pl’
12 1 g
Tad 1~ 22y
qge’ + = nl

From (47), we note that

G(q) =

oodk

de (q "
G% = i 48
Z dq* n’ (48)

Therefore, by (47), (48), and (45), we obtain the following
theorem.

Theorem 3. For N € N and n € N U {0}, one has

LA“E
F(N) _ oN-1 -1 nq
By -2y (V)G @

From (48), we get

G® (t,x) = G (q) e

:< wd;q:q;'x ) (50)
S (St s

Therefore, by (7), (47), and (50), we obtain the following
corollary.

Corollary 4. For N € N andn € N U {0}, one has

N-1 k&
L N A a9 B,

- E )5 e
k=0 " 1=0 q

From (3) and (7), we get

ooE(N)i _ 2 %
Z"ﬂm fy1
s ! qe’ +

n=

( )
X
qet+1

N-times

o tll o th
= <ZE11«11_| XX ZEZN’ql_l
1,=0 1 Iy=0 N*

5
B i n!Ell’q EZN q ) t_
n=0 \ [j+-+ly=n ll!' lN' n!
(o) n
n ~ ~ t
= E -..E iy
n=0 ( I+Z+;N—n <ll"“’lN> o lN’q> !
(52)

Therefore, by (49) and (52), we obtain the following corollary.

Corollary 5. For N € N and n € N U {0}, one has

n ~ _~
(.7 1) B i

d'E

_ 2N—1Nz_ll (N - 1>qk nq
i k! k dq*
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