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An efficient computational method is given in order to solve the systems of nonlinear infinite-delay-differential equations (IDDEs)
with proportional delays. Representation of the solution and an iterative method are established in the reproducing kernel space.

Some examples are displayed to demonstrate the computation efficiency of the method.

1. Introduction

In functional-differential equations (FDEs), there is a class
of infinite-delay-differential equations (IDDEs) with propor-
tional delays such systems are often encountered in many
scientific fields such as electric mechanics, quantum mechan-
ics, and optics. In view of this, developing the research for
this class of IDDEs possesses great significance on theory
and practice, for this attracts constant interest of researchers.
Ones have found that there exist very different mathematical
challenges between FDEs with proportional delays and those
with constant delays. Some researches on the numerical
solutions and the corresponding analysis for the linear FDEs
with proportional delays have been presented by several
authors. In the last few years, there has been a growing interest
in studying the existence of solutions of functional differential
equations with state dependent delay [1-7]. Initial-value
problem for neutral functional-differential equations with
proportional time delays had been studied in [8-11]; in
the literature [11] authors had discussed the existence and
uniqueness of analytic solution of linear proportional delays
equations.

Ishiwata et al. used the rational approximation method
and the collocation method to compute numerical solutions
of delay-differential equations with proportional delays in
(12, 13]. At [14-17], Hu et al. gave the numerical method
to compute numerical solutions of neutral delay differ-
ential equations. For neutral delay differential equations

with proportional delays, Chen and Wang proposed the
variational iteration method [18] and the homotopy pertur-
bation method [19]. Recently, time-delay systems become
interested in applications like population growth models,
transportation, communications, and agricultural models so
those systems were widely studied both in a theoretical aspect
and in that of related applications [20-22].

We consider the following nonlinear infinite delay-
differential equation (IDDE) with proportional delay [23]:

u (x) = g (x,u(x),u(px)),

1
u(0) =7, W

where p € (0,1), 1 is a given initial value, u(x) € W, [0, +00),
and for x € [0,+00), ¥,z € (-00,+00), g(x,¥,2) is a
continuous function; g(x, y,z) € W;[0,+00) as y = y(x),
z = z(x) € W, [0, +00).

Next, the following system of nonlinear infinite-delay-
differential equations (IDDEs) with proportional delays will
be studied:

u' (x) = F(x,u(x),v(px)),
Vv (%) = G (x,v(x),u(gx)), ()
u(0) =0, v(0) =0,

where p,q € (0,1), for x € [0,+00), ¥, z € (00, +00),
f(x, y,2), g(x, y,z) are continuous bounded function, and



f(x, y,2) € W,[0,+00), g(x, y,2) € W,[0,+00) as y = y(x),
z = z(x). W, [0, +00) and W, [0, 00) are reproducing kernel
spaces. Equations (2) are obtained through homogenization
of initial condition for model in [24]. In this study, exis-
tence and a new iterative algorithm are established for the
nonlinear infinite-delay-differential equations (IDDEs) with
proportional delays in the reproducing kernel spaces.

The paper is organized as follows. In Section 2, some
definitions of the reproducing kernel spaces are introduced.
In Section 3, main results and the structure of the solution
for operator equation are discussed. Existence of the solution
to (2) and an iterative method are developed for the kind
of problems in the reproducing kernel space. We verify that
the approximate solution converges to the exact solution
uniformly. In Section 4, some experiments are given to
demonstrate the computation efficiency of the algorithm. The
conclusion is given in Section 5.

2. Preliminaries

Definition 1 (see [25] (reproducing kernel)). Let M be a
nonempty abstract set. A function K : M xM — Cisa
reproducing kernel of the Hilbert space H if and only if

(a) Vy € M,K(-,x) € H,
(b) Vy € M,Vu € H, (u(-),K(~ y)) = u(y).

The condition (b) is called “the reproducing property”; a
Hilbert space which possesses a reproducing kernel is called
a Reproducing Kernel Hilbert Space (RKHS).

Next, two reproducing kernel spaces are given.

Definition 2. W,[0,+00) = {u(x) | u' s absolutely
continuous real value functions, u”' € L*[0,+00), u(0) = 0}.

W, [0, +00) is a Hilbert space, for u(x), v(x) € W,[0, +00);
the inner product and norm in W, [0, +00) are given by

(u(x),v(xX)w, = Lm (4uv +5u'v + u"v") dx,
3)

lull, = s )y

respectively.

Theorem 3. The space W,[0,+0c0) is a reproducing kernel
space that is, for any u(y) € W,[0,+00) and each fixed x €
[0, +00), there exists R, (y) € W,[0,+00), y € [0, +00), such
that u(x) = (R,(y), u(y)). And the corresponding reproducing
kernel can be represented as follows [26]:

) - _1_126—2(x+y) (-1+€7) (1+e7-2¢""), y<x,
—1—12672()&)/) (—1+ezx) (1+e2x—26x+y) . y>x
(4)

Definition 4. W, [0, +00) = {u(x) | u is absolutely continuous
real-valued function, u’ € L*[0, +00)}.
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The inner product and norm in W, [0, +00) can be defined
by

(u(x),v(X))w, = L:OO (uv+u'v')dx,

"u”\/\/1 = \ <”>”>Wl’

respectively, where u(x),v(x) € W;[0,+00). It has been
proved that W, [0, +00) is a complete reproducing kernel
space and its reproducing kernel is as follows [27]:

(5)

lefxfy (1 + er) , x<y,
]2
Qx (y) - 1 (6)

e"""}’(l +e23’), x> y.

3. Statements of the Main Results

In this section, the implementation method of obtaining the
solution of (2) is proposed in the reproducing kernel space
W, [0, +00).

Put the differential operator & = d/dx; then we can
convert (2) into the following form:

Zu(x)=F(xu(x),v(px)),
v (x) =G (x,v(x),u(gx)), 7)
u(0) =v(0) =0,

where x € [0, +00), and

def
F(xu(x),v(px)) = N(ux),v(px))+ f(x), (8)
def

G(x,v(x),u(gx)) = D(v(x),u(gx))+g(x). ()
It is clear that & W,[0,+00) —  W;[0,+00) is a
bounded linear operator. Let ¢;(x) = Q,, (x), where {x;}7,
is dense in the interval [0,+00), and y;(x) = £ ¢;(x),
where & is the conjugate operator of Z. Define the normal
orthogonal system y,(x) in W, [0, +co), which derives from

Gram-Schmidt orthogonalization process of {y;(x)}°},

Vi) =) Bav (), By>0, i=12.. (10
k=1

Lemma 5. Assume that {x;};°, are dense in [0,+00); then
{y;(x)}2] is a complete system in W,[0,+00) and {y;(x)} =
d/dy)R (D)),

Proof. Ones have
¥ () = (¥ (7). Re (D)w, = (L7 (1), R (D)),

= (9 (7), ZR (y))w, = LR (%)

d

= @Rx (y)

(11)

V=X

Clearly, y;(x) € W,[0, +00).
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For any u(x) € W,[0,+00), let (u(x),y;(x)) = 0,7 =
1,2,..., which means that

(), (Z7¢; (%)) ={(ZLu(), ¢, () = (ZLu) (x;) =
(12)
Note that {x;};, is dense in [0, +00); therefore, Zu(x) = 0. It
follows that u(x) = 0 from the existence of . O]

3.1. Construction the of Iterative Sequence #i,(x) and V,(x).
Next we construct the iterative sequence ,(x) and ¥,(x),
putting

gMn (x) =F (x’ ﬁn—l (x) )vn—l (px)) >
u, (x) = PM, (),
(13)
Q?Nn (x =G (x) vn—l (X) > ﬁn—l (qx)) >

v,(x) =P,N, (x),

where M, (x),N,(x) € W,[0,+c0) and P, : W, —
Span{y,, ¥,,...,¥,} is a orthogonal projection operator.
Then by (13) it followed that:

M, ) = [ F it ()9, (o)
Mrll (X) =F (x’ ﬁn—l (x) ’vn—l (px)) > (14)

M,/ (x )‘iF(x Uy (%), 7, (Px)),

N, (x) = L G (p Vuy (1) oy (qu)) dp,

N,’, (%) = G (%, 7,y (%), Ty (%)) 5 (1s)
n d _ _

N, (x) = aG(x’ Vo1 (X) 5 Uy g (qx)).

Lemma 6. Let {x;};°, be dense on [0, +00); if the solution of
(2) is unique, then the solution satisfies the form

M, (x) = Y Y BicF (%0 oy (30) 5 Pt (pX0)) T (),

i=1 k=1

—

N, (%) =Y Y BaG (X0 Wy (30) s ey (950)) 9 ().
i=1 k=1
(16)

Proof. Note that (u(x),¢;(x)) = u(x;) and {y,(x)}7] is
an orthonormal basis of W,[0,+00); hence according to
Lemma 5 we have

M, (x) = Z <Mn (x) ’Wi (X)> Wi (x)

i=1

M8

<M (x), Zﬁ,kwk (x)>vf1 (x)

i=1

M8

ﬁzk (M, (x), ¥ (%)) ¥; (x) (17)

k=1

I
—_

B (LM, (%), ¢y (x)) ¥; (x)

11
Mﬁ.

T
A
-
i

1

ZZ:BlkF (xk’ Uy l(xk) V-1 (pxk))l//1 (X)

i=1 k=1

8

In the same manner

N, (x) = Z ZﬁikG (% Vot (%) > 1y (@21)) W, (). (18)

i=1 k=1 .
Take uy(x) = v5(x) = 0; define the iterative sequence
u, (x) = P,M,, (x)
= 3 VB (5t (52) 90 (), 0,
e (19)
v, (x) = P,N,, (x)
= 2 ;ﬂikG (% Vo (%) > ey (@) 9 ().
3.2. The Boundedness of Sequence u,(x) and v,(x). From
AR, (x+0) - 0)R, (x—0) =1, (20)
we have
AR, (¥) = g, (y) + (R, (x+0) =R, (x - 0))
x8(x-y) (21
=9.(y)+d(x-y),
where
g V<X
9 () =19 r>x (22)
0, Yy =X,
() = a;(aley +ae” +ae” +a,e V) gl (y) = a;f(bley +

be™” +be” +be?); and aa(y), gi(y), ayg}c(y), Bygi(y) are
bounded functions with respect to x, y, respectively.



Lemma?7. Forx € [0,+00), y,z € (—00,+00), and F(x, y, z),
G(x, y,z) are continuous bounded functions on [0, +00), we
have that Mfi’)(x) and N,(,’)(x) (i=0,1,2) are bounded.

Proof. By the expression of M,,(x), M! (x) and the assump-
tions, we know that M, (x) and M;(x) are bounded. In the
following, we will discuss the boundedness of M ,/l'(x).

Since the function which is in Cfo, too) 18 dense in

W, [0, +00), without loss of generality, we assume that M, ;'(x)
is continuous.
Note that

4R, () - 50R, (y) + R, (y) =8 (x-y).  (23)

One gets

M, (x)

[, Ml 0)a (- dy

M) () [4R. (1)-502R. 1R, ()] dy

[ 0) [aR. () - SR, ()] dy
« [T )R )y

[ee]

= M. (y) [4R, (y) - 5°R, (y)] L
- Lwo M, (y) [49,R, () - 50;R, (y)] dy
. j0°° M () [9: (y) + 8 (x - )] dy

—m) + jo‘” M (5) [0, () +8 (x = )] dy

=m(x)+ L M) () g, (y)dy + M, (x),
(24)

where m(x) = M,(D4R(y) - 5R.WIIP -

_[(;)O M!(y) [40,R,(y) - 58}3,Rx(y)]dy. Thus, we have
0=m(x)- L M, (y) g (y) dy
=m0~ | M () gy~ [ M () () dy

=m(x)- M, () g, (»)

] M 0120 00y

M

+ J M, (y)d,g, (y)dy

- M, (y) g, (»)
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= m(x) - M, (%) (gL (0 - 62 ()

+(M;, (0) g, (0) - M, (M) g% (M)
¥ JO M, () 9,9, (y)dy

« [ ML 0)2,0 () dy.
(25)

So

M, (x) (gy (%) - g% (%))

= m (x) + (M, (0) gy (0) - M, (M) g5 (M))

o 1 (26)
+ L M, (y)9,g, (»)

(o)
v M0)2,8 () dy.
Furthermore, we see that

" ]-
M S
oS e e

x {ax [m(x) +(M;,(0) g, (0) - M, (M) g, (M)
+ L M, (y)9,9, (»)
[T 000,02 0) ]

M} 0920} 09 -2 ) |
(27)

In view of the expression of R, (), we know that a;"RX( y) are
bounded for m = 1,2,3. It follows that M,','(x) is bounded
from the boundedness of gl(y), g2(y), Byg}((y), Bygi(y),
and Mr'l(x). In the same way, N,,(x), Nr'l(x), and N,'l'(x) are
bounded. 0

Lemma 8. Assume that F(x, y,z), G(x, y, z) are continuous
bounded functions for x € [0,+00), y,z € (—00,+00), and
F(x,9,2),G(x, y,2) € Wi[0,+00) as y = y(x) € W), z =
z(x) € W,, then

||un||w2 <G, ”vn"W2 <D, (C,D are constants). (28)
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Proof.

Il = (04, 31,) = [ (402 5047 4 %) .
(29)

Note that (14) and the assumptions, by Lemma 7, IMf,i)(x)I <
Ci=0,1,2, thus IM,| < C, where C = max{C’ C',C?},
from (19), we have IIunIIWz < ||M,,||W2 < C. In the same way,
we obtain ||Vn||m/2 <D. ]

3.3. Construction the of Another Iterative Sequence
u,(x) and v, (x)

Theorem 9. Let {x;};°; be dense on [0, +00); if the solution of
(2) exists and unique, then the solution satisfies the form

uMg

Z i F (X u (), v (px)) 3 (%),
. (30)

v(x) =) Y BaG (%0 v (%) 4 (9x1)) T ().

i=1 k=1
Proof. Note that (u(x),¢;(x)) = u(x;) and {y,(x)}) is an

orthonormal basis of W, [0, +00); hence we have

u(x) = Z (u(x),v; (x)) y; (x)
i=1

- Z u(x), Z,szll/k (x)> v, (x)

k=1

= 3N B (u (), 9 (0)) ¥ (x) (31)

i=1 k=1

3

=) Z/—ik (Zu(x), ¢ (%)) ¥, (x)
& o

i

P18

BiF (xou (i) v (pxie)) ¥ (%) -

k=

In the same manner

v(x) 22; BikG (x5 v (%) » u (gx)) ¥, (x) - (32)

O

In the following, a new method of solving (2) is presented.
Equations (31) and (32) can be denoted by

u(x)= YAy (x), (33)
i=1

v(x) = ) B; (%), (34)
i=1

: Yo BiF (%o uxi), v(pxy)) and B; =
Y1 BiG(x v(xy), u(gxy)). In fact, A; and B; are unknown;
we will approximate A; and B; by using the known A, and B;.

We take u;(x) = 0, v;(x) = 0 and define the following
iterative sequence

where A; =

n-1

u, (x) = Y AY; (x),

i=1

(35)
n-1
v, (x) =) By (x),
i=1
where
Ay = By F (xuy (%), (pxy))
_ 2
Ay = Zﬁsz (o i (x5) 5 vie (1))
k=1
(36)
_ n-1
A= Zﬁnkp (% e (xi0) > vie (Px1)) »
k=1
By =BG (1, (%) 4y (9x1))
2
B, = Zﬁsz (% vic () > e (gxi))
k=1
(37)
_ n—-1
B, = ZﬁnkG (% vic (%) e (gx)) -
k=1
Next, lemmas are given.
Lemma 10. The following iterative sequences
n-1
u, (x) = ZﬁikP (%0t (xi0) > vie () W5 (%),
i=1 (38)
n-1
v, (x) = ZﬂikG (% vic () e (gxi)) W5 ()
i=1
satisfy
Zu, (x]) = F(xJ’”j (xJ)’VJ (px])), (39)

j<n-1,

respectively.



Proof. If j =1,

n-1

ZLu, (x1) = ZﬁikP (0 e (1) > vie (Px1)) 29, (%)

i=1

= niﬁikF (2ot () > vie (pxy))

i=1

X <$¢1 (x), ¢, (x))
n-1

= ZﬁikF (2o 1y () > vie (pxy))

X (¥; (%), 91 (%))

n—-1

Zﬁsz X e (x50) s vie (Px1))

i=1

ﬁug“

X (y; (%), ¥, (x))

= B F (xpuy (x1), v, (pxy)),
(40)

So,

ZLu, (%) = F (xpuy (%) v, (px1)).- (41)

Ifj=2,
n—1

= Y BicF (i g (xi) ,vie (pi)) 29 (x2)

i=1

gun (xZ)

n—1
= ZﬁikP (e e (1) > vie (px2)) (W3 (%), w5 (%))

i=1
(42)

Borx (40) +3,,% (42), we have
B ZLu, (x,) + By L, (x,)
n—1
= 3 BiF (o i () i (p0) (; (0, 9 ()
i=1

= BuF (xp, 1y (x1) v (px1))

+ oo F (x4 (%,), v, (px,)),

(43)
by (41), Lu,(x,) = F(x,, u,(x,), v,(px,)). In the same way,
we have

i (3) = F sy (1) (), <n-1 (a9
Similarly,

Lo (x;) = F (2305 (x;) w5 (9;))

j<n-1. (45
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Theorem 11. The iterative form

C (46)
ZZ lkG('xk Vi-1 xk) un 1(qu))l//l (x)
u (0)=7,(0)=0
and the iterative form
n-1 i
Uy (x) = Z ZlgikF (0 i (1) > vie (P21)) W3 (%),
i=1 k=1
(47)

n-1 i
v, (%) = D Y BaG (0 i (i) i (90)) 9 ()

i=1 k=1

u; (0)=v,(0)=0

are the same.

Proof. In Lemma 10, let n — 1 = k; then

Ly (x1) = F (%1 (i), vie (pxi)) - (48)
but
Zu, (xi) = F (%t (xi) » vie (px)) » (49)
thus
nt i
()= ), ;ﬁikwkﬂ (%) ¥ (%)

BixL 14, (x1) Y, (%)

N
—
=
—_

i
L

Il
MN.

Bk (Lu, (%), 9 (X)) ¥, (x)  (50)

i
-
x~
Ii

1

1

B
|

Zﬂlk (1, (%), 9 () ¥, (%)

I
—
=
—_

n—-1

=Y (4, (), 7, () ().
i=1

Equation (46) can be written as

LM, (x) = F (%, (x),7,, (px)),
(51)

i, (x) = P,M, (x).
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In fact, M, (x) = Y% Yy BuF (X i, 1 (%), ¥,y (pX3)),(5);

then
i, (x;) = ZP,M, (x;)
=(ZP,M, (x),9;(x))
= (P.M,, (x),y; (x))
= (M, (x),y; (x))
={(ZM,(x),9;(x))

=ZM, (xj),

(52)

by (51) and (52), we have

N

n-1

an (X) = ﬁikF (xk’ ﬁn—l (xk) ’vn—l (pxk)) Wi (x)

1

=
]

1

n-1

= Zﬁ 1 LM, (x;) ¥ ()

i=1 k=1

i
L

I
Mﬁ.

BixZt, (i) ¥, (x)

Al
L
=~
i

1
(53)

1]
HM\

Z Bic (L0, (%), 94 (%)) P, (x)

1]
HM|

Z B (1, (%), 9 (%)) ¥, (x)

n—-1
= Z <ﬁn (x) )W,’ (x)> Wi ().
i=1

Equation (53) is the same as (50). We may prove for 7, (x)
similarly. O

So, by Theorem 11 and Lemma 8, we have the following
Theorem.

Theorem 12. Under the conditions of Lemma 8,

n-1

u, (x) = ZﬁikF (2 i (1) > vie (Px)) W5 (), (54)

i=1

n-1

v, (x) = ZﬁikG (20 i (i) » i (@2xi)) W5 (x) (55)
i=1
satisfy |u,(x)|l < C, |lv,(x)|l < D.
Lemma 13. If u(x) and v(x) € W,[0, +00), then there exists
M, M, > 0, such that |u(x)| < M, [[u(x)lly, and |v(x)| <
Myl ()l

Proof. It is easy to obtain from the properties in the
reproducing kernel space. O

By Lemma 13 and Theorem 12, it is easy to obtain the
following Lemma 14.

Lemma 14. If u,(x) ty ux)(n — ©00), v,(x) M,

vx)n — o0), x, — yn — 00), and F(x, y,z) and
G(x, y, z) satisfy the conditions of Lemma 8, then

F (xn’un—l (xn) > V-1 (Pxn))
— F(y.u(y),v(py)
G (xn’ V-1 (xn) >

as n— 09,
(56)
Up1 (qxn))

— G(yv(y).u(gy))

Theorem 15. Let {x;};°, be dense in [0,+0c0), and F(x, y, z)
and G(x, y, z) satisfy the conditions of Lemma 8, then the n-
term approximate solutions u,(x) and v,(x) in (35) converge to
the exact solution u(x) and v(x) of (2), respectively, and u(x) =
Y2 A (x), v(x) = Y2, Biy,(x), where A; and B, are given,
respectively, by (36), and (37).

as n — OoQ.

Proof. (1) Firstly, we will prove the convergence of
U, (X), v, (X).
By (35), we infer that

un+1 (x) = un (X) + ann (X) > (57)
Vp (X) = v, (x) + By, (x). (58)

From the orthogonality of {y;(x)}:,, it follows that

ey, = Bl + (2,)°

= oty + (A,.) +(a&,)

(59)
=l + Y(A)’
i=1
ety = Il + (B,)’
= vt + (Bus) + (B,)’
(60)

n
= [nl, + Y (B)"

i=1
From (59) and (60), we know sequence IIMnIIWZ and ||vn||WZ is
increasing. By Theorem 12, ||un||Wz and v, | ., are bounded;
2
hence IIuHIIWz and ||vn||WZ are convergent such that
(o]

Z(Z,-)Z < 00,

(61)



8
This implies that
A= Y BiF (o e () v (px)) € P (1=1,2,..),
k=1
(62)

Ei = Z IkG (xk’ ‘Vk xk uk (qu)) € l (i = 1, 2,.. .) .
7 (63)

Without loss of generality, assume m > n; we have

“um (x) =

ety () = 14, Oy, Uy, (x)
Uy, (X) = Uy, (%)

+e U, (x) —u, (x)"ivz

IN

"”m (x) =

U1 (x)”f/\,z

ot iy () = u, O],
S @) =0 (1— o),

i=n+1

(64)

[ ) = v G, = N () = ¥y ()

T V-1 (X) V-2 (x)

ooty (%) -, (X)HZW2

< () =

Vin-1 (x)”zwz
— vn(x) ||2W2

+...+ ||vn+1(x)

m

= Z (§1)2—>0, (n — 00).

i=n+1

Considering the completeness of W, [0, +00), there exist 7(x)
and v(x) in W, [0, +00) such that

u, (x)—»u(x) as n — 00,

(65)

v, (x)ﬂv(x) as n — 00.

(2) Secondly, we will prove that u(x) and v(x) are the
solutions of (2).

By Lemma 14 and the proof of (1), we may know that
u,(x), and v, (x) respectively, converge uniformly to u(x) and
v(x) (n — 00). Taking limits in (35), we have

i(x) = ) Ay, (%),

i=1 (66)
v(x) = Zﬁi@ (x).

i=1

Abstract and Applied Analysis

Since

(&) (x;) = > A (L 95)
i=1

LA @i’ 3*‘Pj>
i=1

;Zi <¢i’1//j> >

in the same way, we have

(&) (x;) = Y B (Vo v5)»
i=1

it follows that

Zﬁnj (%) (xj) ZB <1//1’ Zﬁn]ll/]>
j=1 i=1

8

ZP W ,)

Il
ol

Ifn =1, then
(Zu) (x1) = F (xuy (1) vy (px1)) 5
ZV) (x1) = G (x1, v, (x1) 141 (x7)) -
If n = 2, then
By (Z10) (x,) +Bop (Z70) (x,)
= B F (xpuy (x1) 5 vy (pxy))
+ BooF (x5, 15 (x,) v, ()
By (Z7) (x,) + By (£7) (x,)
= PG (x1,v, (x1) 1y (gx,))
+ PG (32, v2 (%) 15 (g%3)) -
From (70) and (71), it is clear that
(1) (%) = F (x5, 15 (x,), v, (px3))
(&) (x,) = G (%3, 73 (x,) 15 (9x,)) -

(67)

(68)

(69)

(70)

(71)

(72)

(73)
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Furthermore, it is easy to see by induction that
(Zu) (xj) = F(xj,uj (xj) 2V (pxj)) , Jj=12,..., (74)
(Zv) (x]-) =G (xj,v]- (x]-) SUj (qxj)) s j=12,.... (75)
Since {x;};"} is dense in [0, +0c0), for any y € [0, +00), there
exists subsequence {xnj} such that
Xy —>y as j — oo. (76)

Hence, let j — 00 in (74), and (75); by Lemma 14 and the
continuity of F(x, u(x), v(px)) and G(x, v(x), u(gx)), we have

(Zu) (y) = F(y.u(y).v(py))> (77)
() (y) = G(y,v(y).u(qy)). (78)

That is, u(x) and V(x) are the solutions of (2) and

u(x) = Y Ay, (x), (79)

i=1

V(x) = ) By, (x), (80)

i=1
where A, = Z;c:l B F(xp, U (), vi(pxy)) and B; =
Yot BieG (i Vie(xi0)s 1 (@2x)). 1

In the proof of the convergence in Theorem 15 we only use
]l < C, |v,ll < D; thus we obtain the following corollary.

Corollary 16. Suppose |u,| and ||v,|| are bounded; then the
iterative sequence (35) is convergent to the exact solution of (2).

Theorem 17. Assume u(x) and v(x) are the solutions of (2),
r,11 = Jlu(x) - un(x)llWz and rﬁ = |v(x) - 1/,,(x)||WZ are the
approximate errors of u,(x), v, (x), where u,(x) and v,(x) are
given by (35). Then the errors r,, r. are monotone decreasing
in the sense of || - |lyy, -

Proof. From (35), and (79), it follows that

2

nf, = | Y Aww
i=n+1 W,
’ (81)
- ) (@A)
i=n+1
In the same way, we obtain from (35), (80)
oo 2
il = | X B
2 i=n+1 W,
’ (82)

Equations (81) and (82) show that the errors r,ll and rﬁ are
monotone decreasing in the sense of || - || _ . O
2

4. Numerical Examples

In order to demonstrate the efficiency of our algorithm
for solving (2), we will present two numerical examples

in the reproducing kernel space W,[0, +00). Let n be the

. . def
number of discrete points in [0,+00). Denote E}(x) =

() = 1, E)/u@)], ELx) E 1(0(x) = v,(x)/v(0)l. All
computations are performed by the Mathematica 5.0 software
package. Results obtained by the method are compared with
the exact solution of each example and are found to be in good
agreement with each other.

Example 18. In this example we consider the problem

1
u (x) = T(X)Z + 2xcos<v<§x>> + f(x),
v (x) = 2¢7"™ 4 457 sin <u (%x)) +9g(x), (83)
u(0)=0, v(0)=0,
with exact solution u(x) = xe™, v(x) = sinx, and

f(x) = e* —ex - (3/(1 + e?x*)) — 2xcos(sin(x/3)),
g(x) = —2e” X 4 cosx — 4x° sin((1/2)xe /?). Applying the
presented method in Section 3, we calculate the approximate
solution us,(x) and v5y(x) in [0, 1] as follows.

Step 1. By the method of the appendix, the corresponding
reproducing kernel functions can be obtained.

Step 2. Choosing a dense subset in [0, 1], then we get the
orthogonalization coeflicients f3;.

Step 3. According to (10), we can get the normal orthogonal
systems {E(x)}isfl.

Step 4. Selecting the initial value uy(x) = vy(x) = 0, we
obtain u;(x), u,(x), ..., Usy(x) and v (x), v,(x), ..., v5(x) by
(19) developed in the paper.

The graphs of the superimposed image emerge in Figure 1.
At the same time, we have computed the approximate
solutions u,(x) and v,(x) (n = 300, 900) in [0, 3] and also
calculated the relative errors E, and E;, in Table 1. The root
mean square errors (RMSE) about u(x) with u,, and v(x) with
v,, are shown in Table 2.

Example 19. Considering equations

u' (x) = 3cos (u(x)) + 2xsin<v(%x>> + f(x),

v (x) = 2sin (v (x)) + 4x° cos (u( x)) +g(x), (84)

W | =

u(0) =0, v (0) = 0.
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FIGURE 1: The left is the superimposed image of u(x) with u4,(x) in [0, 1]. The right is the superimposed image of v(x) with vs,(x) in [0, 1].

TABLE 1: Relative errors in [0, 3] for Example 18.

TABLE 3: Relative errors in [0, 4] for Example 19.

Node Esno Bl Esno B0

0.3 497833e -5 8.4527e—-5 5.53163e—-6 9.39806e — 6
0.6 4.43080e —5 7.3330e -5 4.92288¢ -6 8.15664e — 6
0.9 3.8680le—5 6.673le—5 4.29733e—6 7.42512e -6
1.2 3.41875e -5 6.1845¢ -5 3.79797e -6 6.88400e — 6
1.5 3.09088¢ —5 5.7095¢e —5 3.43349¢ -6 6.35872e -6
1.8 2.87391e—-5 5.1303¢e-5 3.1922le—-6 5.71898¢ -6
2.1 2.75649¢ -5 4.3153e—-5 3.06149¢ -6 4.81984e -6
2.4 2.7288e —5 3.0422e -5 3.03034e—-6 3.41736e—-6
2.7 2.7829¢e -5 6.7566e -5 3.09008¢ -6 8.12936e — 7
3.0 2.90670e —5 7.5017e -5 3.23206e—6 8.72219¢ -6

Node Egno Eso Ea0 Elro

0.4 8.06470e —5 4.94886e —5 3.58334e—-5 2.20033e-5
0.8 1.07473e —4 5.27211le—-5 4.77632e -5 2.34475e -5
1.2 2.56877e —4 5.32904e -5 1.14199e¢ -4 2.37040e — 5
1.6 1.19110e -4 5.01608e —5 5.29170e -5 2.23098e — 5
2.0 8.56122¢ — 5 4.35915¢ -5 3.80383e—-5 1.93810e -5
2.4 2.27843e —4 3.52666e —5 1.01280e —4 1.56705e — 5
2.8 1.38237e —4 2.74018e -5 6.13912e -5 1.21676e —5
3.2 7.26035e —5 2.15572e -5 3.22429¢ -5 9.56745e — 6
3.6 1.86684e — 5 1.80587e -5 8.29627e—-5 8.01449¢ — 6
4.0 1.50042e —4 1.64230e —5 6.66348e -5 7.14957¢ -6

TaBLE 2: The RMS errors in [0, 3] for Example 18.

TABLE 4: The RMS errors in [0, 4] for Example 19.

V0, () = v(x)) n
4.00007e — 5

n L () - u(x))n
300 9.95194¢ — 6

900 1.10551e - 6 4.45554e - 6

The true solutions are u(x) = 5x, v(x) = 4tan(x), f(x) =
5 — 3 cos(5x) — 2xsin(4 tan(1/5)), g(x) = —4x3 cos(5x/3) +
4secx? — 2 sin(4 tan x). The numerical results are given in
Figure 2 and Tables 3 and 4. The figures and tables illustrate
that the method given in the paper is efficient.

5. Conclusion

In this paper, RKHSM has been successfully applied to
find the solutions of systems of nonlinear IDDEs with
proportional delays. The efficiency and accuracy of the
proposed decomposition method were demonstrated by two
test problems. It is concluded from above tables and figures
that the RKHSM is an accurate and efficient method to solve
IDDEs with proportional delays. Moreover, the method is
also effective for solving some nonlinear initial-boundary
value problems and nonlocal boundary value problems.

n VS, () — )P I T, () ~ V)
800 1.87807e¢ — 3 7.85856e — 5

1200 8.34276e — 4 3.48826e — 5
Appendix

The Reproducing Kernel Space W, [0,m]

W,[0,m] is defined as W, [0,m] = {u(x) | u' are absolutely
continuous real value functions, u” € L*[0,m], u(0) = 0}.
The inner product in W, [0, m] is given by

W) v, = Lm (4uv +5u'v + u”v”) dy, (A))

where u,v € W,[0,m] and the norm ||ully, is denoted by

lully, = /< )y, -

Theorem A.l. The space W,[0,m] is a reproducing kernel
space; that is, for any u(y) € W,[0,m] and each fixed x €
[0,m], there exists R, (y) € W,[0,m], y € [0,m], such that
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FIGURE 2: The left is the superimposed image of u(x) with u5,(x) in [0, 1]. The right is the superimposed image of v(x) with v;,(x) in [0, 1].

W), Re(¥)w,jo,m) = u(x). The reproducing kernel R (y) can
be denoted by

Yy + -y + 2y + _2)/, < )
R.(y) = {cle ce e + e y<x (A2)

die’ +dye” +dye®” +de ™, y>«x.

Proof. Applying to the integrations by parts for (A.1), we
have

(u(y), R, (y)>VVZ[O,m]

- Lm u(y) [4R, (y) - 5RY () + R ()] dy

/ " / " " (A3)
+5u(y) R, (y) L (») R () )
R O)] -
Since R, (y) € W,[0, m], it follows that
R, (0) = 0. (A.4)

For u(y) € W,[0,m], thus, u(0) = 0.
Suppose that R, (y) satisfies the following generalized
differential equations:

4R, (y) - 5RY () + R (y) =8 (y - x),

5R. (m) - RY (m) = 0,

(A.5)
R! (m) =0,
R’ (0) = 0.

Then (u(y), R, Mwiom = Jo 4Oy — x)dy = u(x).
Hence, R, () is the reproducing kernel of space W, [0, m].

In the following, we will get the expression of the
reproducing kernel R, (y).

The characteristic equation of R (y) — SR;'( y)+ Rff)( y) =
8(y — x) is given by A* — 517 + 4 = 0, and the characteristic
rootsare A, = +1, A5, = +2.

We denote R, (y) by
qe +e”? +e? +qe,  y<x
R,(y)=1"} ’ * (A6
x(7) {dley +dye” +dye®” +de™™, y>x. (&.6)

By the definition of space W,[0,m], coeflicients c,,...,¢,,
d,,...,d, satisfy

R (x+0)=R¥”(x-0) (k=0,1,2),
(3) !
R;” (m) - 5R, (m) =0,

R (x+0)-RP (x-0) =1,

(A7)
R! (m) =0,
R (0) =0,
R, (0) =0,

from which, the unknown coeflicients of (A.6) can be
obtained:

G =

e—2x (4e3m _7e3x _ 962m+x +7e6m+x +9e4m+3x _463m+4x)

6 (7 — 9e2™ +9¢*™ + 7o)

G =
e—2x (_4e3m+763x+9e2m+x _7e6m+x_9e4m+3x+463m+4x)

6 (=7 — 9e¥™ + 9e*™ + 7e5™)




12
Gj =

e (_964m_7e6m +7e 4+ 8e3mtx _863(m+x) +982m+4x)

12 (=7 — 9e2™ + 9™ + 7¢5™m)

Gy =

_e—2x (_9e4m_766m+7e4x+8e3m+x_8e3(m+x) +962m+4x)

12 (=7 — 9e2™ + 9e*™ + 7¢5™)
d, =
e (_1 + er) (4e3m +7e* — 9etmtx 4 4e3m+2x)

- 6 (=7 — 9e¥™ + 9¢im 1 7¢6m)
dy =

eZm—Zx (_1 + er) (4em + 7e4m+x —9¢* + 4em+2x)

6 (=7 — 9e*™ + 9™ + 7¢o™)

d; =

e (—1 + ezx) (7 +9e¥™ + 762 4 92X _ Sesm”)

12 (=7 — 9e2™ + 9™ + 7¢5m)
d, =
e3m—2x (_1 +62x) (9em+7e3m+9em+2x_86x+7e3m+2x)
- 12 (=7 — 9e¥™ + 9¢tm + 7¢6m)
(A.8)
O
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