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This paper is concerned with traveling wave fronts for a degenerate diffusion equation with time delay. We first establish the neces-
sary and sufficient conditions to the existence of monotone increasing and decreasing traveling wave fronts, respectively. Moreover,
special attention is paid to the asymptotic behavior of traveling wave fronts connecting two uniform steady states. Some previous

results are extended.

1. Introduction

In this paper, we consider the traveling wave fronts for the fol-
lowing reaction diffusion equation with Hodgkin-Huxley
source:
ou  u"
E=W+f(u,ur), tZO, XER, (1)
where m > 0, f(u,v) = uP (1 —u)l(v-a),p > 0,q > 0,
m+p > 1,a € (0,1)isaconstant, and u,(x, t) = u(x,t—71) for
T>0.
In 1952, Hodgkin and Huxley [1] proposed the Hodgkin-
Huxley (H-H) equation

W w0 u ) w1 -a),
t

which describes the propagation of a voltage pulse through
the nerve axon of a squid. Recently, more and more attention
hasbeen paid to the linear and semilinear parabolic equations
with and without time delay; see, for example, [2-7]. A
natural extension of the H-H model is the following linear dif-
fusion equation:

ae(0,1), (2

ou du
—=—+u(l-u)(u,-a). 3)
ot  0x? ( ) (i —a)
For this equation, there have been many interesting results
on the existence and stability of the traveling wave solutions,

for instance, [8-10]. By a traveling wave solution, we mean a
solution u(x, t) of (3) of the form u(x,t) = ¢(x + ct) with the
wave speed c.

On the other hand, the classical research of traveling
waves for the standard linear diffusion equations with various
sources has been extended to some degenerate or singular
diffusion equations. For example, Aronson [11] considered
the following equation:

ou o*u"

Friniw +u(l-u)(u-a),
When m > 1, the equation degenerates at u = 0. Hence, it has
a different feature from the case m = 1; that is, if the initial
distribution of u(x, t) has compact support, then u(x, t) also
has compact support for each t > 0. Whenm > 1,a € (0,
1/2), Aronson [11] showed that (4) possesses a unique sharp
traveling wave solution with positive wave speed. Hosono
[12] solved the existence problem of traveling wave solutions
for (4) especially with nonpositive wave speed and discussed
the shape of the solutions. Sanchez-Gardufo and Maini [13]
considered the following degenerate diffusion equation:

u_ o
ot  Ox

ac(0,1). (4)

<D(u)g—z)+u(1—u)(u—a), -

ae(0,1), D(0) =0,

and obtained the existence of traveling wave solutions of
smooth or sharp (oscillatory and monotone) type.



For other papers concerning the traveling wave solutions
for degenerate diffusion equations without time delay, see
[14-22]. From these results, we see that an obvious difference
between the linear diffusion equations and the degenerate
diffusion equations is that, in the degenerate diffusion case,
there may exist traveling wave fronts of sharp type; that is, the
support of the solution is bounded above or below, and at the
boundary of the support, the derivative of the traveling wave
solution is discontinuous. However, in the linear diffusion
case, all traveling wave fronts are of smooth type; that is, the
solutions are classical solutions, which approach the steady
states at infinity.

As far as we know, there are only two articles dealing with
the traveling wave solutions for degenerate diffusion equa-
tions with time delay. In [23, 24], Jin et al. considered the fol-
lowing time-delayed Newtonian filtration and non-New-
tonian filtration equations:

a aZm
a—l::a_zz“L”(l_”)(”T_“)’
(6)
ou 9 (loulf?ou
3 " ax\lax| oy )T

By using the shooting method together with the comparison
technique, they first obtained the necessary and sufficient
conditions to the existence of monotone increasing and de-
creasing traveling wave solutions, respectively, and then gave
an accurate estimation on the convergent rate for the semifi-
nite or infinite traveling waves.

Motivated by [23, 24], in this paper, we discuss the exist-
ence and asymptotic behavior of traveling wave fronts for (1).
Let u(x,t) = @(&) with & = x + ct. Then, (1) is transformed
into the following form:

g’ (&) = (™) (©) + 9@ (1 -9 ) (¢ &) —a), (7

where ¢_.(§) = p(& - c1).
Before going further, we first give the definition of sharp-
and smooth-type traveling wave fronts.

Definition 1. A function ¢(&) is called a traveling wave front
with wave speed ¢ > 0 if there exist £, &, with —co < &, <
&, < +oo such that ¢ € C*(£,,£,) is monotonic increasing
and

@' @) =(9™)" @) +9@&)F(1-9©) (9 ©) —a),

§e(8nty)
(8)

&) =0 for&, —ct<&<i,
¢(&) =1, 9)
(@) (&) =(¢™) (&) =0,
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or there exist £,, & with —co < &, < & < +co such that
¢ € C*(£,,&,) is monotonic decreasing and

@’ (&) = (¢™)" &) + 9®)F (1 - 9 (&) (¢, €) - a),

E € (gw gb) >
(10)

) =1 forga—cr<fsgw
(&) =0, (1)
(") (&) = (") (&) =o.

()If &, > -oo and (p'(E;)#O, then ¢(§) is called
an increasing sharp-type traveling wave front (see
Figure 1(a)).

(i) If &, = —oc0 or (p'(f;') = 0, then ¢(§) is called an
increasing smooth-type traveling wave front (see
Figure 2(a)).

Similarly, we have the following.

(iii) If Eh < +0o and <p’(§;);e0, then ¢(&) is called
a decreasing sharp-type traveling wave front (see
Figure 1(b)).

(i) If & = +oo or ¢'(§;) = 0, then @(&) is called
a decreasing smooth-type traveling wave front (see
Figure 2(b)).

Lety (&) = ((pm)'(f). Then, (8) or (10) is transformed into
! _ l 1-m
9 &=—¢ " v,

=" " (E) y (&) - p®F(1 - 9 () (¢, (€) - a).

’ C
v (§)= -
(12)

Furthermore, by (9) or (11), we give the asymptotic boundary
conditions for traveling wave fronts as follows:

&) =0 for&, —ct<&<i,
p(&) =1, (13)
v(&)=v(&) =0

or
@) =1 for -cr<&<i,
9 (&) =0, (14)
v(&)=v(&)=0.

If w(&) is strictly positive or negative for 0 < ¢ < 1, then (12)
is equivalent to

m+p-1/1 _ \4 _
dy _  me"" (1-9) (per —a) 15)
do 1
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/ \
(a) (b)

FIGURE 1: Sharp-type traveling wave fronts. (a) Monotonic increasing. (b) Monotonic decreasing.

/ X
(a) b)

FIGURE 2: Smooth-type traveling wave fronts. (a) Monotonic increasing. (b) Monotonic decreasing.

Clearly, for any given ¢ > 0, if

] m—1
j M 4o = +oo, (16)
o y(o)
then ¢, can be defined by
% mo_mfl
cT = J do. 17)
9. ¥(0)

However, if for some ¢ > 0,

@ m—1
j mo do < +00, (18)
o (o)

then _[O(P(mch1 /y(0))do may be less than ct when ¢ is near
0. Therefore, the previous definition is not reasonable. In what
follows, we give the definition of ¢.,.

(i) If y is positive, define ¢, by

% mo_m—l
cT = J do

. ¥ (0)

¢ mo™”
=0, ifj
# 0 ¥, (@)

1) m—1
f J mo do > ct,
o v, (G)

1

(19)

do < cT,

3
where y, is a solution of the following problem:
m+p—1 1- q
d_ll/:c+ma¢ ( (P), for ¢ € (0,1),
dg 1%
20
V(@) =0, 0
y(p) >0, forepe(0,1).
(ii) If v is negative, define ¢, by
Per m—1 1 m-—1
CTZJ mo do, if J ma do > cr,
o —Y(o) o —Y_(0
1 (21
1 m—
@ =1, if J MI___do < cT,
o —y_(0)
where y_ is a solution of the following problem:
1— m+p—1 1- q
d_wzc—m( D¢ ( (P), for ¢ € (0,1),
de 14
y(17) =0,
v(p) <0, forge(0,1).
(22)



Consider the following problem:

dy _  me™"(1-9) (g~ a)

do y ’ (23)
v (07) =0, )

v(17)=0.

In Sections 2 and 3, we will verify the following two conclu-
sions are equivalent, that is, (1) ¢ is a monotonic solution of
the problem (8)-(9) (or (10)-(11)); (2) w(¢) > 0 (or w(¢) < 0)
is a solution of the problem (23).

2. Existence of Increasing Traveling Waves

In this section, we aim to find a solution y/(¢) of the problem
(23) with y(¢) > 0 for ¢ € (0, 1).

Since ¥ > 0, we see that ¢(£) is increasing in &, and so
¢ (&) < @(&). Thus, to investigate the behavior of the trajec-
tories y.(¢) of (23), we have to study the trajectories starting
from (0,0), since the property of ¥, at ¢ depends on the
behavior of y, at ¢, closely. Consider the following problem:

m+p—1 1-— q _
dy _  me"" (1-9) (@ —a) for ¢ € (0, )
de v
v (07) =0,

v(p) >0 for e (0,8),

(24)

where (0, ) with 8 < 1 is the maximal existence interval of
the solution y(¢) > 0. By (24),

ll/’2 () = pr cy(s)ds—m r SN = 5) (s, — a) ds
2 0 0

> r) cy(s)ds—m L(P S — )T (s —a) ds.

0

(25)

This excludes y(17) = 0if JOI s"PH(1—5)1(s—a)ds < 0. Thus,
we only need to find the increasing traveling wave fronts for

the case Jol sS"™PI(1 = 5)A(s — a)ds > 0. We first prove the
following two lemmas.

Lemma 2. Assume that0 < @, < 1 and v, (@), y,(¢) are solu-
tions of (24) corresponding to different wave speeds c,, c,,
respectively, where y,(¢,) = v,(¢,) > 0, y,(@) > y,(¢) > 0
Jor 0 <@ < g, and ¢,(&,) = 9,(8,) = @y Then, ¢, (&, —s) <
9, —9)if0<s < J'O%(mom_l/t/fz(o))da and ¢, (&, —s) =
P2(&, = 5) = 0if s 2 [ (o™ [y (0)do.

Proof. Recalling (19), we see that

Po m—1 Po m—1
5=J Mmoo ifj M s>,
o Vi (0) o (o)

%o mo,m—l
=0 it |
9015 0 1//1' (O_)

(26)

do <s,
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where ¢;; = ¢;(§;—s), i = 1,2. The desired conclusion follows
immediately. O

Lemma 3. For any given T > 0, and ¢, > ¢, > 0, let y,(¢),
,(9) be solutions of (24) corresponding to c,, ¢,, respectively.
Then, y, (@) > y,(¢) for any ¢ € (0, B,), where (0, 3,) is the
maximal existence interval of the solution y,(¢) > 0. In addi-
tion, y,(f3,) > 0. (See Figure 3(a).)

Proof. We first show that y, (¢) > v, (¢) for sufficiently small
¢ > 0. The argument consists of three cases,m + p > 2, m +
p=2andl<m+p<2.

(i) Consider the case m + p > 2. According to (24), we
have

dy _ mg" P (1-9)(a-g.)

c+ . (27)
dg v
Noticing that ¢, < ¢, we have for ¢ < a that
d
Y. (28)
de
Integrating from 0 to ¢ yields
v (9) = co. (29)
We further have
dy _  mg""(1-9)"(a-gcr)
dg v
m+p—1 1-— q _
co e (1-9) (a-¢o) (30)
cp
<c+ a—mfp"”p -,
c
Integrating from 0 to ¢ gives
am m+p—1
< P
w(¢)—6¢+c(m+p_l)</> 31)
That is,
v(p)~cp asgp— 0" (32)

Therefore, v, () > v, (¢) for sufficiently small ¢ > 0.
(ii) Consider the case m + p = 2. Similar to (i), we have

v (9) 2 co, (33)
and, hence,
am
y(p) < (c + T) 2 (34)
Consider the sequences {A,,} and {B,,}, where
A =g B, =c+ @,
c
1-&)l(a-e)m
An:c+—( ) ( ) , (35)
Bn—l
B,=c+ an , n=2,3,...,
An—l
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aq >0
V()
Ve, ()

Yo, (@)

(a) (b)

v ()

V()

(c)

FIGURE 3: The properties of the trajectory y.(¢). (a) The monotonicity of y_.(¢) on c. (b) The trajectory y.(¢) wanders through L,. (c) The
trajectory v, (¢) intersects with y*(¢) for large c.

and ¢ > 0 is sufficiently small. Noticing that A; < B, and <c+
A, < A,, by induction, we obtain An
d me(1 - ) (a -
A <Ay =A <A, =A< <A, dy _  mel=9) (@-gc)

(36) de v
<.-+<B,<--<By=B;<B, =B,.

> m(P(l _(P)q (a_SDCT)
2c+

For0 < ¢ <, if

Bn—lq)
A9 <y (9) < B, 19, (37)
(1-¢&)f(a-e)m
then > —
q n—-1
Z_ll’ —c+ Y}’I(p(l - (P) (a B q’c‘r) (38)
Y ll; Integrating from 0 to ¢ yields
-, mo(l-9) (a-9.)
ser A9 <y (9) <B,go. (39)

An,IQD



Thus, we have

lim A, = A (¢),

n— 00

nangan =B (¢),

(40)
AT (e <y(p)<B ()9,
with A*(g) and B”(¢) satisfying
. (1-&)fa-¢e)m . am
A = -_ B = .
(&)=c+ B (&) =c+ o)
(41)
Lettinge — 0, we obtain
)
limA* (¢) = limB” (¢) = w. (42)
e—0 ] 2
That is,
/2
1//((/)) ~ %(I’ as (P _ O+_ (43)
Therefore, v, (¢) > y,(¢) for sufficiently small ¢ > 0.
(iii) Consider the case 1 < m + p < 2. Notice that
m+p—1 _ q _
dy  mg™"(1-¢) (a-9) (44)
dg 1
which means that
2 ¢ m+p-1
% ((p)zj 2ms (1-9)1(a-s)ds
, (45)
_ AMa mip ‘o (¢m+p);
m+p
that is,
2ma  (uip)j2 (m+p)/2
> |— . 46
"’("’)—\/m+p"’ +o(p"PR) . (46)
Consequently,
m+p—1
dy _, map
do 1
m+p—1
<c+ may
\omal(m+ plg Pl + o (gnp)
=c+ \]M(l,ww—zvz +0 (q,(m+p—2)/2) )
2
(47)
That is,
2ma  (uip)j2 (m+p)/2
< —_— . 48
t//(sv)—ap+\jm+pfp +o(pPR) . (48)

Thus, we have

_ | 2ma omep)2 (m+p)/2 4
"’("’)‘\/m+p"’ +o(pmPR) . (49)
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Recalling (46), we see that

d 2
v _ 2cy +2mg™ P (1-9)! (a - ¢,,)
do
2mMa (mip)/2 m+p-1 q
> 20| —— 2 1- -
c\jmpgo + 2mg™ (1 - ) (a - )
Lo lpm ),
(50)
which implies that
5 4c 2ma (m+p+2)/2
>
W((P)‘m+p+2Jm+P¢ (s1)
2mMa  myp (m+p+2)/2
gt o(e )-

On the other hand, by (49), we have

W
% < 2¢cy + 2mag

m+p—1

2ma (m+p)/2 m+p-1 (m+p)/2
=2C\|— + 2ma +o0 N
\]m + p(P ¢ (go )

(52)
and, hence,
2 4c 2ma (m+p+2)/2
<
v (g) < m+p+2\jm+p(P
(53)
2ma m+p (m+p+2)/2
—_— +0 .
20 1o )
Summing up, we arrive at
1/’2 (p) = 4c \/ 2Ma  (mipi2))2 N 2ma iy,
m+p+2\m+p m+p
+0 (cp(m+‘o+2)/2) , as g — 0,
(54)

which implies that v, (¢) > y,(¢) for sufficiently small ¢ > 0.
We claim that v, (¢) > y,(¢) for any ¢ € (0, 3,). Suppose
for contradiction that there exists ¢, € (0,f,) such that

vi(9o) = ¥2(py) = ¥, and y,(9) > ,(9) for ¢ € (0,¢,).
Then,

1/’; (o) < ‘/’; (o) (55)

which means that

mgogH—P_l(l - (PO)q (a - (POCIT)
Yo

. (56)
m-+p— 1- q _
< o+ M(PO ( 1Z)O) (a (P()oz‘r);
0
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that is,
m+p—1 q
mey (1 - )
0< aq-6= 0 - ((POCIT - q)()rq-r) . (57)
Yo
Thus,
(POcl‘r > (POQT‘ (58)
Denote that ¢, (§;) = ¢,(&,) = ¢,. By Lemma 2, we have
¢ -ar) <o (& -qr) <9, (8 -61), (59)

which means that ¢, . < ¢, ., a contradiction.
In what follows, we will show that y,(f5,) > 0. Recalling
the first equation of (24), we infer that
1dy; e .
2 dg Wi me" "(1-9)"(pr—a), i=12
(60)
By Lemma 2, for any ¢, (§;) = ¢,(&,) < f3,, we have
(& -ar) <o (& -ar) <9, (8 -aT), (61)
since ¥, > y,. Thus, we obtain
2 2
v > v, (62)
de — dg

for any ¢ € (0, 3,). Integrating the previous inequality from
¢ to @ forany 0 < ¢, < @ < f3, yields

V@@ +v () -va(e). (63

Letting ¢ — J3, gives
vi (By) 2 i (90) = ¥5 (90) > 05 (64)
namely, v, (f3,) > 0. The proof is completed. O

To deal with the behavior of the trajectories y,(¢) of the
problem (24), we introduce the level set

Ly

= {((P,I//) € R%; %1//2 +m J(PS"HP_I(I —-s)(s—a)ds = k}
0
(65)

for any k > 0. Clearly, for ¢ = 0, the level sets {L,} are exactly
the trajectories of solutions to (12) or (15). Now, we define

Ly =Lin{y>0}. (66)

Notice that if (¢, ) € LE is a solution of the system (12), we
have

dk ! m+p— !
d—?:"”” +me"™ P (1- ) (p-a) g

_ € 1-m 2 p q
=— + 1- - 9.,
oY v (1-9)" (9 - 9.) 7

1-m_ 2

(2

v
3o

\Y
L

since (&) is increasing in &. This implies that (¢, y) wan-
ders through increasing level sets with increasing &. See
Figure 3(b). Let

1
k, =m JO TP - )1 (s—a)ds; (68)

we know that L, passes through the critical point (1,0).
Denote that

v (9) = \/2’” J L empi(1 9 (s - a) d. (69)

¢

In what follows, we will see that y*(¢) plays a special role for
the proof of the main result. We first need a lemma as follows.

Lemmad4. The trajectory y (@) of the problem (24) must inter-
sect with w* (@) for sufficiently large ¢ > 0. (See Figure 3(c).)

Proof. For any ¢ € (0, a], we have ¢, € (0,a], and
vl (p)=c>0. (70)

Let ¢, € (a, 1) be the first point such that ¥/(¢,) = 0. Then,
we have

m+p—1 q
meo (1_(P) ((Pcr_a)
V. (9) = — S . (71)
Since
v (90) > v, (@) 2 ac, 72)
we have
m§06n+P_1(1 - (PO)q ((POCT - a) > acz- (73)
Thus,
m‘P(y)nJrP_l(l - ¢0)" (py —a) > ac®. (74)
Denote that
m+p—1 1- q _
M = max {mq’ Sl VMG, a)}. (75)
¢e(a,1) a

Then, for any ¢ > VM, (74) does not hold and Y () is in-
creasing on (a, 1). Therefore, y.(¢) must intersect with ¢ (¢)
for any ¢ > VM. The proof is completed. O

Theorem 5. (i) Ifjo1 §"P7H(1 = §)(s — a)ds < 0, then there is
no nontrivial nonnegative solution for problem (23).

(ii) IfJ‘O1 STPTY(L — §)(s — a)ds > 0, then there exists a
uniquec; > 0, such that the problem (23) admits a nonnegative
solution y(¢), and y(¢) > 0 for any ¢ € (0,1).

Proof. (i) The case fol §"P7H(1 — §)(s — a)ds < 0 has been
discussed.

(ii) We know that for any fixed ¢ > 0, (¢, y.) wanders
through increasing level sets {L,} strictly. Thus, (¢,y.)



intersects with a level set L, at most once. Let (0., ¢.) be the
intersection point of (¢, y,) with Ly . Then, if ¢, > 0, we have

dy'| _ me"P(1-9) (¢ -a)
CL v 9=0.
mtp-1¢q1 _ \4 _
_me"(1-9)" (¢~ a) 76)
& p=o.
_ e
g |y,
Define

o)
= inf {c > 0;y, intersects y" at (0., ¢,) with o, € (0,1]}.
(77)

By Lemma 4, ¢;" is well defined. In what follows, we will show
that ¢;" is just the desired wave speed.

We firsthavec;” > 0.Indeed, when ¢ = 0, the first equation
of (24) becomes

dyy __mg" " (1 -9)' (p-a)

de - Yo %)
Noticing that y,(0") = 0, we have
v (¢) = —2m j-: s = 5)1 (s — a) ds. (79)
Then, there exists ¢, € (a, 1) such that
¥ (90) =0, (80)

since Iol s™P71(1 = 5)4(s — a)ds > 0. The continuous depen-
dence of ¥, on c ensures that g, goes to zero before reaching
y" for sufficiently small ¢ > 0. Thus, ¢ > 0.

In addition, by Lemma 3, we know that o, is decreasing
on ¢. Assume that

limo, =0...
oNe ¢ a (81)

Ifo.. < 1;namely, .. > 0, then by (76), we arrive at

vl (o4) 2 v (0.)+c > v (o). (82)

So, there exists 0. < ¢, < 1, such that y..(¢,) > ¥*(¢,). By
the continuous dependence of y, on ¢, there is ¢ > 0 with
¢ < ¢ and close to ¢ sufficiently such that y.(¢,) > v (¢,),
which implies that y, intersects with y*. This contradicts the
definition of ¢; . Thus, 0.+ = 1, which implies ¢. = 0.
Moreover, by Lemma 3, for ¢ > ¢/, we have y,(1) > 0.
However, if 0 < ¢ < ¢/, there exists ¢, witha < ¢, < 1 such
that y.(¢) — 0as ¢ / ¢.. The proof is completed. O

Proposition 6. ¢(&) is a monotone increasing sharp- or
smooth-type traveling wave front of the problem (8)-(9) for
some fixed ¢ > 0, if and only if w(¢) with y(¢) > 0 for any
@ € (0,1) is a solution of the problem (23).
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Proof. The necessity is clear. Consider the sufficient one. Let
y(¢p) > 0 for any ¢ € (0, 1) be a solution of the problem (23),
and ¢(&) solves

0O = Ovlp®). (®)

Without loss of generality, let ¢(0) = 1/2, and let («, ) be the
maximal existence interval of ¢ such that 0 < ¢ < 1. Firstly,
we have

@) © = (9)¢' ©
- <C _mg"" " (1-9)" (9 — )
v

)qo’ (84)

= C(P’ - (Pp(l - (P)q ((Pcr - a) .
Moreover,

&) =0 fora-cr<&<aq,

e(B =1 (M) (@@= (B)=0.

Therefore, if « > —co and ¢'(a*) #0, (&) is a sharp-type
traveling wave front; if « = —co or <p'(oc+) =0, ¢¢&isa
smooth-type traveling wave front. O

(85)

Theorem 5 and Proposition 6 imply the following result.

Theorem 7. (i) Ifj'o1 sS™P7L(1 = 5)(s — a)ds < 0, then there is
no increasing traveling wave front for the problem (8)-(9).

(ii) Ifjo1 s™P7H(1 = 5)U(s — a)ds > 0, then there is a unique
wave speed ¢ > 0, such that the problem (8)-(9) admits an
increasing traveling wave front.

Furthermore, we have the following results.

Theorem 8. Let ¢(&) be the traveling wave front of the problem
(8)-(9) corresponding to the wave speed c; .

(i) If m < 2, then @(&) is a smooth-type traveling wave

front.

(ii) If m = 2, then (p'(E;r) = ¢, /2 and ¢(&) is a sharp-type
traveling wave front.

(iii) If m > 2, then ¢'(E}) = +oo and (&) is a sharp-type
traveling wave front.

Proof. (i) If 0 < m < 1, it is easy to see that

¢ E) =T EVE) =0 6

If 1 < m < 2, from the proof of Lemma 3, we see that when
¢ > 0 is sufficiently small,

vi(p)=qe+o(p), m+p>2
\e 2+ 4ma +¢f
W(?’):fﬁo‘ko(‘/’% m+p=2;
2ma. (mip)2 (m+p)/2
= — by 1 2.
v (¢) \/m+P<P +o (" PR), 1<m+p<

(87)
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Since

! _ l 1-m
¢ (&)= .l vy @, (88)

we have

*

¢ () = %cpz"” ©+o(g"™®), m+p>2

Vet +4ma+ ¢

¢ (&)= Ey

P> (&) +0 (> (®)),

m+p=2

! 2 —-m+ —-m+
¢ (&)= \/m(m—ip)ff’(z PR @E)+o (P2 (9)),

Il<m+p<2.

(89)
Thus,

¢' (&) =0. (90)

(ii) If m = 2, we have
/(€)= o

(iii) If m > 2, we have
9' (&) = +oo. (92)
The proof is completed. O

Theorem 9. ¢/ (1) is nonincreasing in delay t; namely, if T, >
* *
Ty, then ¢ (1) < ¢/ (15).

Proof. Suppose for contradiction that there exist time delays
7, and 7,, with 7, > 7, and ¢ (7;) > ¢ (7,). Denote that ¢, =
¢ (1)) and G, = ¢/ (1,) for simplicity. Take ¢ such that

G <c<q. (93)

In what follows, denote the solutions of (24) corresponding
to wave speed and time delay (¢;, 7,), (¢, 1), (&, T,) by v, v,
¥, respectively.

Similar to the proof of Lemma 3, we know that when ¢ >
0 is sufficiently small, for m + p > 2,

v (9) =cp+o(9),
(94)
v, (@) =Gp +o(9);

form+p=2,

2 +4ma+c
VErImate, s ofg),

\& +4ma+¢,

2

v () =
(95)

ve, () = p+o(p);

9
forl<m+p<2,
e I
%(me +o(pmerrR),
(96)
ll/é (q)) - m +4? +2 \/rirzz) (P(m+p+2)/2
+ %(Pmp o (g,
Since ¢ > ¢,, we have
v () > v, (¢) (97)

for sufficiently small ¢ > 0. Furthermore, we claim that
y.(p) > Ve () for ¢ € (0,1). Otherwise, there exists ¢, €
(0,1) such that y,.(¢) > y; (¢) for ¢ € (0,¢,), and y.(¢,) =
Vs (¢9) = Y. Then, we have

! (po) < ‘/’é (o) 5 (98)
that is,
m m+p—1 1-— q _ ~
0<c— al < gDO ( (P(zz ((POCT1 (POOZTZ)) (99)
0

which implies ¢y, > ¢z ,- On the other hand, by Lemma 2,
we have ¢ < @q ., a contradiction. Similarly, we can get
¥z (9) > ¥ (¢). From the uniqueness of wave speed on any
fixed 7 > 0, this contradicts the definition of ¢. O

3. Existence of Decreasing Traveling Waves

In this section, we aim to find a solution y(¢) of the problem
(23) with yw(¢) < 0 for ¢ € (0, 1). We first introduce a com-
parison lemma.

Lemma 10. Let u, v be the solutions of the following problems,
respectively:

du me™ P (1 - 9)" (¢ - a)

dq):c_ ” for(p<l,u(1_)=0,
m+p—11_ q 1-—
Z—;:c—m(P ( V(P)( %) foro <1, v(17)=0.

(100)

And let y solve the problem (23). Then, y(¢) < u(p) < v(p)for
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¢ < 1ify, u, v are positive, while v(¢) < w(¢p) < u(e) for
¢ < lify, u, v are negative.

Proof. Notice that ¢, < ¢ when v is positive, and thus

2dp VT ~me"" (1~ 9)? (¢, —a)
> -mg" P (1- ) (¢ - a) (101)
~ 2dg ’
that is,
d (WZ B uz) 22
" -2c (1// -u )g (p) 20, (102)
where
1
9(0) = (103)
Consequently,
d <(1//2 _ uz 626 J; g(s)ds)
) > 0. (104)
de
Integrating from ¢ to 1 yields
v (p) -1 (9) <0, (105)

and so (@) < u(e) if y,u > 0. Similarly, u(p) < v(p) if
u,v > 0.
The proof for y,u, v < 0 is similar and omitted here. [

Since ¥ < 0, we see that (&) is decreasing in &, and so
¢.(&) = @(&). To get the behavior of the trajectories y.(¢)
of (23), we have to study the trajectories starting from (1, 0),
since the property of y, at ¢ depends on the behavior of y, at
@, closely. Consider the following problem:

d m+p—11_ q _
dy _  me"" (1-9) (¢ —a) for g € (@ 1),

de v
y(17) =0,
v(p) <0 for¢e(a1),

(106)

where («, 1) with & > 0 is the maximal existence interval of
the solution y(¢) < 0. By (106),

1

2 (g) = - r cy (s)ds + mj PN = 9)T (s, —a) ds
2 ® @

1 1
> —J ct,(/(s)ds+mj S"PN 1= 5)T(s—a)ds.
¢ ¢

(107)
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Hence, y(0") = 0 is impossible if Jol SN~ 6)A(s—a)ds >
0. So, we only need to find the decreasing traveling wave
fronts for the case _[01 SN — 6)i(s — a)ds < 0. We first
give the following three lemmas.

Lemma 11. Assume that 0 < ¢, < 1 and y,(¢@), y,(¢p) are
solutions of (106) corresponding to different wave speeds c;, c,,
respectively, where w,(¢,) < ¥,(¢,) < 0, y,(@) < y,(¢) < 0
Jorgy < ¢ < 1, and ¢,(§,) = ¢,(&;) = ¢o. Then, ¢,(&§, —s) >

0, (&, — ) if0 < s < j;D(ma’"*1 | = y,(0))do, and ¢, (&, - s) =
(& —s)=1ifs> f;o(ma’”_l/ - y,(0))do.

Proof. The proof is similar to that of Lemma 2. O

Lemma 12. For any given T > 0, and ¢, > ¢, > 0, let y,(¢),
Y, () be solutions of (106) corresponding to c,, c,, respectively.
Then, y,(9) < y,(@) for any ¢ € (a,, 1), where (a,,1) is
the maximal existence interval of the solution y,(¢) < 0. In
addition, y,(a,) < 0. (See Figure 4(a).)

Proof. We first show that v, () < y,(¢) if p is in a sufficiently
small left neighborhood of 1. The argument consists of three
cases,q > 1,g=1,andg < L.

(i) Consider the case g > 1. According to (106), we have

m+p—1 _ q _
dy om0 (gama) g
do v

Noticing that ¢, > ¢, we have for ¢ > a that
— > (109)

Integrating from ¢ to 1 yields

Y(p)zc(l-9). (110)
We further have
dy _ _ mg""(1-9) (9. —a)
dg v
m+p-1/1 _ \4 _
<c+ me (1 (P) ((Pcr a) (111)
c(l-9)
+ m{-a) a)(l - (p)q_l.
Integrating from ¢ to 1 gives
1-
vipze(-g)+ P09 )
Thus,
y(p)~clp-1), asp —1". (113)

Therefore, v, (¢) < y,(¢) in a left neighborhood of ¢ = 1.
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v, (@)

Ve (9)

>0

(a)

1

y.(p)

Ry

(b)

7 (9)

y.(p)

FIGURE 4: The properties of the trajectory y.(¢). (a) The monotonicity of y.(¢) on c. (b) The trajectory y.(¢) wanders through R,. (c) The

trajectory y.(¢) intersects with ¢* (¢) for large c.

(i) When g = 1, consider the following two systems:
' 1L 1m
9 =0 O)u @),
4© = 9O w O 9@ (1-9©) (p©) - a),
! _ i 1-m
¢ ©= 9" Ou®,

1,6 =~ Ow O e (1-9®) (1 -a).
(114)

Notice that the right hand side of the previous two systems
shares the same Jacobian matrix

0

pP= (115)

1
m
l1-a £
m

at (1, 0). By a simple calculation, we get the eigenvalues of the

matrix P as
c+t+4am(1-a) c—\c+4m(1-a)
A+ = > A, =
2m

2m

(116)
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It is easy to see that (1, 0) is a saddle point. And the eigenvec-
tor associated with the eigenvalue A, can be

Q=< ! ) 117)

mA,

We express the local explicit solutions of the problem (114) in
the left neighborhood of (1, 0) to reach

&) =1-1M + o((1 —go)z),

(118)
u; (&) = —lm)Lre’\*‘E +0 (ulz) . i=1,2.
Therefore, near (1, 0), we have
VE +4m(1-a)
w o~ (p-1) = YD oy, im
(119)

By the comparison lemma, ©, < ¥ < u;, which implies

v () ~ c+ e +4m (1 -a) (p-1),

2

as g — 1.
(120)

Thus, v, (¢) < ¥,(¢) in a left neighborhood of ¢ = 1.
(iii) Consider the case 0 < g < 1. Notice that

dy _ me" " (1-9)(a-g)

d¢ " R (121)
which means that
1
Vi g) < | 2m (1= 9 - ) ds
? (122)
2m(a—1) g+l g+1
= T(1—go) +o((1—go) );
that is,
2m (1 —a) (g+1)/2 (q+1)/2
v(p) = \]—W (1) 4o ((1-9)""").
(123)
Consequently,

d_l//sc_m(l—a)(l—(p)q

de 14
m(1-a)(1-¢)!

<c+
\2m(1-a) / (q+1)(1-9)" 40 ((1_(P)(q+1)/2)

(124)

That is,

_ _ 2m(-a) (@D
v () <c(1 <p)+J e (1-9)

+ o((l - go)(q+1)/2).

(125)
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Thus, we have

2m(1 —a) (g+1)/2 (g+1)/2
—w(¢)=\j—q+l (1) +o((1-9)""").
(126)

Recalling (123), we see that

2
=2y 2mg™ " (1= 9) (9= )

> ZC\j2m (1-a) (1= )P
q+1

+2mg"™ (1= 9) (9 —a) + o ((1-9) "),

(127)
which implies that
2 4c  [2m(1-a) (q+3)/2
v (9) = \/ (1-¢)
q+3 q+1 (128)
L md-a (1-9)™ +o((1-9)™).

q+1

On the other hand, by (126), we have
d 2

—% < =2cy +2m(1—a)(1-¢)!

2m (1 - .
i ZCJ%U ~9) T s om(1-a)(1-¢)"

+o ((1 _ (P)(q+1)/2) i

(129)
and, hence,
2 4c |2m(l-a) (q+3)/2
< 1-
v (9) q+3\/ praaltial)) 0
2m (1 - 61) g+l q+1
o (e (=)™,
Summing up, we arrive at
2 4c  [2m(1-a) (q+3)/2
= 1 —
v (9) q+3\/ ar1 19
2m (1 -a) (131)
I (09,

asp — 1,

which implies that y;(¢) < y,(¢) in a left neighborhood of
¢=1

The proof for the claims that v, (@) < y,(¢) for any ¢ €
(a5, 1) and ¥, (a,) < 0 is similar to the proof of Lemma 3 and
omitted here. O
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Similar to Section 2, we denote level set R, by
Ry

1
= {(qw) € R2$%1l’2 —mJ

PN 1 -5 (s—a)ds = k}
¢

(132)
for any k > 0, and correspondingly, define
R, =R, n{y <0}. (133)
Notice that if (¢, ) € R, solves system (12), then
dk (§) mp-
Tk =y’ +me" P (1-9)" (9~ a) ¢’
C 1-m_ 2 P q
= — + 1- —
9 vy (1-9) (9 - ) 134
€ 1-m_ 2
=9V
>0

>

since ¢(&) is decreasing in &. This implies that the trajectory
(@, v) of (106) wanders through increasing level sets with
increasing &. See Figure 4(b). Letting

1
k,=-m J TP 1 =91 (s—a)ds, (135)

0

we know that R, passes through the critical point (0,0).
Denote that

v () = —\]—2m jq) g1 -5 (s—a)ds.  (136)
0

We introduce the following lemma.

Lemma 13. The trajectory y () of the problem (106) must

intersect with ¥* (@) for sufficiently large ¢ > 0. (See
Figure 4(c).)
Proof. For any ¢ € [a, 1), we have ¢, € [a, 1) and

v (¢) =c>0. (137)

Let ¢, € (0,a) be the first point such that y(¢,) = 0. Then,
we have

v oy =m0 _fO)q (P =) (139
Since
Ve (9o) <ye.(@<(@-1c (139)
we have
mey P (1= 90) (poer @) < (a=1) . (140)

13
Thus,
mey P (1= o) (9o —a) < (@—1) . (141)
Denote that
_ m+p-1 1- q _
M:max{mq) (1-9)(a ‘P)}. (142)
9€(0,a) 1-a

Then, for any ¢ > VM, (141) does not hold, and v,(¢) is in-
creasing on (0, a). Therefore, v, (¢) must intersect with ¢*(¢)

for any ¢ > VM. The proof is completed. O

Theorem 14. (i) IfJ‘O1 sS"PN(1 = 5)(s — a)ds > 0, then there
is no nontrivial nonpositive solution for the problem (23).

(ii) IfJ‘O1 §"PH(1 — §)(s — a)ds < 0, then there exists a
unique ¢, > 0, such that the problem (23) admits a nonpositive
solution y(¢), and y(¢) < 0 for any ¢ € (0,1).

Proof. The proof is similar to that of Theorem 5, and

*

G
= inf {c > 0;y, intersects /" at (’1@‘5@) with #, € [0, 1)}.
(143)
O
Proposition 15. ¢(§) is a monotone decreasing sharp- or
smooth-type traveling wave front of the problem (10)-(11) for

some fixed ¢ > 0, if and only if y(¢) with y(¢) < 0 for any
@ € (0,1) is a solution of the problem (23).

Proof. The proof is similar to that of Proposition 6. O

Theorem 14 and Proposition 15 imply the following result.

Theorem 16. (i) If_[o1 §"PH(1 = §)(s — a)ds > 0, then there
is no decreasing traveling wave front for the problem (10)-(11).

(ii) Ifjo1 s™P7H(1—5)(s — a)ds < 0, then there is a unique
wave speed ¢, > 0, such that the problem (10)-(11) admits a
decreasing traveling wave front.

Furthermore, we have the following results.

Theorem17. The traveling wave front ¢(&) of the problem (10)-
(11) corresponding to the wave speed ¢, obtained earlier is of
smooth type.

Proof. It is easy to see that

Z—Z <0, as¢p—0". (144)
Thus,
. mg™ P (1 - 9)? (¢, - a)
< (145)
> A gmep-t,
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Recalling that
I 1om
o' &)=~ " Oy, (146)
we know that
a
9" © < ¢’ (§) <0, (147)
2
which means that
¢ (&)=0. (148)
The proof is completed. O

Theorem 18. ¢, (1) is nonincreasing in delay T; namely, if T, >
T,, then ¢, (1)) < ¢ (1)

Proof. The proof is similar to that of Theorem 9. O

4. Asymptotic Behavior of the Traveling
Wave Solutions

In this section, we first pay our attention to the finiteness of

£, &, &, . On the basis of this, the convergent rates of ¢
going to the steady states at far-field are discussed.

Theorem19. Let ¢(&) be the increasing traveling wave solution
of the problem (8)-(9) corresponding to the unique wave speed
¢
(i) If0 < g < 1, then &, < +co.
(ii) If g > 1, then &, = +00. More precisely,
(a) when q > 1, one has

_ _ 1/(1-q)
1—q)(f)~<wi) , as & — +oo;

*

1
(149)

(b) when q = 1, one has
1— @ (6) N 67(( c1*2+4m(17a)7cl*)/2m)5’ as ‘f — +00.
(150)

Proof. (i) For (1+a)/2 < Perr < 1, we have (1+a)/2 < Perr <
¢ <1,and

1dy* _
5% -G 1// = _m(Pm+p 1(1 - (P)q ((PCI*T - a)
(151)
rrz(l—a)<1+a>"‘+p_1 q
<-—= 1-¢)
- 5 (1-9)
Consider the following inequality problem:
1dd® m(l—a)<1+a>”“+1”1 q
-2 > _ -7 1-— ,
2 d(P quz 2 2 ( (P)
for ¢ < 1, (152)

u(l”) =0,

u(p)>0, forp<l.
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It is easy to prove that y(¢) > u(p) when ¢, > (1 +a)/2.
Now, we construct a function u satisfying (152). Let

u=A(1-¢). (153)
Then, u satisfies (152) if and only if
A0(1- )" ;AL - )"
M (1-a) < l+a >’”+P‘1 (154)
<— (> .
Take
1+g
0:max{ : } (155)
2
Then, (154) holds when A is appropriately small. Thus,
y(p) 2 A(1-¢), (156)

with 0 = max{(1 + q)/2, q} and A appropriately small. Since
@(&) is the solution of the problem (8)-(9), there exists ¢, < 1
with 1 — ¢, small enough such that when ¢, < ¢ < 1,

@ msm—l

£9) o) = | "

% m—1
STJ s eds
Ay, (1-5)

(157)

When 0 < g<1, &) <+coase — 17.Thus, §, < +00.
(ii) It is easy to see that

d—w <0, as¢o—1. (158)
de
Thus,
mg™ P (1-9)! (9., - a)
Y < . :
G
me"™ P71 (1 - 9)" (¢ - a)
< & ,
(159)
9 msmfl
Eo)-Eo) - | ds
(¢) =& (o) e
(p *
> J a9 ds.
o SPA =) (s—a)
Letting @ — 1, we obtain
li = ;
Jim £ (9) = +oo (160)
that is,
&, = +00. (161)
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For any € > 0, when ¢ approaches 1 enough, we have
¢c:r > 1 — & Consider the following two problems:

2
¢
fOl‘(pS 1, (162)
u(l”) =0,
u(p)>0 forp<l,
2
%Z—V vz -me™ P (1-9) ! (1-e-a),

¢

for (] <1, (163)

v(17) =0,
v(p) >0 fore<1.

It is easy to prove that v(¢) < y(¢) < u(p) when ¢ < 1 with
¢cr > 1 — & In what follows, we construct two functions u
and v satistying (162) and (163), respectively. Let

u=A(1-9). (164)

Then, u satisfies (162) if and only if

A*0(1 - go)ze_l_q +c Al - (p)e_q >m(l—a)e™P
(165)
When g > 1, take
1 —
6=q  a=-m1-9) (166)
G
When g = 1, take
0=1,
Vet +dm(l-a) —¢f (167)
= > .
Then, u is a solution of problem (162).
On the other hand, let
v=A1-9¢). (168)
Then, v satisfies (163) if and only if
A%9(1 - (p)zg_l_q +c A1 - (p)g_q <sm(l-e—a)e™ P,
(169)

When g > 1, take 0 = g; then, (169) is ensured by
Aget™ 1A

<m(l-e—a)(1-e™?! (1 — gz s(q_l)/z) ,
(170)

15
which holds if
Azqs(q_l)/z < m(l —e— a) (1 _ €)m+p—1)
— (171)
A <m(l-g—a)(1-g) ™! (1 - s(q_l)/z) :
Take
l-g— 1- m+p-1 1— (g-1)/2
LomUoem@ogt (1)
o
Then, when
6*4/(61*1)
e<minq{l-a, 1 , (173)
{ (ma—mfw”fw*J
(169) holds. When g = 1, take 0 =1,and
R U U

2
Then, (169) is ensured.
Summing up, for any ¢ < 1 with Perr > 1-¢,wheng > 1,

m(l—e—a)(l—g)™P (1D
; ( )(1 -¢)’
' (175)

<y(p) < LD gy
G

C

Noticing that
] msmfl
E(p) = &(go) + LO st, (176)
we have
_q
(1-a)(g-1)

< wlgr;_f (@) (1-)"" (177)

*

¢ .
S U—e—a) (- P (1=l (g 1)

that is,

((1 —a) (q_ 1) )1/(1—q)

*
G

SEMH(1—¢®DEW*”

*
1

( (1-e—a)(1—e)™ P (1-9D2) (g-1) )1/(1q)
S .

c
(178)
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When g =1,

\/Cl*2 +4m(l—e—a)(1-e)"P' - ¢

(1-9)

2
<v(p) (179)
Vet +4am(l—a)—cf
< 1-9).
5 (1-9)
A direct calculation gives
B 2m
Vo2 +4m(l-a) -
< tim P (180)
¢o—1"1n(1-¢)
2m
< - 5
\/61*2 +4m(1—e—a)(1-&)"P' — ¢
that is,
e—((\lcl"2+4m(l—a)—cl* )/2m)E
<1-9(©) (181)
< o~ (e +am(1-e-a)(1-0)" P —c])/2m)g
By the arbitrariness of ¢ > 0, (149)-(150) hold. O

Theorem 20. Let ¢(&) be the increasing traveling wave solu-
tion of the problem (8)-(9) corresponding to the unique wave
speed c;.

(i) If m > min{p, 1}, then &, > —co.
(ii) If m < min{p, 1}, then &, = —co. More precisely,
(a) whenm + p > 2, ifm = 1, one has
P@E ~et, ast— oo, (182)

and if m < 1, one has

_ * 1/(m-1)
<p<£>~(%s) L asE— oo

(b) whenm + p = 2, ifm = 1, one has

(183)

q)(f) N e(( cl"2+4a+cf)/2)f;’ (184)

as & — -0,
and if m < 1, one has

(m— 1)<\/c1*2 +4ma+cl*)E

2m T (185)

1/(m-1)

@ &)~

as & — —o0;
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(c) when 1 < m + p < 2, noticing that m <
min{p, 1}, then m < p; if m = p, one has

@ (&) ~ VI a5 E— —co, (186)

and if m < p, one has

m— 2ma Hmp)
(P(f,)~<—P\/ f) , as & — —co.

2m \m+p
(187)
Proof. For any @, € (0,a), we see that
Po msm_l
= - ds. 188
§(9) =& (90) L ek (188)

From the proof of Lemma 3, we see that when ¢ > 0 is
sufficiently small,

v (9) = Ag" +0(9"), (189)
wherey = 1form+p >2,andy = (m+p)/2forl <m+p <
2. It is clear that £(p) — -coas¢ — 07 ify > m, and
&(p) is finite as ¢ — 0" if y < m. That is, if m > min{p, 1},
then &, > —oco; however, if m < min{p, 1}, then {, = —co.
Furthermore, notice thatas ¢ — 0", whenm + p > 2,

y(p)=cip+o(p). (190)
If m = 1, we have
Elo) 1 (191)
p—0tlng ¢
Ifm<1,
§lo) _ m (192)
o0l (m—1)c
Whenm + p =2,
*2
w/CI +4ma + ¢ 193
V(@)= ———p+oly). O
If m = 1, we have
*2 _ Nk
i 5(‘}’) _ \/Cl +4a - ¢ ' (194)
¢—0" lnq) 2a
Ifm<1,
*2 _
i E(go) _ \/cl + 4ma cl' (195)
p—0t @M 2a(m—1)
When1l <m+ p <2,
2mMa. (mip)2 (m+p)/2
= — . 196
v (9) \]qu) +o(p" ) (196)
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If m = p, we have

lim @) _ (197)
9—0"Ingp  +a
Ifm < p,
o) _ am [m+p (198)
90t @mP2  m—p\ 2ma
By a simple calculation, (182)-(187) hold. O

Theorem 21. Let (&) be the decreasing traveling wave solution
of the problem (10)-(11) corresponding to the unique wave speed
.

(i) If0 < g < 1, then &, > —co.

(ii) If g > 1, then &, = —co. More precisely,

(a) when q > 1, one has

1- (&) ~ e(fz*/m)f, as & — —oo0; (199)
(b) when q = 1, one has
1— @ (‘f) N e(( cz*z+4m(1—a)+5*)/2m)f) as 5 0o,
(200)
Proof. Let ¢, approach 1 enough. Then, we have
%o msm—l
Eo)-E0)- | ds. (201)
(%0) =& (9) . VO
From the proof of Lemma 12, we see that
y(p)~A(l-9)", (202)

aso — 1 ,wherey =1forg > 1,andy = (g + 1)/2 for
0 < g < 1.Itis clear that {(¢) — —coas¢e — 17 ify > 1,
and &(¢) isfiniteasp — 17 if p < 1. Thatis,if0 < g < 1, then
&, > —oo; however, if g > 1, then £, = —co. Furthermore,
notice thatas ¢ — 17, wheng > 1,

v(p)=q(p-1)+o(p-1),

§le) m (203)
lim ————— = —.
(p—>1’ll’1(1—§0) Cz*
Wheng =1,
Vet +dm(l-a)+¢
(o) = 5 (p-1)+olp-1),
lim E(q)) = 2m .
00 T o am(m e
(204)

This yields (199)-(200). O
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Theorem 22. Let (&) be the decreasing traveling wave solu-
tion of the problem (10)-(11) corresponding to the unique wave
speed ;.

(i) If p < min{m, 1}, then ”f'b < +00.
(i) If p = min{m, 1}, then &, = +co. More precisely,

(a) whenm + p > 2, if p > 1, one has

1/(1-p)
-1
¢(f)~(a(p* )f) , as & — +oo, (205)
o)
and if p = 1, one has
P &) ~ W g5 E — ooy (206)
(b) whenm + p =2, if p > 1, one has
1/(m-1)
(1= m) (V? + 4ma - )
¢ &) ~ o £ S
as &€ — +oo,
and if p = 1, one has
9 (E) ~ (W DE - gog ooy (208)

(c) when 1 < m+ p < 2, noticing that p >
min{m, 1}, then p > m; if p > m, one has

. > 2/(m-p)
<P(f)~<—p \j ma f) , as &£ — +00,

2m \m+p
(209)
and if p = m, one has
@ (&) ~e VMt g s too. (210)

Proof. (i) For 0 < @.:, < a/2, wehave 0 < ¢ < ¢... < a/2,
and

1dy* .
2dg y = -me"™ (1 - ¢)? ((Pcz"‘r -a)
(211)
ma a\? ip-1
>—(1-= Pl
T2 < 2) L4
Consider the following inequality problem:
1dv® . ma a\? ,ip-1
———-—gqu<—(1-=)¢"P, fore=0,
2de 21 ( 2) ¢ ore
212
Y0 =0, (212)
u(p) <0, fore>0.
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Itis easy to prove that y(¢) < u(¢) when ¢, < a/2. Now, we
construct a function u satisfying (212). Let

u=-Bg". (213)

Then, u satisfies (212) if and only if

Bro™ P 4 ¢ By < %(1 - g)q (214)
Take
r:max{ +p,m+p—1}. (215)
Then, (212) holds when B is appropriately small. Thus,
v (¢) < -By', (216)

with r = max{(m+ p)/2, m+ p—1} and B appropriately small.
Since ¢(&) is the solution of the problem (10)-(11), there exists
@, > 0 sufficiently small such that

%o msm_l

E(sv)—E((Po)=—L o)

%o 1
By
B ¢ s9—m+1

When p < min{m, 1}, &(¢p) < +coas ¢ — 0. Thus, &, <
+00.
(ii) From the proof of Theorem 14, we know that

(217)

¢
v(p) 2y () = —\/2m L smtP7(1 - 5) (a - s)ds

m+ p
(218)

On the other hand, from the proof of Theorem 17, we also
note that

m+p—1

a
y(p) =224

219
5 (219)
By (218)-(219) and
9 msm—l
- = ds, (220)
£9)-Elon) = | "
it is easy to see that
Jim () = +oo, (221)
if p > min{m, 1}. That is,
g, = +o0. (222)

Abstract and Applied Analysis

For any 0 < € < a, when ¢ approaches 0 enough, we have
¢c;r < & Consider the following problem:

2
%‘ZL_C;ugm(’)m_'—P_l(l—gD)q(a—S), fOI'gDZO,
%
u(0%) =0,
u(p) <0, fore>0.
(223)

It is easy to prove that y(¢) < u(¢) when ¢ > 0 with ¢ <e.
In what follows, we construct a function u satisfying (223).
Let

u=-Bg". (224)
Noticing that 0 < ¢ < @, < ¢, then u satisfies (223) if

Bre” P+ B P <m(1-e)(a-g).  (225)
When m + p > 2, take r = m + p — 1. Then, (225) is ensured

by the following inequalities:

gB<m(1-2g)(a-e)(1- 8(m+P*2)/2)’
(226)
(I’l’l +p- I)Bqu(mﬂ?*Z)/z <m(l - €)q (a-e).

Take

B _ _ (mtp-2)/2
L mi-o 8)*(1 emr ) (227)

G

m+p-2

Then, when ¢ < (cz*z/m(m +p- 1))2/( ), (225) holds.

Recalling (219), we obtain

_ma mp-1
o
<v(9) (228)
ml-e) (a—e) (1-"P22)
B Y
when Perr <€ When p > 1, we have
9
(1-e)(a—eg)(1-emP22)(p-1)
< Jim £(9)o" (229)
< CZ* ;
a(p-1)
that is,
( 1-¢e)(a—e) (1 _ £(m+p—2)/2) (p-1) >1/(1—10)
K (230)

1/(-p)
< Jim g @ < (2221 T
T Eot00 B o
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When p =1, we have

] g i) | g
(1-el(a-e)(1-emr22) "4y 0-lng =~ a’
(231)

that is,

e @eE (&) < (1= @)1= PP e (232)
By the arbitrariness of ¢ > 0, (205)-(206) hold.

When 1 < m+ p < 2, take v = (m + p)/2. Then, (225)
holds if

m_"'PBz <m(1-e)(a—e) (1 _ s(2—m—P)/4) :
> (233)
& BT PI < (1~ e (a-e).
Take
B=\/ 2 () ey (a—g)(1-elmprt), (234)
m+ p
Then, when
' <]a a a\a\2/@-m=p)
& < min —,(—<1 - _> )
2°\2 2
(235)

(m(m+p) *_2)2"2""‘“}
X TQ >

(225) holds. Combining with (218), we obtain

_ 2ma (”’H'P)/2<
\]—m+p¢ <y (¢)

2m
< _ 1-¢e)(aq- 1 — g@-m=p)/4),(m+P)/2
< \j ( &)l (a s)( € )go

(236)

when ¢ .. < &. When p > m, a simple calculation yields

2/(m-p)
p-m_[2m(1-¢)l(a-e) (1 - s(zfmfp)/‘})
2m

m+ p

3 5 2/(m-p)
s g s( )

2m \m+p
(237)
When p =m,
e~ (Valmig 0 (&) < o~ (V=8 (a-e) (=€) fm). (238)
By the arbitrariness of ¢ > 0, (209)-(210) hold.
When m + p = 2, take
*2 q *
or+am(l-e)l(a-e)—¢
B y (239)

r=1,
2
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Then, (225) holds. On the other hand, consider the following
problem:

2
%%—QVanq)(l—(p)q, for ¢ >0,
240
v(0") = 0, (240)
v(p) <0, for¢>0.

We can see that (@) > v(¢). Let

*2 _ ¥
\G - +4ma—c, (241)

[ —

Then, v satisfies (240). Thus, we conclude that

\G 2 +4ma - ¢

¢
<vy(p) (242)
\/62*2 +4m(l-e)l(a-¢e) - ¢
< - 5 0]
When m < 1, thatis, p > 1,
1/(m-1)
(1-m) (\/C;Z T am(l-e)(a—¢) —a;>
2m
< lim ¢ (&) gL/ a=m
&— 400
1/(m-1)
(1-m) (W‘;Z +4ma—cz*>
< .
- 2m
(243)
When m = 1, thatis, p = 1,
e—(( o2 +4a—c))[2)E < (P(E)
(244)
< e—((\lcz*z+4(1—£)"(a—8)—tf)/2)5.
By the arbitrariness of ¢ > 0, (207)-(208) hold. O

5. Discussion

When p = g = 1, the outcome in our work is reduced to the
results obtained in [23]. Comparing with [23], our definition
of sharp-type traveling wave fronts and smooth-type travel-
ing wave fronts is more precise. In the proof of Lemma 3, for
the case m + p = 2, we constructed two sequences to get the
asymptotic expression of y(¢p) for ¢ > 0 sufficiently small.
This technique is not used in [23]. Moreover, the proof of
Theorem 17 is more concise than the proof of Proposition 2.7
in [23].
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