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The bifurcation properties of a predator prey system with refuge and constant harvesting are investigated. The number of the
equilibria and the properties of the system will change due to refuge and harvesting, which leads to the occurrence of several
kinds bifurcation phenomena, for example, the saddle-node bifurcation, Bogdanov-Takens bifurcation, Hopf bifurcation, backward
bifurcation, separatrix connecting a saddle-node and a saddle bifurcation and heteroclinic bifurcation, and so forth. Our main

results reveal much richer dynamics of the system compared to the system with no refuge and harvesting.

1. Introduction

The Holling-Tanner predator-prey system has attracted much
attentions from both theoretical and mathematical biologists,
especially, in [1] the authors considered the ratio-dependent
system of the form

a'c:rx<l—£)— i >
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where x and y stand for prey and predator population (or
densities) at time t, respectively. The predator growth is of
logistic type with growth rate r and carrying capacity K in
the absence of predation; « and A stand for the predator
capturing rate and half saturation constant, respectively; s
is the intrinsic growth rate of predator; however, carrying
capacity x/b (b is the conversion rate of prey into predators) is
the function on the population size of prey. They studied the
global properties and the existence and uniqueness of limit
cycle for system (1).

Generally speaking, from the views of the optimal man-
agement and exploitation of bioeconomic resources, it is nec-
essary and meaningful to consider the refuge or harvesting of

@

populations in some bioeconomic models; one can see [2-11],
and the references therein.

In this paper we will analyze the system (1) with refuge
and harvesting of the form

£>_EL&;E2_E
K Ay+x-m
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where r, K, «, A, m, h, s, and b are positive constants. 7 is
a constant number of prey using refuges, and h is the rate of
prey harvesting.

For simplicity, we first rescale the system (2).

Let X = x —m, Y = y; system (2) can be written as (still
denote X, Y as x, y)

X = rx(l—
2)

3)



Next, let 7 = rt, X = x/K, and Y = ay/rK, then system
(3) takes the form (still denote X, Y, and T as x, y, t)

X=(x+m)(l-x—m)— a4 -h=P(x,y),

ay + x

y=0y(B-2)=Qlxy),

(4)

wherem = m/K,a = Ar/a, 8§ = sh/a, 3 = «/br,and h = h/r.

From the view of biology, we are only interested in the
dynamics of the system (4) in the first quadrant.

The organization of this paper is as follows. In Section 2,
we discuss the existence and properties of the equilibria of
system (4). In Section 3, all possible bifurcation phenomena
of the model in terms of the five parameters are presented,
and the numerical simulations about every bifurcation phe-
nomena are exhibited.

2. Qualitative Analysis of Equilibria

To obtain the boundary equilibria the following equation can
be obtained

Z+C@m-1Dx+h-m(l1-m)=0. (5)

Its discriminant is A, = 1 — 4h.

Obviously, Ay > 0if0 <h < 1/4and Ay < 0ifh > 1/4.

Hence, (5) has two distinct positive solutions x,, = (1 —
2m + V1 —-4h)/2, x5 = (1 - 2m — \1-4h)/2if0 < m <
1/2, m(1 —m) < h < 1/4, a positive solution x,; if 0 < m <
1,0 < h < m(1 — m), a double solution x = (1 — 2m)/2 > 0
it0 < m < 1/2, h = 1/4, and a solution xy; = 1 — 2m when
h=m(l-m)and0<m< 1/2.

One can obtain the positive equilibrium of (4) by solving
the equation

x2+< P +2m—1>x+h+m(m—1):0. (6)
ap+1

We can derive that system (4) has two positive equilibria
P = (xp }’1) and P, = (x2)y2) if

0<m<%(1_a[f+l>’

YR
m
m(l_m)<h<4_1(aﬁ+l_l>+a,8+l’
where
_ (P _
x; = 2<aﬁ+1+2m 1)
+(—1)"“\/7K, y; = PBx;,  i=1,2, (8)

mp

4h.
ap+1

Az(aﬁlil _1>2+

Moreover, we can show that system (4) just exists one positive
equilibrium P, if 0 < h < m(1 —m) and 0 < m < 1.
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The positive equilibrium P; = (x5, y3) (P, = (x,,y.))
of system (4) exists if 0 < m < (1/2)(1 — B/(af + 1)),
and h = m(1 -m)(0 < m < (1/2)(1 - B/@f + 1)), h =
(1/49)(B/(aB+1) - 1%+ mp/(af + 1)), where x; = 1 - 2m —
ﬁ/(aﬁl; 1), y3 = Bxs, x, = —(1/2)(B/(af + 1) + 2m — 1), and
V. = Px..

Summarizing the previous discussion, the number and
location of equilibria of system (4) can be described by the
following lemmas.

Lemmal. Let1/2<m< 1.
(i) System (4) has no equilibria when h = m(1 — m);
(ii) System (4) exist two equilibria E; = (xy;,0) and P,
when 0 < h < m(1 —m).

Lemma 2. Let 0 < (1/2)(1 - B/(af+ 1)) <m < 1/2.

(i) System (4) has no equilibria when h > 1/4.

(ii) System (4) has a unique equilibrium E = (x,0) when
h=1/4

(iii) System (4) has two equilibria E; = (x,,0) and E, =
(x0,0) when m(1 —m) < h < 1/4.

(iv) System (4) has an equilibrium E; = (x,3,0) when h =
m(1 —m).

(v) System (4) has two equilibria E, and P, when 0 < h <
m(1l —m).

Lemma 3. Let 0 < m < (1/2)(1 - B/(af + 1)) and h =
(1/4)(B/(aB + 1) = 1)* + mB/(af + 1).
(i) System (4) has no equilibria when h > 1/4.
(ii) System (4) has a unique equilibrium E = (x,0) when
h=1/4.
(iii) System (4) has two equilibria E, and E, when h < h <
1/4.
(iv) System (4) has three equilibria E,, E,, and P, when h =
h.
(v) System (4) has four equilibria E,, E,, P,, and P, when
m(l —m) <h<h.
(vi) System (4) has two equilibria E, and P, when 0 < h <
m(1l —m).

(vii) System (4) has two equilibria E; and P; when h =
m(1l —m).

Next we discuss the dynamics of system (4) in the
neighborhood of each feasible equilibria. Firstly, the Jacobian
matrix of system (4) at E, is

T e

It is easy to see that E,, if exists, is a hyperbolic saddle.
Secondly, the Jacobian matrix of system (4) at E, is

Mg, = [ 16‘”’ 8;13] (10)
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One can see that boundary equilibrium E,, if exists, is an
unstable hyperbolic node.
The Jacobian matrix of system (4) at E; is

2m—-1 -1
My = [ 1] o

Hence, E;, if exists, is a saddle.
Similarly, we assume boundary equilibrium E exists, and
the Jacobian matrix of system (4) at E is obtained as follows:

Mg = [8 5};] (12)

Hence, E is a saddle node.
The previous discussion can be summarized as follows.

Theorem 4. If the equilibria E,, E,, and E; exist, then E, and
E; are hyperbolic saddle, and E, is a hyperbolic unstable node.

Moreover, E, and E, merge into a saddle node E = (X, 0) when
h=1/4.

Remark 5. Note that if h = 1/4, then x = —(x + m — 1/2)* -
xy/(x +ay) < 0,if h > 1/4, then x < 1/4 — h < 0. Thus,
the prey species may go extinct as time increases for some
initial values when /i > 1/4. That is, biological over harvesting
occurs.

In the following, we will discuss the properties of interior
equilibria of system (4).

2.1. The Properties of Interior Equilibria. The Jacobian matrix
of system (4) at P, is

Y, S S
Mp = | (aB + 1)2 (aB+1) |- (13)
5p -0

The characteristic equation is A> + A, A + A, = 0, where

A1=V’—L+5ﬁ,

, =8BVA > 0.
(1+aﬁ)2 A BVA>0. (14)

Denote that

A21—4A2=/3282—2<\/K+ L)ﬁa

(1+ap)’
+<V‘—L2> =F(9).
(1+ap)

The discriminant of F(§) = 0is A, = 16[33 VA/(1 + (/1[3)2 > 0,
then F(8) = 0 has two distinct solutions §; and §, denoted by

TR} N EEERY
(5 ) ()

(16)

(15)

If VA# /(1 +ap)?, it is easy to see that P, is a node if 0 <
d < 8, 0rd > 6,,adegenerate node if § = §, or§ = §,,and a
focus or a center type nonhyperbolicif §, < § < J,.

If VA = B/(1+apB)’ P, is anodeif 8 > &,, and a
degenerate node if § = §,, and a focus or a center-type
nonhyperbolicif 0 < § < §,.

To discuss the stability of P;, we need to determine the

sign of A,. Define 8 = 1/(1+ap)* — (1/B)VA, then A, =
BG -3,

Clearly, if B/(1+ap)* < VA then A, > 0 for all & if
B/(1+aB)* > VA, then A, > 0 whend > &, A, < 0 when
0 < & < &; by simple computation, one can obtain F(§) =
4VA(VA - B/(aB +1)*) < 0, hence 8, < & < &,.

The Jacobian matrix of system (4) at P, is

RN/ .
Mp = | (ap+1) (aB+1)" |- (17)
52 iy

Its determinant is det Mp = —63 VA < 0.
Through the previous discussion, about the stability of P,
and P,, we have the following theorem.

Theorem 6. Equilibrium P,, if exists, must be a hyperbolic
saddle. Equilibrium Py, if exists, may be a node or a focus when
B/(1+ aﬁ)2 < VA. And when B/(1 + a,B)2 > VA, P, isastable
focus for 8, > & > 0, a stable degenerate node for 8 = 9,,
a stable node for & > 68,, an unstable node for 0 < § < §,,
an unstable degenerate node for § = §,, an unstable focus for

8, < & < 8, and a weak focus or a center for 8 = 6.

The Jacobian matrix of system (4) at P; is

plap +2) 1
2m—1+ 5 5
Mp, = (aB+1) (aB+1)" |- (18)
5B -6p
then by the existence condition of Py, det Mp = —p6(2m —
1+ B/@B+1) > 0, tr Mp = 2m -1 -6+ B/ +
aP) + B/(1+apP)>. Then by taking similar methods used

in estimating the properties of P;, we have the following
theorem.

Theorem 7. Leth = m(1 -m), & = (1/B)2m — 1 + B/(1 +
ap) + B/(1 + aP)?). Then,
(i) assume 0 < m < (1/2)(1 - B/(L +af) - B/(1 + aﬁ)z),
then Pj is stable;
(ii) assume (1/2)(1 = B/(1 +aB) — /(1 +aB)* ) < m <
(1/2)(1 = B/(1 + aP)), then P, is stable if & > 9, is
unstable if 0 < & < 8, and is a weak focus or a center if

6 =20.
The Jacobian matrix of system (4) at P, is
B B 1
Mp = | (aB+1)" (aB+1)* |- (19)
5p? -0



One can see that detM, = 0, which indicates that
P, is a degenerate singularity and maybe has complicated
properties, see the following theorem.

Theorem 8. Let 0 < m < (1/2)(1 - B/(aB + 1)), h = h.
Then system (4) has three equilibria, where E, is a hyperbolic
saddle, E, is a hyperbolic unstable node, and P, is a degenerate
singularity. More precisely,

1" ifé+1/(aff + 1)%, then P, is a saddle node;

2°if 8 = 1/(af + 1)%, then P, is a cusp of codimension 2.
Proof. In order to discuss the properties of system (4) in the
neighborhood of the equilibrium P, = (x,, y, ), we first take

X=x-x,¥=Y-Y, then P, is translated to (0,0), and
system (4) becomes (still denote X, ¥ as x, y)

B 1

@B @y
+ g%y - 955" +O (% y]), 20
= 0Bx — 8By + gix” = gsxy + gey” + O (|x 3],
where
= 5 Zaﬁz +1,
(aB+1)"(2m—-1)(af+1) +p)
_ 4ap
(@B+1)(@m-1)(ap+1)+p)
s = 2a
T @) (@m-1)(ap+1)+p)
(21
_20p%(ap+1)
94 = om - )(ap+1)+p
- 48B3 (ap +1)
s = 2m-1)(aB+ 1)+ﬂ’
28 (ap+1)

9= em-1)@B+1)+p

Clearly, if 6 # 1/(ap + 1)? , then tr(Mp ) #0. P, = (x,,y,) is
a saddle-node. We finish the proof of the part 1°.

When § = 1/(aff+ 1%, tr Mp = 0, which implies
that both eigenvalues of the matrix M, are zero. We rewrite
system (20) as

PR S S———
(@p+1)"  (ap+1)°
+ x5y - gy + O (% y]),
5 : >
o _ 2
T gy M

- asxy +d5y° + O (| y]).
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where

Q=9 9D©2=9» 93= 93

28
W BT ) (@m-D @B+ 1)+ p)

4B (23)
B @B (@m- DB )+ )

2
9s

T @B+ 1Y (@m-1)(aB+1)+p)

By introducing variable 7 = (f/(af + 1)? )t into previous
system and rewriting 7 as f for simplicity, then we obtain that

X=x- %y—w1x2+w2xy—w3y2 +O(|x,y|3),

(24)
¥ = Px —y+a)4x2 —wsxy+w6y2 +O(|x,y|3),
where
B 2ap (ap +1)°
@1 = (2m—1)(a/3+1)+ﬁ+ g
4a
w, = ,
@2m-1)(aB+1)+p
o = 2a
3 = - ,
B(2m-1)(aB+1)+p) (25)
_ 2B
@3 = @em-1)(ap+1)+p
o = 4
T em-1)(ap+1)+p
2

= Blem-1)(aBr1)+p)

We take transformation X, = x, Y, = x — (1/p)y into
(24), then system (24) is transformed to

Xo=Yy+ ’11Xg + 1, XY - waﬁzyoz +0 (lXO’Y0|3)’

26
Yo = 13Xg +1.XoYo — 155 + O (X0, Yol ') 2
where
M= —w;f - @ +wp,
M, = 2“’3/32 - w,p,
o= — w - w,f + wsli; W, — w5 + wef’ @)

2
Ns = 2w " — w3 — ws + 2w 3,

15 = BwsB+wg) .
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In order to obtain the canonical normal forms of system (26),
we will perform a series of C* transformations of variables
for system (26) in a small neighborhood of (0, 0).

Firstly, performing the transformation by taking X, =
Xo, Y, = Yy — w3 8°YZ, then (26) becomes

X, :Yl+’71X%+’12X1Y1+O(|X17Y1|3)’ (28)
28
Y, = ’73X% + 1, X, Y, —’15Y12 +O(|X1’Y1|3)-

Secondly, performing the transformation by taking X, =
X,, Y, =Y, +#:X,Y;, then (28) becomes

X, =Yy X+ (= 115) Xp Y + O(|X2’Y2|3)) (29)
29
Y, =13 X5 + 1, X,Y, + O (|X2’Y2|3)'

We perform the final transformation of variables by

=N 3
X=X,- %X; Y=Y2+’71X§+O(|X2’Y2| )
(30)
Then, we obtain
X =y,
) (31)
Y = X2 + (21, +13) XY + O (IX,YT).
Note that
2 2
aff+1 2(af +1
@B oL, e

TI3 == ‘8
(32)

which indicates that the origin (0,0) of (31) is a cusp of
codimension 2. We complete the proof. O

3. Bifurcation Analysis

From previous analysis, we can see the equilibria of system
(4) may be hyperbolic or degenerate singularities under
appropriate conditions, which indicate that some bifurcations
may occur for system (4). It is interesting to investigate what
kinds of bifurcations system (4) can undergo with the original
parameters varying.

3.1. Hopf Bifurcation. Theorem 6 shows that P, if exists, is a
weak focus or a center when

V= {(a,m,ﬁ,&h):o <m < m,m(l —m)
(33)

<h<fl,L2>\/K,5=5},
(1+ap)

where m = (1/2)(1 - B/(af3 + 1)).
To determine the direction of Hopf bifurcation and
stability of P, in this case, we need to compute the Liapunov

coefficients of the equilibrium P,. Let 8 = & and by the
variable u = x — x;, v = y — y,. Then we rewrite system
(4) (still denote u, v as x, y) as follows:

- 1
k=08fx- ———y+ fi(xy),
y=08B"x -8By + fr(x.y).

We perform the transformations

~ 1
X=x, Y=0fx-—
g P g
(35)
I (aB+1)Y

" /3\/5(1 -8(ap+1)°)

and rewrite u, v as x, y. Then the previous system can be
transformed to

x=ky+ a20x2 +a;,xy + a02y2

4
+ a30x3 + %19‘2}’ + auxyz + %3}’3 +0 (|(x, )’)l )’
y= —kx+dyxy +byx’ + by xy + by

3 2 2 3 4
+byX” +byx"y + bxy” + by + O (|(x, )| ),
(36)
where the expressions of a,g, a1, Gy G500 dp1> G1p»

Gg3> bygs byys bygs bags byys by and bos depend
on the parameters a, , 6, h, and m, and k;, =

B\B(1 = 8(aB + 1)?)/(aB +1) > 0.

Using the formula, the first Liapunov number is

_ 1 2(ap+1) N 2B (2aB + 1)
8Bk \ 8(ap+1)° -1 (afp+1)x
+aﬁ3 (2aB - 1) [(ap + 1)’ - 1] >

x(ap+1)"

(37)

Therefore, there exists a surface Hy, (H,) in the parameter
space (a,m, 3,8, h) which satisfies

H, ={(a,m,B,8,h) : 0 >0, (a,m,B,8,h) € V},

(H, ={(a,m,B,8,h) : 0 < 0, (a,m,p,8,h) € V}).

Hence, when the parameter (a,m, 3,6, h) is in H, (Hp),
the equilibrium P, of system (4) is a weak focus of multiplicity
1 and is unstable (stable) (see [8]). H, (HP) is called the
subcritical (supercritical) Hopf bifurcation surface of system
(4).

From Theorem 6, we know that P, is a stable focus for §, >
8 >dand(a, m, B, 8,h) € V,an unstable focus for 8, < 8 <

8 and (a,m, B,8,h) € V.
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FIGURE I: (a) System (4) shows an unstable limit cycle when a = 1.6, 8 = 2, m = 0.13095, and h = 0.128. §, = 0.2220 > § = 0.00249 > 5=~
0.00235; (b) System (4) shows a stable limit cycle when a = 1.2, § = 2, m = 0.08235, and / = 0.08396. §, =~ 0.0000391 < § = 0.002919 < S =

0.003639.
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FIGURE 2: The figure of prey x at equilibria versus R when a = 1.6,
B = 2,m = 01309, and h = 0.13, which displays a backward
bifurcation at R = 1.

Theorem 9. (i) System (4) has at least one unstable limit cycle
if (a,m, 3,8,h) € Hy, 8, >8> 8,10 - 8| < 1.

(ii) System (4) has at least one stable limit cycle if
(a,m,B,8,h) € H, 8, <5< 6, [6-08] < 1.

Remark 10. When o0 = 0 system (4) maybe undergoes
degenerate Hopf bifurcation for some parameter values; since
the expression of o is complicated, we do not discuss this case.

— H

FIGURE 3: Bifurcation diagram of system (4) near P, in the plane of
wy and ;.

Note that by Theorem 7, if P; is a weak focus or a center,
then we can obtain that its first Lyapunov number is

_ 3ap
717 8k, (1 + ap) (2maP —af+ p + 2m — 1) <0, (39)

therefore, P is a stable weak focus.

By numerical calculation, we give the parameter values
(a, B,m,h) = (1.6, 2.0, 0.13095, 0.128), then & = 0.00235,
d, = 02220 and ko0 = 0.31085 > 0, and the existence
condition of subcritical Hopf bifurcation is satisfied. If we
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FIGURE 4: (a) System (4) shows a cusp of codimension 2 whena = 1.6, f = 2, m = (1/4)(1 - B/(aB + 1)), h = (1/4)(B/(aB +1) - 1)+
mpB/(aB+1),8 = 1/(aB + 1), and p, = 0, , = 0; (b) the cusp of codimension 2 break into an unstable focus E, and a hyperbolic saddle E,

when y; = -0.0132, y, = -0.02.
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FIGURE 5: (a) The cusp of codimension 2 breaks into a stable focus E; and a hyperbolic saddle E, when y; = —0.0098, y, = —0.02. The change
of stability of the focus yields an unstable limit cycle. (b) The unstable limit cycle is broken when y; =~ —0.0081768, 1, = —0.02, reachs the

manifold of the saddle E,, and leads to a homoclinic loop occur.

keep a, 3, m, h fixed and choose § = 0.00249, then a unstable
limit cycle can be shown in Figure 1(a).

When taking (a, 8,m, h) = (1.2, 2.0, 0.08235, 0.08396),
then & = 0.003639, &, = 0.0000391, and k0 = —0.1741543 <
0 which satisty the existence condition of supercritical Hopf
bifurcation. Furthermore, we choose 8 = 0.002919; according

to Theorem 9, there exists a stable limit cycle, which can be
shown in Figure 1(b).

3.2. Backward Bifurcation. Define R = m(1 — m)/h, R, =
m(1 —m)/h.



Lemmas 2-3 and Theorems 6-8 illustrate that when the
parameter h varies in the range of (0, m(1-m)], system (4) just
has only one positive equilibrium P, which is stable. However,
when h varies in the range (m(m — 1), h), system (4) has
two distinct positive equilibria P, and P,, where P, is a stable
node or focus and P, is a saddle. Furthermore, when h = h,
system (4) has unique positive equilibrium P,. The previous
discussion indicates the possibility of a backward bifurcation,
which can be summarized as follows.

Theorem 11. Let 0 < m < (1/2)(1 - B/(af+1)), 8 > &,. Then
system (4) has a unique positive equilibrium P, when R = R,
has two distinct positive equilibria P, and P, when R, < R <
1, where P, is a stable node and P, is a saddle, and has one
positive equilibrium P, or Py when R > 1. Therefore, system (4)
undergoes a backward bifurcation when R = 1.

We give a numerical example in Figure 2 which displays
that system (4) has a backward bifurcation at R = 1.

3.3. Saddle-Node Bifurcations. From Lemmas 2-3 and
Theorem 4, we see that when 0 < m < 1/2, h = 1/4, E, and
E, degenerate into a saddle-node E = (x,0). This indicates
that there is a saddle node bifurcation surface which takes
the form

SN, = {(m,a,ﬁ,h,S):0<m< ,h=}1, 5>0,

(40)

0| =

,8>0,a>0}.

Similarly, from Lemma 3 and the part 1° of Theorem 8, we
know that when 0 < m < (1/2)(1 - /(a3 + 1)) and h = h,
in R}, system (4) admits the double point P, = (x,, y,). And
P, isasaddle nodeif § # 1/(aff + 1)

One also can see that when the parameter / varies in the
range of (m(m — 1), h), system (4) has two distinct positive
equilibria P, and P,. From Theorem 6, we know that P, may
be a stable node, or a focus, and P, is a saddle. These imply
that system (4) undergoes another saddle-node bifurcation
of codimension 1. That is, there is a second saddle-node
bifurcation surface SN, which is defined by

_ . 1 B
SNZ—{(m,a,ﬁ,h,S).0<m<2<1 aﬁ+1>’
(41)

h=’h',6¢;2}.
(ap+1)

3.4. Bogdanov-Takens Bifurcation. From the part 2° of
Theorem 8, we can see that system (4) exists a cusp of
codimension 2, which implies that there may exist the
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Bogdanov-Takens bifurcation in system (4). Clearly, there
exists a parameter space

BT = {(m,a,ﬁ,h,(?):

B 1

0<m<1— = , o (42)

2 2(ap+1) (ap+1)
_ 1 B * mp
h_é_1<aﬁ+1_1> +a[§’+1}’

such that system (4) has a cusp of codimension 2 when
(m,a, 3,h,8) € BT.

To show that system (4) undergoes the Bogdanov-Takens
bifurcation we choose § and f3 as bifurcation, parameters. We
need to find the universal unfolding of P,.

Let (m, a, 3, h,§) € BT, and consider the following unfold
system

x=(x+m)(1-x-m)- Sad —h,
ay + x

J":(a*’.“l)J’(ﬁ"'.“z_%)a

(43)

where y; and p, are small parameters and vary in the
neighborhood of the origin.

Translating P, to (0, 0) by the transformation X = x — x,
andY = y — y,. Then system (43) is rewritten as

X=X —a,Y —a; X* + o, XY —as Y2+ W, (X,Y),
(44)
Y =1 +LX +LY + L X> + LXY + [,)Y* + W, (X,Y),

where W, and W, are smooth functions of X, Y at least of the
third order. And

B o 1

o= —, =—
(ap+1)

(ap+1)"
_(ap+ 1) [(aB+1) @m - 1) + B] + 2ap?
(aB+1)" [(ap+1) @m—1)+ ]
. = 4ap
¢ (ap + 1)2 [((aB+1)(2m-1) +ﬁ],
B 2a
% (aB+1) [(aB+1)m—-1)+p]
[1+m(ap+1)"][(@B+1) 2m~1)+ B] By
2(ap+1)°

3

1=
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(1+w(aB+1)) B
(af+1)
(1 +uy(ap + 1)2) (B—u)
(aB+1)" ’

;o 2/32(1+/41(a[3+1)2) (45)
YT @B+ 1) [(aB+1)Cm-1)+ ]
~ 4B(1rm(ap1))

(ap+1)[(aB+1)2m-1)+p]

- 2(1+p(ap+1)")
© (aB+1)[(aB+1)2m-1)+ B’

h =

I =

Is =

Taking the change of variables X = X, Y = o, X — a,Y —
0 X* + 0, XY — asY? + W, (X, Y) and rewriting X, Y as X, Y,
we obtain

X=v,
Y =n + m,X +mY + m, X7+ ns XY +ngY? + Wy (X, Y, ),
(46)
where
n = -, — 0,
206041
ny = oyly — apl, — Loy — ——1L — 0,
%
20151
ny=L+o + —L —0,
&,
ny = — Lo, —lsoq + Log + ayl,
205041, + 2051 05 — Lgod?
+
%
 2a5h 00 + Losal ozl . B
5 o (ap+1)°
20651, + ay00 + 2 Lo
ng = I — 20, + 52 T %% 6%1
)
N 2050015 + 2051 0y 4 ola ~
o 5 ’
ls oy Las
Yl6 = - - — = >
a o« A
2
l 2 +1
D Sl (aB+1) ’
o (aB+1)(2m-1)+p
(47)

Taking u = X + n,/ns, substituting u in system (46), and
rewriting u as X, we get that

X =%,
2
. n,n Ny 2mn
Y:nl—ﬁ+4—23+(n2— 43)){ (48)
s ns N

+ 1, X%+ ns XY + Y2 + W, (X, Y, ),

where W, is a smooth function of X, Y, and y at least of order
three. When y; — 0,4, — 0,

2
nyn nyn 2nyn

”1—£+—23—’0> nz_ﬁ_,o. (49)
1 ng 1

Next, lets = t/(1 —-nsX), x = X,and y = (1 -ngX)Y into
(48) and rewriting s, x, and y ast, X, and Y yields

X=Y,
_ (50)
Y=g +6X +ns XY + &, X0+ W (X, Y, ),

where W is a smooth function of X, Y, and y at least of order
three and

2
nyng  Myn

slznl——3+—23—>0,
1 ng

nyn
& =1y — 222 - 2ngg; — 0,
ns

1

—5 <0,
(aB+1)

nyn

& = Ny — 21, <n2 —2;—3) +n§£1 — -
5

(51)

when g, — 0,4, — 0.Letx = (ni/e;)X, y = (nl/ed)Y,
v = (&5/n5)t, and rewrite v as t. Then system (50) becomes

x=y,
(52)
J=T +Tx+xy+ x5+ W (% 9, p4),

where W is a smooth function of x, y, and p at least of order
three and 7, = nie, /€3, T, = nie,/es.

Then system (4) exists the following bifurcation curves in
a small neighborhood of the origin in the (g, y,) plane.

Theorem 12. Let0 < m < 1/2—f/2(af+1), 8 = 1/(af + 1)%,
h=@Q/4)B/@B+1)- )%+ mp/(af + 1). Then system (43)

admits the following bifurcations:

(i) there exists a saddle node bifurcation curve SN =
(1 15) + 423, = &5 +o(lal)’}
(ii) there is a Hopf bifurcation curve H = {(p, 4,) : & =
0 +o(lul)?, & < 0k
(iii) there is a homoclinic bifurcation curve HL = {(p;, y,) :
256,65 + 685 = 0+ o([|ull)*}.
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The biological interpretation for the Bogdanov-Takens
bifurcation is that if the harvesting rate & and the prey refuge
value m satisfy 0 < m < 1/2 — /2@ + 1), h =
(1/4)(B/(aB + 1) = 1)* + mB/(aP + 1), and & = 1/(af + 1)%,
then the predator and prey coexist in the form of a positive
equilibrium or a periodic orbit for different initial values,
respectively. And there exist other values of parameters, such
that the predator and prey coexist in the form of a positive
equilibrium for all initial values lying inside the homoclinic
loop, and the predator and prey coexist in the form of a
periodic orbit with infinite period for all initial values on
the homoclinic loop. By choosing f = 2,a = 1.6, m =
(1/4)(1-B/(aB+ 1), h = (1/4)(B/(af + 1) = 1)’ + mpB/(af +
1),and § = 1/(aff + 1)%, the numerical simulations for the
Bogdanov-Takens bifurcation in Theorem 12 can be shown in
Figures 3, 4 and 5.

3.5. Separatrix Connecting a Saddle-Node and a Saddle
Bifurcation and Heteroclinic Bifurcation. From Theorem 8
and Lemma 3, when 0 < m < (1/2)(1 - B/(af + 1)),
h = h, 8+1/(af + 1)°, there may exist a separatrix
connecting the saddle-node P, and the saddle E;. When
0 < m < (1/2)(Q - B/@B + 1)), m(1 —m) < h <
h, the saddle node P, separates into the hyperbolic node
P, and the hyperbolic saddle P,, which implies that system
(4) undergoes a separatrix connecting a saddle node and a
saddle bifurcation. Furthermore, the heteroclinic bifurcation
may occur if there exists a heteroclinic orbit connecting the
separatrix of saddle E, and saddle P,.

Acknowledgments

This paper is supported by NSFC (11226142), Foundation of
Henan Educational Committee (2012A110012), Foundation
of Henan Normal University (2011QK04, 2012PL03), Natural
Science Foundation of Shanghai (12ZR1421600), and Shang-
hai Municipal Educational Committee (10YZ74).

References

[1] Z.Liang and H. Pan, “Qualitative analysis of a ratio-dependent
Holling-Tanner model,” Journal of Mathematical Analysis and
Applications, vol. 334, no. 2, pp. 954-964, 2007.

[2] J. Rebaza, “Dynamics of prey threshold harvesting and refuge,”
Journal of Computational and Applied Mathematics, vol. 236, no.
7, pp. 17431752, 2012.

[3] RP. Gupta and P. Chandra, “Bifurcation analysis of modi-
fied Leslie-Gower predator—prey model with Michaelis-Menten
type prey harvesting,” Journal of Mathematical Analysis and
Applications, vol. 398, no. 1, pp. 278-295, 2013.

[4] X. Liu and M. Han, “Chaos and Hopf bifurcation analysis
for a two species predator-prey system with prey refuge and
diffusion,” Nonlinear Analysis, vol. 12, no. 2, pp. 1047-1061, 2011.

[5] Z.Ma, W. Li, Y. Zhao, W. Wang, H. Zhang, and Z. Li, “Effects of
prey refuges on a predator-prey model with a class of functional
responses: the role of refuges,” Mathematical Biosciences, vol.
218, no. 2, pp. 73-79, 2009.

[6] L. Chen, E Chen, and L. Chen, “Qualitative analysis of a
predator-prey model with Holling type II functional response

Abstract and Applied Analysis

incorporating a constant prey refuge;” Nonlinear Analysis, vol.
11, no. 1, pp. 246-252, 2010.

[7] D. Xiao and L. S. Jennings, “Bifurcations of a ratio-dependent
predator-prey system with constant rate harvesting,” SIAM
Journal on Applied Mathematics, vol. 65, no. 3, pp. 737-753, 2005.

[8] D. Xiao, W. Li, and M. Han, “Dynamics in a ratio-dependent
predator-prey model with predator harvesting, Journal of
Mathematical Analysis and Applications, vol. 324, no. 1, pp. 14-
29, 2006.

[9] L.-L. Wang, Y.-H. Fan, and W.-T. Li, “Multiple bifurcations in
a predator-prey system with monotonic functional response;”
Applied Mathematics and Computation, vol. 172, no. 2, pp. 1103-
1120, 2006.

[10] Y. Tao, X. Wang, and X. Song, “Effect of prey refuge on
a harvested predator-prey model with generalized functional
response,” Communications in Nonlinear Science and Numerical
Simulation, vol. 16, no. 2, pp. 1052-1059, 2011.

[11] E S. Berezovskaya, B. Song, and C. Castillo-Chavez, “Role of
prey dispersal and refuges on predator-prey dynamics,” SIAM
Journal on Applied Mathematics, vol. 70, no. 6, pp. 1821-1839,
2010.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



