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The joint law of the total local times at two levels for h-paths of symmetric Lévy processes is shown to admit an explicit representation
in terms of the laws of the squared Bessel processes of dimensions two and zero. The law of the total local time at a single level for

bridges is also discussed.

1. Introduction

Markov processes associated to heat semigroups generated
by fractional derivatives are called symmetric stable Lévy
processes (cf., e.g., [1]) or Lévy flights (cf., e.g., [2]). The
purpose of the present paper is to study the laws of the
total local times for h-paths and bridges of (one-dimensional)
symmetric Lévy processes. We give an explicit representation
(Theorem 16) of the joint law as a weighted sum of the law
of the squared Bessel process of dimension two and the
generalized excursion measure for the squared Bessel process
of dimension zero. We also give an expression (Theorem 20)
of the law of the total local time at a single level for bridges.
It is well known as one of the Ray-Knight theorems (see,
e.g., [3, Chapter XI] and [4, Chapter 3]) that the total local
time process with space parameter for a Bessel process of
dimension three is a squared Bessel process of dimension
two. Since the Bessel process of dimension three is the h-path
process of a reflected Brownian motion, Theorem 16 may be
considered to be a slight generalization of this result.
Eisenbaum and Kaspi [5] have proved that the total local
time of a Markov process with discontinuous paths is no
longer Markov. As an analogue of Ray-Knight theorems,
Eisenbaum et al. [6] have recently characterized the law of the
local time process with space parameter at inverse local time
in terms of some Gaussian process whose covariance is given
by the resolvent density of the potential kernel. Moreover,

if the Lévy process is a symmetric stable process, then the
corresponding Gaussian process is a fractional Brownian
motion. Their results are based on a version of Feynman-Kac
formulae, which characterizes the Laplace transform of the
joint laws of total local times of Markov processes at several
levels.

In this paper we first focus on the h-path process of a
symmetric Lévy process, which has been introduced in the
recent works [7-9] by Yano et al. The h-path process may
be obtained as the process conditioned to avoid the origin
during the whole time (see [10]). We will also start from
a version of Feynman-Kac formulae and obtain an explicit
representation of the joint law of the total local times at two
levels. (For some discussions of the joint law of the total local
times, see Blumenthal-Getoor [11, pages 221-226] and Pitman
[12].) Unfortunately, we have no better result on the law of the
total local time process with space parameter. The difficulty
will be explained in Remark 3.

In comparison with the results by Pitman [13] and Pitman
and Yor [14] about the Brownian and Bessel bridges, we also
investigate the law of the total local time at a single point
for bridges of symmetric Lévy process, which we call Lévy
bridges in short, and also for bridges of the h-paths, which we
call h-bridges in short. We will prove a version of Feynman-
Kac formulae (Theorem 7) for Lévy bridges with the help
of the general theorems by Fitzsimmons et al. [15]. As an
application of the Feynman-Kac theorem, we will give an



expression of the law of the total local time at a single level
for the Lévy bridges, while, unfortunately, we do not have any
nice formula for the h-bridges.

The present paper is organized as follows. In Section 2, we
give two versions of Feynman-Kac formulae in general set-
tings. In Section 3, we recall several formulae about squared
Bessel processes and generalized excursion measures. In
Section 4, we recall several facts about symmetric Lévy
processes. In Section 5, we deal with the joint law of the total
local times at two levels for the h-paths of symmetric Lévy
processes. In Section 6, we study the laws of the total local
times for the Lévy bridges and for the h-bridges.

2. Feynman-Kac Formulae

In order to study the laws of total local times, we prepare
two versions of Feynman-Kac formulae, which describe their
Laplace transforms. One is for transient Markov processes,
and the other is for Markovian bridges.

Let D denote the space of cadlag paths w : [0,00) —
R U {A} with lifetime { = {(w):
Vt<{, w(t)eR, Vt>(, w(t)=A. 1)

Let (X,) denote the canonical process: X,(w) = w(t). Let (#,)
denote its natural filtration and & = o(U,%,). Fora € R,
we write Ty, for the first hitting time of the point a:

Ty =inf{t >0: X, =a}. (2)

The set of all nonnegative Borel functions on R will be
denoted by %, (R).

Let (P, : x € R) denote the laws on D of a right Markov
process. We assume that the transition kernels have jointly
measurable densities p,(x, y) with respect to a reference
measure p(dy):

P, (X, €dy)=p (% y)u(dy). (3)
We define

Uq (x. ) = L e p, (x,y)dt, q=0, (4)

which are resolvent densities if they are finite. We also assume
that there exists a local time (L) such that

t
|, £ s =[Oy, >0 feB® ©
holds with P, -probability one for any x € R.

2.1. Feynman-Kac Formula for Transient Markov Processes. In
this section, we prove Feynman-Kac formula for transient
Markov processes. We assume the following conditions:

(i) the process is transient;
(i) uy(x, y) < oo forany x, y € R with x #0 or y #0.
Note that 1,(0, 0) may be infinite. We note that

P, (VyeR, L7 <co0)=1 foranyxeR. (6)
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By formula (5), it is easy to see that

P [L5] =1y (%),

We will prove a version of Feynman-Kac formulae following
Marcus-Rosen’s book [16] where it is assumed that 14,(0, 0) <
00.

Fort > 0 and xq, x5, . ..

xeR,y e R\{0}. (7)

,x, € R\ {0}, we set

]t(x)zj dL’;;J dL’f;---J drLy", (8)
t t

n-1

where x = (x1,...,x,).

Theorem 1 (Kac’s moment formula). Let x, € R and

X1, X5, %, € R\ {0}. Then we has
P, o ()] = 1o (x0, 1) th (315 %3) -+~ g (X015 %) - (9)

The proof is essentially the same to that of [16, Theorem
2.5.3], but we give it for completeness of the paper.

Proof. Note that
© ! X
Jo (x)=J Je (x)dLy, (10)
0
where X' = (x,,...,x,). Denote 7, = inf{t > 0;L}" > I}.

Since J,(x') = J,(x') o 6,, the strong Markov property yields
that

Pxo []0 (X)] = Pxn [JO ]O (X,) oerlxl 1{‘r;‘l<oo} dl:|

-2 [], treodt] R [B()]

ng [L};)] le []0 (X,)] .

This yields (9) from (7). ]
Theorem 2 (Feynman-Kac formula). Let x,,...,x, € R\{0}.
Set
Uy ('xl’xl) T U (xl’xn)
X = : : R
Uy (xn’xl) Uy (xn’xn)
(12)
Uy (0’ xl) T Uy (O’Xn)
50 _ . . .

Uy (0: xl) T Uy (O’xn)

Then, for any diagonal matrix A = (/\ié‘i,j)zj:l with nonnega-
tive entries, we have

n det(I+(2-2")A
P, [exp{—Z/\iL’go}] _ & (det(<I+ZA)) ) (13)
i=1

The proof is almost parallel to that of [16, Lemma 2.6.2],
but we give it for completeness of the paper.
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Proof. LetA,,..., A, € R.For k € N, we have

(14)

Jrseoji=1
n
= k! Z /\]1 ../\jkPO []O(xh’ ’xjk)]'
Jrre k=1
(15)
It follows from Theorem 1 that
(15) = k! Z uO(O,le)/le
Jro k=1
(16)
Uy (le > sz) /\Jz Yo (xjk—l > xjk) /\Jk
——\k
_ k!{ SR 1} ,
(=xf1}
where 1 = T(1,...,1),{v}, = vy forv= "(vp, v}, ...,0,),
0 MO(O’xl) ”o(0>xn)
- 0 uO(xl’xl) uO(xl’xn)
2: . . >
0 Uy (xrvxl) Uy (xn’xn)
(17)
00 --- 0
_ 0A -~ 0
A= . .
00 --- A

n

Hence, forall A4, ..

we have
n
P, [exp { /\iL’f;J} ]
i=1

- SR} ={-s8)"),

k=0

.»A,, € Rsuchthat|A,[’s are small enough,

(18)

By Cramer’s formula, we obtain
w1
{(1-28) "1}

) det((l‘ix)(l)> _det(1-(z-2")A) (19)
© det(1-3R)  det(-ZA)

Here, for a matrix A, we denote by A" the matrix which
is obtained by replacing each entry in the first column of A
by number 1. Since ¥ is nonnegative definite, we obtain the
desired result (13) by analytic continuation. O

Remark 3. Eisenbaum et al. [6] have proved an analogue of
Ray-Knight theorem for the total local time of a symmetric
Lévy process killed at an independent exponential time. We
may say that the key to the proof is that = — %° is a constant
matrix which is positive definite. The difficulty in the case of
the h-path process of a symmetric Lévy process is that the
matrix 2 — =° no longer has such a nice property.

2.2. Feynman-Kac Formula for Markovian Bridges. In this
section, we show Feynman-Kac formula for Markovian
bridges. For this, we recall several theorems for Markovian
bridges from Fitzsimmons et al. [15]. See [15] for details.

Fort > 0,x,y € R, let P;, y denote the bridge law, which
serves as a version of the regular conditional distribution for
{X,; 0 <s <t}under P, given X, = y. In this section, we
assume the following condition:

(i) 0 < p,(x,y) <ocoforanyt > 0,x,y € R.

We also assume that there exists a local time (L}) such that

[ Fot)du= [ 7o) mta). ossse

feB, ®

(20)

holds with P;, ,-probability one forany £ > 0 and x, y € R.

Theorem 4 (see [15, Lemma 1]). Lett > 0, x, y,z € R. Then
one has

I R e

(21)

for any nonnegative Borel function f.
We will also use the following conditioning formula.

Theorem 5 (see [15, Proposition 3]). Lett > 0, x, ¥,z € R.
Then one has

P, “Ot f (s XS)HSdLj]
(22)

t
= [[ ream.tma]
for any nonnegative Borel function f and any nonnegative

predictable process H..

Fors>0andz,,...,z, € R, we define

s S, Sy
H, (z") =j dr? JO dL J dL,  (23)

0 0

where 2 = (z15...,2,). The following theorem is a version
of Kac’s moment formulae.



Theorem 6. Forany q > 0,n € Nand forany z,,...,z, € R,
one has
0 —qt t
J, <o o) P, [, ()] d
n-1
=uy (%,20) [ [y (2 21) 24
=1

g (20 7).

Proof. Let us prove the claim by induction. For n = 1, the
assertion follows from Theorem 4. Suppose that formula (24)
holds for a given n > 2. Note that

Ht (z(n+1)) _ J’t HS (z(n)) dLi"“. (25)
0

Since H,(z™) is a nonnegative predictable process, Theorems
5 and 4 show that

P, [H ("))

_ Jtdsps (%, Zy41) Pros (Zn+1’y)Pt - [Hs (Z(n)):l.

0 pe (%) e
(26)

Hence, we obtain

[ p (e L, [, (200)] e
0

o0
= J e I dt
0

t
X L ps (x’ Zn+1) pt—s (zn+1’ y) Pi,znﬂ [Hs (Z(H))] ds

[P e, [ ) as

0

X J eiqtpt (Zps1> y) At
0

n—1
uy (x,2) - H”q (Zj’ zj+1)
=1

TUg (zn’ Zn+1) T Ug (zn+1’ )/) >
(27)

by the assumption of the induction. Now we have proved that
formula (24) is valid also for n+ 1, which completes the proof.
O

The following theorem is a version of Feynman-Kac
formulae.

Theorem 7. Letz, =0, z5,...,2, € RandletA,,..., A, > 0.
Suppose that
uq(zi,zj)<oo, q>0,4,j=1,...,n (28)
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Let 9 be the matrix with elements Zg)qj) = uy(2;,z;). Then, for
any diagonal matrix A = (1,0, ;)} j=1 With nonnegative entries,

one has

“ —qt ¢ Sy /\ijj
e " p (0,00 Py, e dt
0

X (29)
= {(1+292) 59} .
Proof. We have
k
L‘” e p, (0,0) P}, [ (JZIA ij]‘> ] dt
~ k! Z A A (30)

X J;)OO eiqtpt (O) 0) P(t),o [Ht (zjk’ T Zjl )] dt.

Using Theorem 6, we see that the above quantity is equal to

n

k! Z Mq (Zl’zjl) Ah

Jroe k=1
(31)
k-1

: H”q (Zj,» ij) A g (zjk’ Zl) ]

i=1

which amounts to k!{(Z(q)A)kZ(q)}l,l. Hence, for all A4, ...,
A, > 0 sufficiently small, we obtain

L e " p, (0,00Py, [exp 4 Y ALY b | dt
j=1
e (32)
=u,(0,0) + Z{(z(‘”/\)kz@}

k=1 L1

_ {(I _ Z(Q)A)—lz(q)}l,l.

Since £ is nonnegative definite, we obtain the desired result
(29) by analytic continuation. O

The following theorem is valid even if

uq(O,zj)zuq(zj,O)zoo, q>0,j=1,...,n.  (33)

Theorem 8. Let z,,...,z, € R\ {0} and let A,,..., A, > 0.
Suppose that
uq(zi,zj)<oo, q>0,i,j=1,...,n (34)
Let 39 be the matrix with elements Zl(»’qj) = uq(zi, Zj),
u, (0,2;) u, (2,,0)
u(q) — , V(q) — , (35)
4, (0., 4y (2, 0)
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and let A be the matrix with elements A ; ;

= A;0; ;. Then one
has

LOO “ b, (0, O)Poo[l—e Zia ks ’]dt -

@ A( I1+3@ A)*lv(q)‘

Proof. Using Theorem 6, we see that

k
L e % p, (0,0) P}, <ZAjL'ff> dt
=1

n k-1 (37)

u‘i (O’ Zjl) /\]} ’ H”q (Zfi’ me ) )ij

Fiomdi=1 i=1

Uy (zjk’ 0) :

Hence, we obtain

[ee] n
L e ¥ p, (0,0)Py, [exp{ DALY+ 1 |dt
j=1

i{r @ (50 A)’Hv(q)}

(38)

=
—

STUDA(T-ZDA) V9,

The rest of the proof is now obvious. O

3. Preliminaries: Squared Bessel Processes and
Generalized Excursion Measures

In this section, we recall squared Bessel processes and
generalized excursion measures.

First, we introduce several notations about squared Bessel
processes, for which we follow [3, XI.1]. For § > 0, let (Qg
z > 0) denote the law of the §-dimensional squared Bessel
process where the origin is a trap when § = 0. Then the
Laplace transform of a one-dimensional marginal is given by

Q. [exp (-AX,}] =

1 A
1+ 22077 P {_1 n ZAt} - 9)

We may obtain the transition kernels Qg(Xt € dw) by the
Laplace inversion.

(i) For 6 > 0 and z > 0, we have

Qg (X, € dw)

1 <w>(1/2)(5/2—1) { z+ w} I ( vzw)d
=—(= exp{-—— — | dw,
2\ z PU 7 Tl Ty
(40)

where I, stands for the modified Bessel function of
order v.

5
(ii) For 6 > 0 and z = 0, we have
1 5/2-1 w
Q(X, edw)=———w ex {——}dw,
o (Xi € dw) (20)°°1 (8/2) 1T
(41)

where I' stands for the gamma function.

(iii) For 6 = 0 and z > 0, we have

0 - _Z
Q, (X, € dw) = exp { Zt} d, (dw)

+i(9)'“zex {-““’} (42)
2t\ z P 2t

x I <@)dw.

The squared Bessel process satisfies the scaling property: for
0 >0,z >0,and c > 0, it holds that

(cX,/.) under Q. T (X,)under Q. (43)

z/c
Second, we recall the notion of the generalized excursion
measure. By formula (39), we have

QO[xZ

s+t

i X, GB] QO[ Q% (X, €B)|  (49)

for s,t > 0 and B € 3B([0,00)). If we put y(dx) =
(l/xz)Qg(Xt € dx), we have

tort (B) = j 1, (dx)Q (X, € B). (45)

This shows that the family of laws {y, : ¢ > 0} is an entrance
law for {Qg : x > 0}. In fact, there exists a unique o-finite
measure n” on D such that

n” (X, €B,....X, €B,)

n

= JBI He, (dxl) JBz Q?c (th—tl € dxz) (46)

[, edx)

for0 < t; < -+ < t,and By,...,B, € ZB([0,00)). Note
that, to construct such a measure n'”, we can not appeal to
Kolmogorov’s extension theorem, because the entrance laws
have infinite total mass. However, we can actually construct
n” via the agreement formula (see Pitman-Yor [17, Cor. 3]
with § = 4), or via the time change of a Brownian excursion
(see Fitzsimmons-Yano [18, Theorem 2.5] with change of
scales). We may call n'” the generalized excursion measure for
the squared Bessel process of dimension 0. See the references
above for several characteristic formulae of n®.



4. Symmetric Lévy Processes

Let us confine ourselves to one-dimensional symmetric Lévy
processes. We recall general facts and state several results
from [7].

In what follows, we assume that (P,) is the law of a
one-dimensional conservative Lévy process. Throughout the
present paper, we assume the following conditions, which will
be referred to as (A), are satisfied:

(i) the process is symmetric;

(ii) the origin (and, consequently, any point) is regular for
itself;

(iii) the process is not a compound Poisson.
Under the condition (A), we have the following. The charac-
teristic exponent is given by
. [ee]
0 (1) == —logP, [e’)”xl] =vA’ +2 J (1 = cos Ax) v (dx),
0
(47)

for some v > 0 and some positive Radon measure v on (0, 00)
such that
J min {xz, 1} v (dx) < 0. (48)
(0,00)

The reference measure is ¢(dx) = dx and we have

1 ©0 —t
P 9) = =)= = | " (cosh(y=x)) eV,
(49)

1 Jo" cosA(y - x) QL (50)

w o) =y = [T 2L

There exists a local time (L7) such that

[[reyas=[sonan femm. o

with P, -probability one for any x € R. Then it holds that

P, “o e_qdeJs'] =u,(y-x), xyeR (52

Let n denote the excursion measure associated to the local

time L?. We denote by (Pg x € R\ {0}) the law of the
process killed upon hitting the origin; that is,

PO (Al >t) =P (AT >t), xeR\{0},
(53)
t>0, Ae F,.

Then the excursion measure n satisfies the Markov property
in the following sense: for any ¢ > 0 and for any nonnegative
F ,-measurable functional Z, and for any nonnegative & -
measurable functional F, it holds that

n[ZF(X,)] = jn [Z:; X, edx]PO[F(X)].  (54)
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We need the following additional conditions:

(R) the process is recurrent;
(T) the function 8(A) is nondecreasingin A > A, for some
Ay > 0.
Under the condition (A), the condition (R) is equivalent to
J ©dr o
o 6
All of the conditions (A), (R), and (T) are obviously satisfied

if the process is a symmetric stable Lévy process of index o €
(1,2]:

(55)

0 (1) =A% (56)

In what follows, we assume, as well as the condition (A), that
the conditions (R) and (T) are also satisfied.
The Laplace transform of the law of Ty, is given by

u; (2)

P, [e_qT“”] = Ok
q

(57)

see, for example, [19, pp. 64]. It is easy to see that the entrance
law has the space density:

n (X, € dx)
dx '

In view of 7, Theorem 2.10], the law of the hitting time T\,
is absolutely continuous relative to the Lebesgue measure dt
and the time density coincides with the space density of the
entrance law:

p(t,x)= (58)

px(t) = W =p(tx). (59)

4.1. Absolute Continuity of the Law of the Inverse Local Time.
Let 7(I) denote the inverse local time at the origin:
t() =inf{t > 0L} > I}. (60)

We prove the absolute continuity of the law of inverse local
time. Note that () is a subordinator such that

P, [e—qr(l)] _ e—l/uq(o), (61)
see, for example, [19, pp. 131].

Lemma 9. For fixed I > 0, the law of ©(I) under P, has a
density y,(t):

P, ( (1) € dt) = y, (1) dt. (62)

Furthermore, y,(t) may be chosen to be jointly continuous in
(L, t) € (0,00) x (0, 00).

Proof. Following [7, Sec. 3.3], we define a positive Borel
measure ¢ on [0, 00) as

o (A) = % L OO L AeB(0,00). (63)
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Then we have u,(0) = J‘[O’OO)(U(df)/(q + &) forqg > 0,

and hence there exists a Radon measure ™ on [0, co) with
J[o 00)(07(@8)/(1 + &) < 0o such that

1
qu, (0)

J[OOO q+f o @), q>0. (64)

Hence, the Laplace exponent 1/ uq(O) may be represented as

1
1, (0)

= JOOO (1-e™)v(u)du, (65)

e " 0™ (dE). Since Iom(l AP )v(u)du <
00, we may appeal to analytic continuation of both sides of
formula (61) and obtain

P, [em(l)] = exp {l joo (ei"” - 1) v (1) du} ) (66)
0

Following [20, Theorem 3.1], we may invert the Fourier
transform of the law of 7(I) and obtain the desired result. [

where v(u) = I(o o)

4.2. h-Paths of Symmetric Lévy Processes. We follow [7]
for the notations concerning h-paths of symmetric Lévy
processes. For the interpretation of the h-paths as some kind
of conditioning, see [10].

We define

h(x)::q@p%+{uq(0)—»uq(x)}
1 (®1-cosix
‘EL eu)d%

The second equality follows from (50). Then the function h
satisfies the following:

(67)
x € R.

(i) h(x) is continuous;
(ii) h(0) = 0, h(x) > O for all x € R \ {0};
(iii) h(x) — oo as|x| — oo (since the condition (R) is
satisfied).

See [7, Lemma 4.2] for the proof. Moreover, the function / is
harmonic with respect to the killed process:

)] =h(x) ifxeR\{0}, t>0,
n[h(X,)]=1 ift>0.

See [7, Theorems 1.1 and 1.2] for the proof. We define the h-
path process (P" : x € R) by the following local equivalence

relations:
h(X,)
dp’ if x € R\ {0},
v =1 W YO 9)
©R(X)dn],  ifx=o0.

Remark that, from the strong Markov properties of (X,)
under P?C and n, the family {PZI gt = 0} is consistent, and

hence the probability measure PZ is well defined.

The h-path process is then symmetric; more precisely,
the transition kernel has a symmetric density p(x, y) with

respect to the measure h(y)*dy. Here the density pf (x, y) is
given by

P oy) =

{ﬂ(_)MMQW}

P (0)
if x,y e R\ {0},

M()

h _h _p(tx) 70
p; (x,0)=p, (0,x) = ) (70)
if x e R\ {0},

P (0,0) = J e k0" (d).
(0,00)
By (65), we see that pi’ (0,0) is characterized by

e o qt h :L
L (1 e )pt (0,0) dt uq(O)’ q>0. (71)

See [7, Section 5] for the details. The h-path process also
satisfies the following conditions:

(i) the process is conservative;
(ii) any point is regular for itself;

(iii) the process is transient (since the condition (T) is
satisfied).

We can easily prove regularity of any point by the local
equivalence (69). See [7, Theorem 1.4] for the proof of
transience.

The resolvent density of the h-path process with respect

to h(y)*dy is given by

e

ug (%) uy (y) }
h(x)h(y) ’

() = o
q
q >0, x,y e R\ {0},

RERIC)
h(x) ug )’

uZ(x,0)=uZ(0,x)— q>0, x e R\{0}.
(72)

We remark here that, since limq . OOuq(O) = 0, we see, by (71),

that

) (0,0) = co. (73)

The Green function ug‘(x, y) =lim,_,, +uZ(x, y) exists and is
given by

h _h)+h(y)-h(x-y)
Uy (x,9) = RO ., xyeR\{0},
uﬁ&m=uﬁam=—%a x eR\{0}.
(74)



See [7, Section 5.3] for the proof. Since ug'(x, y) > 0, we have
h(x)+h(y)-h(x-y)=20, x,yeR. (75)

It follows from the local equivalence (69) that there exists
alocal time (L7) such that

[[ro)as=[ s oF d. 1505 em. @
(76)

with Pﬁ—probability one for any x € R. We have

PP ] =ul(xy), xeRyeR\{0}). (77)

Example 10. If the process is the symmetric stable process of
index & € (1,2], then the harmonic function h(x) may be
computed as

h(x) =C(a)|x|*", (78)

where C(«) is given as follows (see [9, Appendix]):

C(Oé)=; ST dA:zr(a)sin(n(cx—l)/Z)'

(79)

1J°°1—c08/\ 1

5. The Laws of the Total Local
Times for h-Paths

In this section, we state and prove our main theorems

concerning the laws of the total local times of h-paths.

5.1. Laplace Transform Formula for h-Paths. In this section,
we prove Laplace transform formula for h-paths at two levels.

Lemma1l. Forx,y € R\ {0} and A, A, > 0, one has

P! [exp (-1, (x) L, - A,k (y) L2, }]

L+ A;+A,+DAA, (80)
C 142, +2), +4EA N,

where

B +h(y)~h(x - y)

D=D(x,y)=h(x-y) G >0,
(h () +h(y) ~h(x= )’
E=E(x,y)=1— 4h(x)h(y) > 0.
(81)

Abstract and Applied Analysis

Proof. Let us apply Theorem 2 with

1+(z—z°)A
h(y)—h(x-
4A, (y)h(x()x ) i
h(x)-h(x-y) ’
—h(y) A 1+A,
I+2A
L2, h(x)+h(:();)h (x— y)/\2
h(x)+h(y)—h(x—y)A 1423
h(y) : ?

(82)

Then we obtain (80) by an easy computation.
By (75), we have D > 0. Since

Wl (x,x) ul (x, )
Eh<>_h<y>d< 0 (o) ) .
up (%) v (3,)

we obtain E > 0 by nonnegative definiteness of the above
matrix. The proof is now complete. O

5.2. The Law of L. Using formula (80), we can determine
the law of LY ; see [16, Example 3.10.5] for the formula in a
more general case.

Theorem 12. For any x € R\ {0}, one has
Pl (h(x) L, edl) = % {50 (dl) + e*”z%}, (84)

where §, stands for the Dirac measure concentrated at 0.
Consequently, one has

P} (L, =0)==. (85)

Proof. Letting A, = 0 in Lemma 11, we have

1+A 1 1
p! A h(x)LF =—1=—<1 )
o [exp {=Aih () Lo} 1+21, 2 +1+2,\1

(86)
which proves the claim. O

Remark 13. Since Ly, = Oifand onlyif Tj,; = oo, the identity
(85) is equivalent to

1
P (T = 00) = - (87)

This formula may also be obtained from the following
formula (see [9, Proposition 5.10]):

1
2h (x)
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Suppose that, in the definition (69), we may replace the fixed
time ¢ with the stopping time T},,. Then we have

Pg (T{x} < OO) =1n [h (XT(X}) ’T{x} < C:I

1
=5

(89)
=h (X) n (T{x} < C)

5.3. The Probability That Two Levels Are Attained. Let us
discuss the probability that the total local times at two given
levels are positive.

Theorem 14. Let x, y € R\ {0} such that x + y. Then one has
E > 0and

D

PI (L%, >0,17, >0)=P}(L* =1’ =0)= B 0
h x h x 1 D
PO(LOO>0,L{>O:o)=PO(Lm=o,L{O>0)=E—E.
(1)
Consequently, one has D < 2E.
Proof. Letting A; = A, = A > 0 in formula (80), we have
1+21+ DA
p! - L - l=——.
Slop b, MO = 1 g
(92

If E were zero, then D would be positive, and hence the
right-hand side of (92) would diverge as A — o0, which
contradicts the fact that the left-hand side of (92) is bounded
in A > 0. Hence, we obtain E > 0.

Taking the limitas A — oo in both sides of formula (92),
we have

D

P =,
0 4E

(L, =L, =0) (93)

which is nothing else but the second equality of (90). By
formula (85), we obtain

Py (L, = 0, L%, > 0) = Py (L, = 0)

hoox 1 D
“PN(IF =1 =0)=--—.
0( (o) (o) ) 2 AE
(94)
Thus we obtain (91). Therefore, we obtain
D 1 D D
Pl (L, >0,l7.>0 :1———2{———}:-, 95
o (Lo 0> 0) 4E 2 4E]  4E (%5)

which is nothing else but the first equality of (90). The proof
is now complete. O

5.4. Joint Law of L and L”_. Let us discuss the joint law of
LY and L for x, y € R\ {0} such that x # y.

By Lemma 11, we know that D > 0. First, we discuss the
case of D = 0.

Theorem 15. Suppose that h(x) + h(y) — h(x — y) = 0. Then

Pl (h(x) LY, edl,h(y) L, edl,)

(96)
_ % {6711/2% -8, (dly) + 8, (dll).eflz/z%}.

Proof. Since D = 0 and E = 1, formula (80) implies
P [exp {~A,h (x) LT, = Ah () L))

B 1+A,+A, ©7)
1424 42, 40,4,

We may rewrite the right-hand side as

1( S ) (98)
2\1+2A;, 1+21,)°

which proves the claim. O

Second, we discuss the case of D > 0.

Theorem 16. Suppose that h(x) + h(y) — h(x — y) > 0. Set
m=m(x,y)=h(x)+h(y)-h(x-y),
4h () h(y) ®9)
h(x)+h(y)=h(x-y)

Then one has E > 0 and 0 < m < M. For any A,B €
AB([0, 00)), one has

M =M(x,y) =

4
Py (h(x) L%, € A, h(y)LY € B) =) C,@ (Ax B),

k=1
(100)
where C,, = Ci(x, ¥), k = 1,2, 3, 4 are constants given as
D 1 D
C =— C3=C4=—<1——),
4E 2E 2E (101)

C,=1-C,-C,s-C,

and @, k = 1,2,3,4 are positive measures on [0, oo)2 such
that

@, (AxB)=4,(A)d,(B), (102)
X X
®,(AxB) = Q (-’” AZMcB
» (AxB) =Q m € M €
X X (103)
2 M m
= —— €A — ¢ B),
QO( M m
O, (AxB)=0,(BxA)
104)
2 Xm0 (XM_m ) (
= — € A €B||.
Q [ m QX’" M
Remark 17. 'The expression (104) coincides with
X X
n® [ZrnXm; Imoe A M B] , (105)
m M

where n® is the generalized excursion measure introduced
in Section 3.
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The proof of Theorem 16 will be given in the next section.

Remark 18. In the case where « = 2, the process
((X,/ V2), Pg ) is the symmetrized three-dimensional Bessel
process. In other words, if we set

Q,={weD:Vt>0,w(t) >0},
(106)
Q ={weD:Vt>0,w() <0},

then we have

1

Py () =PG(Q) =5 (107)

and the processes ((X,/V2), Pg(- | Q,)) and ((-X,/V2),
Plg (- ] Q_)) are one-sided three-dimensional Bessel processes.
Hence, the Ray-Knight theorem implies that the process
(xZL’f)0 : x > 0) conditional on Q, is the squared Bessel

process of dimension two. Let us check that Theorems 15 and
16 are consistent with this fact. Since h(x) = |x|/2, we have

Ix| +|y| = |x -

hG +h(p) ~h(x-y) = ELERIZR)]
_ [min{|x],|y|} ifxy>o0,
o if xy < 0.

(108)

If x > 0 > y, then we should look at Theorem 15 which
implies that

P) (L, e AL’ eB|Q,)=Q}(X, €A) §(B). (109
If x, y > 0, then we should look at Theorem 16. Note that

m(x,y) =min{x, y}, M (x y)=max{x, y},
D _
AE

D 2|x—y|, b |x—y| ) 1 (110)
max {x, y} max {x, y} 2
and that
Cl = C2 = - C3 = C4 =0. (111)

Hence, Theorem 16 implies that

Py (x°LY, € A y'LY € B|Q,)=Q) (X, € A X, €B).
(112)

5.5. Proof of Theorem 16. We give the proof of Theorem 16.
We divide the proofs into several steps.

Step 1. Since
0<D32E=2<1—ﬂ>, (113)
M

we have 0 < m < M.

Abstract and Applied Analysis

Step 2. Let us compute the Laplace transform:

Q [exp {—/\1% —/\ZXWMH. (114)

By the Markov property, the right-hand side is equal to

Q) [eXP {—M%} Q. [eXp {—Az XJA\/[/I_m H] . 15)

By formula (39), this expectation is equal to

1
1+2(A,/M) (M —m)
2 A A /M
XQ“F”{‘(Z¥+1+zuﬂM>w«ﬂm>XmH'
(116)
Again by formula (39), this expectation is equal to
1
1+2(A,/M) (M —m)
1
1420 fm+ (MM (1 +2(A, /M) (M —m)))m’
a17)

Simplifying this quantity with E = 1 — m/M, we see that

”[M%%“%X%F !

1+2A; +2), +4EA M,
(118)

Note that this expression is invariant under interchange
between A, and A,, which proves the second equality of (103).

Step 3. Let us compute the Laplace transform:

Q; [eXP {—M%} Q% [exP {—/\2 Xﬁm H] . (19)

By formula (39), this expectation is equal to
A /M

2 Al
L [EXP {_(E 1 2(0,/M) (M—m))XmH - (120)

Using the equality between (116) and (118), we see that

AL =Ml 1+ ZEAZ
1@, (dly x dly) = .
”e s (dh x dhy) 142, + 21, +4EA A,
(121)
Now we also obtain
AL =21 1+ ZEAl
1@, (dly x dly) = .
”e s (dly > dl) 1+2A, +2A, +4EA,A,
(122)
Step 4. Noting that
” eMhThh g (dl xdl) = 1, (123)
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we sum up formulae (123), (118), (121), and (122), and we
obtain

4
pxes ” eMhNhg (4l x dl,)
= (124)
1+ A;+A,+DAA,
1424, +2A, +4EA N,

By Lemma 11, we see that the right-hand side coincides with
the Laplace transform of the joint law of (L7 ,L” ) under

P’g. By the uniqueness of Laplace transforms, we obtain the
desired conclusion.

6. The Laws of Total Local Times for Bridges

In this section, we study the total local time of Lévy bridges
and h-bridges.

6.1. The Laws of the Total Local Times for Lévy Bridges. Let us
work with the Lévy bridge P , and its local time (L% : 0 < s <
t) such that

rf(Xu)du _ jf(z)Ljdz, 0<s<t feR, (R
’ (125)

with Pg,o -probability one. Let us study the law of the total local
time L7 under P{ .

Theorem 19. Fort > 0, it holds that

¢ (70 _n®
P, (L] e dl) = 0 (O)dl.

Proof. Using Theorem 7 with n = 1 and z; = 0, we have

(126)

Tty )P [e M dre — L
jo ¢ PO Py [e ] 1/u, (0) + A 127)
By formula (61), we have
1 _ 7 -2
111, (0) + A Jo ¢ 028)

= Jo P, [efqr(l)] e Mdl.

Hence, using Lemma9, we obtain (126) by the Laplace
inversion. The proof is now complete. O

Theorem 20. For any z € R\ {0}, one has

t z p:(0) = (p, * p, * p.(0)) (t)
P, (L] = = R
0,0 ( t 0) pt (0)
(pz * Py ¥ YI) (t)
P (0)

where the symbol * stands for the convolution operation.

(129)

Pg,o (L{ edl) = dl, forl#0, (130)

1

Proof. Using Theorem 7 withn =2,A, =0,1, = 1,2z, =0,
and z, = z, we have

L e ?p,(0) P(t),o [eiui] dt

131
Y G TGO o
o u (0% ) 14,(0)* 1/ug (0) + A
On the one hand, it follows from (57) that
u ()
u (0) (1 -1 2)
44 (0) (132)

_ <L°° e p, (0) dt) (1 - pz[e‘qu]Z) :

This implies (129). On the other hand, by (61) and (57), we
have

2
uq(Z) 1 —qT, 2 JOO —qr(l) M
=P ol P dl.
uq(O)2 1/u, (0) + A Z[e ] 0 0<e )e
(133)
This implies (130). The proof is now complete. O

6.2. The Laws of the Total Local Times for h-Bridges. Let us
work with the h-bridge Pg:(t] and its local time (L) such that

rf(Xu)du = Jf(z) L*h(z)’dz, 0<s<t, feRB, (R)
0
(134)

with Pg:é -probability one. We give the Laplace transform
formula for the law of the total local time L7 under PS’:S.

Lemma 21. Forz € R\ {0} and A > 0, one has
J e pl' (0,0) P [1 - e‘”“Z)ZLi} dt
0
135
(@ u,(0) A (1)
1+ 14, (0) {1 - 1y (2)* fuy (0} A

Proof. Using Theorem 8 withn = 1,1, = A, and z; = z, we
have

h 2
0 . 1’ (0,2)°A
—qt h 0) 0 Ph,t 1- —ALt dt — q—. 136
.[0 ¢ P (0.0) O’O[ € ] 1+u2(z,z))t (136)
By formulae (72), we obtain the desired formula. O

7. Concluding Remark

We gave an explicit formula which describes the joint
distribution of the total local times at two levels and we
discussed several formulae related to the law of the total
local times. However, we could not obtain any better result
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on the law of the total local time with space parameter. As
we noted in Remark 3, a difficulty arises in the case of h-
paths, which comes from the asymmetry of the matrix = —3°.
We also remark that we have no better result related to the
law of total local time in the case where the Markov process
is asymmetric. We left the further study of the law of the
total local time for asymmetric Markov process with space
parameter for future work.

Acknowledgment

K. Yano is partially supported by Inamori Foundation.

References

[1] D. Applebaum, Lévy Processes and Stochastic Calculus, vol. 116
of Cambridge Studies in Advanced Mathematics, Cambridge
University Press, Cambridge, UK, 2nd edition, 2009.

[2] P. Imkeller and I. Pavlyukevich, “Lévy flights: transitions and
meta-stability;” Journal of Physics A, vol. 39, no. 15, pp. L237-
L246, 2006.

[3] D. Revuz and M. Yor, Continuous Martingales and Brownian
Motion, Springer, Berlin, Germany, 3rd edition, 1999.

[4] M. Yor, Some Aspects of Brownian Motion. Part I, Lectures in
Mathematics ETH Zirich, Birkhauser, Basel, Switzerland, 1992.

[5] N. Eisenbaum and H. Kaspi, “A necessary and sufficient con-
dition for the Markov property of the local time process,” The
Annals of Probability, vol. 21, no. 3, pp. 1591-1598, 1993.

[6] N. Eisenbaum, H. Kaspi, M. B. Marcus, J. Rosen, and Z. Shi,
“A Ray-Knight theorem for symmetric Markov processes,” The
Annals of Probability, vol. 28, no. 4, pp. 1781-1796, 2000.

[7] K. Yano, “Excursions away from a regular point for one-
dimensional symmetric Lévy processes without Gaussian part;’
Potential Analysis, vol. 32, no. 4, pp. 305-341, 2010.

[8] K. Yano, Y. Yano, and M. Yor, “Penalising symmetric stable Lévy
paths,” Journal of the Mathematical Society of Japan, vol. 61, no.
3, pp. 757798, 2009.

[9] K.Yano, Y. Yano, and M. Yor, “On the laws of first hitting times of
points for one-dimensional symmetric stable Lévy processes,”
in Séminaire de Probabilités XLII, vol. 1979 of Lecture Notes in
Mathematics, pp. 187-227, Springer, Berlin, Germany, 2009.

[10] K. Yano, “Two kinds of conditionings for stable Lévy processes,”
in Probabilistic Approach to Geometry, vol. 57 of Advanced
Studies in Pure Mathematic, pp. 493-503, Mathematical Society
of Japan, Tokyo, Japan, 2010.

[11] R. M. Blumenthal and R. K. Getoor, Markov Processes and
Potential Theory, vol. 29 of Pure and Applied Mathematics,
Academic Press, New York, NY, USA, 1968.

[12] J. Pitman, “Cyclically stationary Brownian local time processes,”
Probability Theory and Related Fields, vol. 106, no. 3, pp. 299-
329,1996.

[13] J. Pitman, “The distribution of local times of a Brownian bridge,”

in Séminaire de Probabilités, XXXIII, vol. 1709 of Lecture Notes

in Mathematics, pp. 388-394, Springer, Berlin, Germany, 1999.

J. Pitman and M. Yor, “A decomposition of Bessel bridges,”

Zeitschrift fiir Wahrscheinlichkeitstheorie und Verwandte Gebi-

ete, vol. 59, no. 4, pp. 425-457,1982.

(15] P. Fitzsimmons, J. Pitman, and M. Yor, “Markovian bridges:
construction, Palm interpretation, and splicing,” in Seminar on
Stochastic Processes: Proceedings from 12th Seminar on Stochastic

[14

Abstract and Applied Analysis

Processes, 1992, University of Washington, Seattle, Wash, USA,
1992, vol. 33 of Progress in Probability Series, pp. 101-134,
Birkhaauser, Boston, Mass, USA, 1993.
[16] M. B. Marcus and J. Rosen, Markov Processes, Gaussian Pro-
cesses, and Local Times, vol. 100 of Cambridge Studies in
Advanced Mathematics, Cambridge University Press, Cam-
bridge, UK, 2006.
J. Pitman and M. Yor, “Decomposition at the maximum for
excursions and bridges of one-dimensional diffusions,” in
It6’s Stochastic Calculus and Probability Theory, pp. 293-310,
Springer, Tokyo, Japan, 1996.

(17

[18] P. J. Fitzsimmons and K. Yano, “Time change approach to
generalized excursion measures, and its application to limit
theorems,” Journal of Theoretical Probability, vol. 21, no. 1, pp.
246-265, 2008.

[19] J. Bertoin, Lévy Processes, vol. 121 of Cambridge Tracts in
Mathematics, Cambridge University Press, Cambridge, UK,
1996.

[20] S. Watanabe, K. Yano, and Y. Yano, “A density formula for
the law of time spent on the positive side of one-dimensional
diffusion processes,” Journal of Mathematics of Kyoto University,
vol. 45, no. 4, pp. 781-806, 2005.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



